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XVI. ARISTARCHUS OF SAMOS 


(a) GENERAL 
Aét. i. 15.5; Doxographi Graeci, ed. Diels 313. 16-18 


’Apiorapyos Ldpios Hadnparucds dxovorns 
Urpdrwvos dads elvar TO yp@pa trois broxeypevors 
émunintov. 


Archim. Aren. 1, Archim. ed. Heiberg ii. 218. 7-18 


*Apiorapxos be 6 Ldyiwos broeciwy Twdy eé- 
wxev ypapas, év als ex tay droKeipevay _oup- 
Baiver Tov KéapMoV moMam)dovov eluev tod viv 
<lpnpievou. droriBerau yap To. per dmhavea Tey 
dotpwv Kal tov adtov peévew axivntov, Tay dé yav 
mepupepeobat mept Tov didvov Kata KUKAOU TeEpi- 
$épevav, Os éotw &v peow TH Spopw Kelpevos, 
Tov dé Tav dmAavéwr dotpwv odaipay wept 7d 





* Strato of Lampsacus was head of the Lyceum from 
288/287 to 270/269 n.c. The next extract shows that Aris- 
tarchus formulated his heliocentric hypothesis before 
Archimedes wrote the Sand-Reckoner, which can be shown 
to have been written before 216 p.c. From Ptolemy, Syntavis 
iii, 2, Aristarchus is known to have made an observation of 
the summer solstice in 281/280 n.c. He is ranked by 
Vitruvius, De Architectura i. 1. 17 among those rare men, 
such as Philolaus, Archytas, Apollonius, Eratosthenes, 
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XVI. ARISTARCHUS OF SAMOS 


(a) GENERAL 
Aétius i. 15. 5; Doxographi Graeci, ed. Diels 313. 16-18 


Aristarcuus of Samos, a mathematician and pupil 
of Strato,* held that colour was light impinging on a 
substratum. 


Archimedes, Sand-Reckoner 1, Archim. ed. Heiberg 
ii, 218. 7-18 


Aristarchus of Samos produced a book based on 
certain hypotheses, in -which it follows from the 
premises that the universe is many times greater 
than the universe now so called. His hypotheses are 
that the fixed stars and the sun remain motionless, 
that the earth revolves in the circumference of a 
circle about the sun, which lies in the middle of the 
orbit, and that the sphere of the fixed stars, situated 


Archimedes and Scopinas of Syracuse, who were equally 
proficient in all branches of science. Vitruvius, loc. cit. ix. 
8. 1, is also our authority for believing that he invented a 
sun-dial with a hemispherical bowl. His greatest achieve- 
ment, of course, was the hypothesis that the earth moves 
round the sun, but as that belongs to astronomy it can be 
mentioned only casually here. A full and admirable dis- 
cussion will be found in Heath, Aristarchus of Samos : The 
Ancient Copernicus, together with a critical text of Aris- 
tarchus’s only extant work. 
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abto Kévtpov TH aAiw Kepévay TH peyeber rar- 
katray elwev, wote Tov KUKAov, Kal” dv Tav yay 
brortiferar mepip€epecbar, TovavTav éxew davadroyiav 
mort tav Tv amtAavéwy drroctaciay, olav exer Td 
Kévrpov Tas ofaipas moti tav émupdvevay. 


Plut. De facie in orbe lunae 6, 922 r-923 a 


Kai 6 Aedktos yeAdoas, ‘ Mévov,” elev, “od 


rdv, pn Kplow jpiv docBelas érayyeiAns, womep 
*Apiotapxov wero Seiv KrcdvOns tov Zdytov 
docBelas mpooxadretobat Tods “EXAnvas, ws Kwvotvra 
tod Kécpov THv éoTiav, drt Ta hawopeva awlew 
avip emepato, pévew Tov ovpavdyv trorBépuevos, 
> iy \ A a ‘ A ~ a 
eLeAitrecbar S€ Kata Aogod KUKAov Thy yy, dpa 
Kal mepi tov abris dova Swouperyv.” 


(6) Distances or THE SuN anp Moon 


Aristarch. Sam. De Mag. et Dist. Solis et Lunae, ed. 
Heath (Aristarchus of Samos: The Ancient Copernicus) 
352. 1-354. 6 


CYT roféces") 


a’. Thy sedjvyny mapa tod HAlou 76 das AapBa- 
vew. 

B’. Thy yijv onpuelov re Kat Kévrpov Adyov éxew 
mpos THY THs oedivns opaipav. 

y’- “Grav q ocdyvn dixdTopos Hyiv dalvynras, 


1 bmobéces add. Heath. 





* Aristarchus’s last hypothesis, if taken literally, would 
mean that the sphere of the fixed stars is infinite. All that 
he implies, however, is that in relation to the distance of the 
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about the same centre as the sun, is so great that 
.the circle in which he supposes the earth to revolve 
has such a proportion to the distance of the fixed 
stars as the centre of the sphere bears to its surface.* 


Plutarch, On the Face in the Moon 6, 922 r-923 a 


Lucius thereupon laughed and said: “ Do not, my 
good fellow, bring an action against me for impiety 
after the manner of Cleanthes, who held that the 
Greeks ought to indict Aristarchus of Samos on a 
charge of impiety because he set in motion the hearth 
of the universe ; for he tried to save the phenomena 
by supposing the heaven to remain at rest, and the 
earth to revolve in an inclined circle, while rotating 
at the same time about its own axis,” ® 


(6) Distances or THE SuN any Moon 


Aristarchus of Samos, On the Sizes and Distances of the Sun 
and Moon, ed. Heath (Aristarchus of Samos: The 
Ancient Copernicus) 352. 1-354. 6 


HYPOTHESES 


1. The moon receives its light from the sun. 

2. The earth has the relation of a point and centre 
to the sphere in which the moon moves.® 

8. When the moon appears to us halved, the great 


fixed stars the diameter of the earth’s orbit may be neglected. 
The phrase appears to be traditional (v. Aristarchus’s second 
hypothesis, infra). 

Heraclides of Pontus (along with Ecphantus, a Pytha- 
gorean) had preceded Aristarchus in making the earth 
revolve on its own axis, but he did not give the earth a motion 
of translation as well. 

* Lit. “ sphere of the moon.” 


GREEK MATHEMATICS 


vevew els TV HpeTépay oy Tov SiopiLovTa Td TE 
oxvepov Kal To Aapmpov Tis ceAnvns péytoTov 
KUKAov. 

ce “Orav 7 oediyn Sixdropos hyiv paivytat, 
Tore adrny daréxew Tob HAtov é\agoov TeTapTn- 
popiov TH Tob TeTapTnopiou Tprakoo7T@. 

e’. Td ris oxtds mAdros oednvav elvar Svo. 

. Thy oedjvny & tnotelvew bd mevreKaLoeKaTov 
pépos Cqsdiov. 

"Emudoyilerat otv 76 Tod iAiov andéoTnpa dé 
Tis yijs Tob THs ceAnvyns amooTnparos peilov peev 
7] dxtuxaBexaTAdovov, éXagcov 8é 7 eixoca~ 
mAdatov, dia THs Tepi tiv StyoTopiav brobécews* 
Tov atrov S€é Adyou exew rH Tob HAiov Sudperpov 
ampos THY THs cedivns Sudperpov. thy dé Tod 
HAtov Otdperpov mpos Thy Tis vis SudpeTpov 
peilova pev Adyov €, éxew 7) dv 7a. 0 mpos 7, éAdooova 
be 7 év fly mpos ©, 8a Tob etpeDevros | mept 7a 
droornuara Adyou, Tijs <re*» mept THY oKLay 
drolécews, kal Too Ty oediyny ino TevTEeKa- 
déxarov pépos Cqadiou droreiverv. 


Ibid., Prop. 7, ed. Heath 376. 1-380. 28 
To dzdornpa 6 dméxye 6 yAlos and Tis ys Tob 
1 re add. Heath. 





@ Lit. “verges towards our eye.”’ For ‘‘ verging,” v. vol. i. 
p. 244. n. a. Aristarchus means that the observer's eye lies 
in the plane of the great circle in question. A great circle is 
a circle described on the surface of the sphere and having the 
same centre as the sphere; as the Greek implies, a great 
circle is the “ greatest circle” that can be described on the 
sphere, 
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circle dividing the dark and the bright portions of 
the moon is in the direction of our eye.* 

4. When the moon appears to us halved, its 
distance from the sun is less than a quadrant by 
one-thirtieth of a quadrant.? 

5. The breadth of the earth’s shadow is that of 
two moons.°® 

6. The moon subtends one-fifteenth part of a sign 
of the zodiac.4 

It may now be proved that the distance of the sun 
from the earth is greater than eighteen times, but less than 
twenty times, the distance of the moon—this follows from 
the smoothest about the halved moon; that the 
diameter of the sun has the aforesaid ratio to the diameter 
o the moon ; and that the diameter of the sun has to the 
iameter of the earth a ratio which is greater than 19 33 
but less than 43 :6—this follows from the ratio dis- 
covered about the distances, the hypothesis about 
the shadow, and the hypothesis that the moon sub- 
tends one-fifteenth part of a sign of the zodiac. 


Ibid., Prop. 7, ed. Heath 376, 1-380. 28 
The distance of the sun from the earth is greater than 


» 4.e., is less than 90° by 3°, and so is 87°. The true value 
is 89° 50’, 

© i.e, the breadth of the earth’s shadow where the moon 
traverses it during an eclipse. The figure is presumably 
based on records of eclipses. Hipparchus made the figure 2} 
for the time when the moon is at its mean distance, and 
Ptolemy a little less than 23 for the time when the moon is at 
its greatest distance. 

4 i.¢., the angular diameter of the moon is one-fifteenth 
of 30°, or 2°. The true value is about 4°, and in the Sand- 
Reckoner (Archim. ed. Heiberg ii. 222. 6-8) Archimedes says 
that Aristarchus ‘ discovered that the sun appeared to be 
about 74,th part of the circle of the Zodiac’’; as he believed 
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dmooTnpatos ob améxer 4 cedyvyn ano Tis yas 
petlov pév éeorw 7) dxtwxaidexarAdciov, €Aaccov 
S€ 7) elxocamAdovov. 

"Eotrw yap fAlov pev Kévtpov to A, ys 5é 70 
B, kal éemlevyeioa 7 AB exBeBrAjobw, cedrvns 
S€ Kévrpov StyoTdpov ovens 76 T, nal exBeBrrjoOw 
8a tis AB kal roG T émimedov, kai movetrw 
Touny ev TH ofaipa, Kal” As Péperar To Kévtpov 
Tob HAlov, péyvorov KvKAov tov AAE, xal éz- 
eledxOwoav ai AD, VB, cai éxBeBrjobw 7% BI 
emt ro A. 

“Eorat 87, Sua 7d TO TI onpetiov Kévtpov elves 


THs ceAnvns SixyoTtépov ovens, dpOy % tnd tev 


that the sun and moon had the same angular diameter he 
must, therefore, have found the approximately correct angular 
diameter of }° after writing his treatise On the Sizes and 
Distances of the Sun and Moon. 
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eighteen times, but less than twenty times, the distance of 
the moon from the earth. 

For let A be the centre of the sun, B that of the 
earth ; let AB be joined and produced ; let I’ be the 
centre of the moon when halved; let a plane be 
drawn through AB and I’, and let the section made 
by it in the sphere on which the centre of the sun 
moves be the great circle AAE, let Al’, ['B be joined, 
and let BI’ be produced to A, 

‘Then, because the point T is the centre of the 
moon when halved, the angle AT’B will be right. 
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ATB. Tix 8a 57 dro rod B rH BA mpos opbas 
% BE. éorat 8 7” EA Tepupepera ths KAA 
mepupepetas N+ dardKecrar yap, Orav % oedivy 
SixdTopos Hyuiv paivnrar, dméxew amo Tob _WAtou 
éAacoov TeTaprHpopiou T@ TOO TeTapTTLopiou nr’: 
hore kat vad tay EBL ywria bp0is eore 2’. 
oupmenAnpdabw 84 76 AE zapadAnAdypappov, 
Kat erelevx Ou 4 BZ. ora 87 % ond Tov 
yoovia. tyytcero. opbijs. Tet HOD a ono Ta 
ZBE yovia Sixa a] BH edeia: 4 dpa vd Tov 
HBE yeovie, TéTApTov (pépos. eotiv opis. adAG Kat 
7 ono TOY ABE yeovia A’ éore pEépos dpOijs: Adyos 
dpa Tis ono tav HBE ywvias mpos THY ond Tay 
ABE yeoviay (ori) ov <éxer"y Ta ie mpos 74. 
dvo- otwy rap éoTw op07 yoovia é, ToovTwy eoriv 
7 pev om tov HBE we, 1 dé d76 trav ABE duo. 
Kal émet a HE zpos rH "EO petLova. Adyov €, exet 
qrep 7 bad Tay HBE yovia mpos Thy vTd TeV 
ABE yeoviar, 7 dpa HE mpos THY EO peilova 
Adyov exet Wrep Ta ie mpos 7a B. Kal enet ton 
éorly 7 BE a) EZ, xat éorw oph) 7 m™pos 7@ E, 
70 dpa dir6 Tijs ZB Tod dnd BE dutddovdy é €or: 
wos be TO amo ZB mpos 70 aro BE, ores éott 
70 dnd ZH apés 76 dnd HE: rd dpa and ZH 
rod dnd HE S:rAdoudy éort. ta 5¢ pO rév KE 
éAdocovd éorw 7} SumAdowa, wore To ad ZH mpos 
70 daré HE peilova Adyov € exet } <év ra*) pO mpos 
Kée- kai 7 ZH dpa apos thy HE peilova Adyov 


1 égrlv add. Nizze. 9 yer add. Wallis. 
8 Sv ra add. Wallis. 


a oe CR ee 
* Lit. “ circumference,” as in several other places in this 

proposition, 
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From B let BE be drawn at right angles to BA. 
Then the arc EA will be one-thirtieth of the arc 
EAA ; for, by hypothesis, when the moon appears 
to us halved, its distance from the sun is less than a 
quadrant by one-thirtieth of a quadrant [Hypothesis 
4]. Therefore the angle EBT is also one-thirtieth of 
a right angle. Let the parallelogram AE be com- 
pleted, and let BZ be joined. Then the angle ZBE 
will be one-half of a right angle. Let the angle 
ZBE be bisected by the straight line BH; then the 
angle HBE is one-fourth part of a right angle. But 
the angle ABE is one-thirtieth part of a right angle ; 
therefore angle HBE:angle ABE=15:2; for, of 
those parts of which a right angle contains 60, the 
angle HBE contains 15 and the angle ABE contains 2. 
Now since 


HE : EO> angle HBE : angle ABE,® 
therefore HE:EO>15:2. 


And since BE=EZ, and the angle at E is right, 
therefore 


ZB* = 2BE?, 
But ZB?: BE? =ZH?:; HEY 
Therefore ZH? =2HE2, 
Now 49 <2. 25, 
so that ZH? : HE?> 49 : 25. 
Therefore ZH:HE> 7:5, 
® Aristarchus’s assumption is equivalent to the theorem 
tana_a 
tan Bp 


where B<a<}w. Euclid’s proof in Optics 8 is given in 
vol. i. pp. 502-505. : 
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eye 7) (Ov) ta € apds ra & Kal ouvbdvrn 4) ZE 
dpa mpos tiv EH peilova Adyov éyer } dv 7a oB 
mpos Ta é, TouTéoTtw, 7 Ov (ra) As mpos 7a ie. 
edetxOn be kat u] HE mpos Thy EO peilova. Adyov 
éyovoa 7} dv Ta te mpdos Ta Sdo- 8’ tcov dpa } 
ZE mpos thy EO peilova Adyov € exet q év Ta. As 
mos 7a dvo, TouTéoTw, 7 ov Ta 7 mpos ay 
dpa ZE ris EO pelle dorly 7 mm. 4 5¢ ZE 
ton éoriv 7H BE: xat 7 BE dpa ris BO petloy 
éotlv 7} int TOMA dpa 4 BH ris OE peifwr éeoriy 
7 ij. aad’ as 7 BO m™pos. Thy OE, ovUTws eoTi 
q AB mpos Ty Br, dud TH Opordrara. TOV Tpl- 
yevev Kal oF AB dpa THis Br petlev éorly 7%. 
kat éorw a wey AB 76 dmdornia é darexer 6 uos 
amo ths ys, 7 6¢ TB 16 amdornua 6 andxer 7 
oehyvy dard Tis yijs* 70 dpa dndornua 6 améyet 
6 HAvos dad ais vis Tob droornpatos, od améyet 
y oednvy amo Tis vis, pile e éorw 7 ij. 

Aéyw 8H OTe Kat edacooy 7 7 OK. XO yap dia. 
Tod A 7% EB mapdadAndos 1 AK, aes mept 7o AKB 
Tplywvov KUKAOS veypapben 6 AKB: éora 81 
adrod Stdpetpos 7, AB, 81a 70 dpOhyv elva THY 
mpos TO K ywviav. Kat évyppdodw 4 BA 
eEaydvov. Kat émet ah bno tO ABE yevia ’ 
éorw opbijs, Kat % td Tay BAK dpa X’ éorw 
opbiis: % dpa BK mrepupépera. & éorw rob 6Xov 
KuKdov. core be kat % BA éxrov peépos rot 
GAov KUKAov: 4 dpa BA zepidepeva tHs BK wepi- 
depcias t doriv. Kai eyes » BA aepidpdpera mpds 
tiv BK mepipdperav peilova Adyov rep y BA 


1 év add. Wallis. 2 ra add. Wallis. 
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Therefore, componendo, ZE:EH>12:5, 


that is, ZE : EH> 86 : 15, 
But it was also proved that 
HE; EO> 15 : 2. 
Therefore, ex aequali,? ZE : KO> 36 : 2, 
that is, ZE:EO> 18:1. 


Therefore ZE is greater than eighteen times EO. 
And ZE is equal to BE. Therefore BE is also greater 
than eighteen times EO. Therefore BH is much 
greater than eighteen times OE. 


But BO: OE=AB: BI, 


by similarity of triangles. Therefore AB is also 
greater than eighteen times BI’. And AB is the 
distance of the sun from the earth, while ['B is 
the distance of the moon from the earth; therefore 
the distance of the sun from the earth is greater 
than eighteen times the distance of the moon from 
the earth. 

I say now that it is less than twenty times. For 
through A let AK be drawn parallel to EB, and about 
the triangle AKB let the circle AKB be drawn; its 
diameter will be AB, by reason of the angle at K 
being right. Let BA, the side of a hexagon, be fitted 
into the circle. Then, since the angle ABE is one- 
thirtieth of a right angle, therefore the angle BAK is 
also one-thirtieth of a right angle. Therefore the arc 
BK is one-sixtieth of the whole circle. But BA is 
one-sixth part of the whole circle. 


Therefore arc BA=10. are BK. 
And the are BA has to the are BK a ratio greater 


* For the proportion ex aequali, v. vol. i. pp. 448-451. 
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ev0ecia mpds tiv BK evfeiav: 4} dpa BA edbeta ris 
BK edetas éAdcowv eoriv 9} i. Kal éorw adriis 
dud BA: dpa BA ris BK eAdcowv dor 7} 
R. os b€ 4 BA apos tiv BK, 4) AB apos <riv") 
BY, dere cat 4 AB ris BI AAdcowv eoriv hk. 
Kat €or 4 ev AB 76 amdornua & dméyet 6 BAvos 
ano tis yijs, y S¢ BY 76 dadornua 6 dméxer 7 
geAdjvn ado Tis yis* 76 dpa aadornpa 6 anéxe 
6 HAos a6 THs ys TO amooTHparos, ob dméye 
% cedyvn amo THs yis, EAacodv €oTw 7K.  edeiyOn 
b€ Kal peilov 7) a. 
(c) Continuep Fractions (?) 
Ibid., Prop. 18, ed. Heath 396. 1-2 
“Eyew 8¢ kal 7a O>Ka mpos Sv petlova Adyov 

ymEep Th 7H mpos jee. 

Ibid., Prop. 15, ed. Heath 406. 23-24 


- es oo _ Spey or 
Eye dé kai 6 M_ ,ewoe mpos M ef peilova 
Adyov 7 dv Ta fry mpds AL. 
1 ri add. Wallis. 





* This is proved in Ptolemy’s Syntaxis i. 10, v. infra, pp. 
435-439. 
Dif ies is developed as a continued fraction, we obtain 
‘ . 1 1 #1 - 3 =, 88 rete 
the approximation a a ara 2 which is ag Similarly, 


op T1755875 21261 
if — or 


j 21261 . d : : . 
61785500 °° 18209 © developed as a continued fraction, we 
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than that which the straight line BA has to the 
straight line BK.* 


Therefore BA <10. BK. 
And BA=2 BA, 
Therefore BA <20. BE, 
But BA: BK=AB: BI. 
Therefore AB <20. BI. 


And AB is the distance of the sun from the earth, 
while BI is the distance of the moon from the earth; 
therefore the distance of the sun from the earth is 
less than twenty times the distance of the moon from 
the earth. And it was proved to be greater than 
eighteen times. 


(c) Continuep Fractions (?) 
Ibid., Prop. 13, ed. Heath 396, 1-2 


But 7921 has to 4050 a ratio greater than that which 
88 has to 45, , 


Ibid., Prop. 15, ed. Heath 406. 23-24 


But 71755875 has to 61735500 a ratio greater than 
that which 43 has to 37.° 


11 


obtain the approximation 1 ta g Of a7 The latter result 


was first noticed in 1823 by the Comte de Fortia D’Urban 
(Traité d’Aristarque de Samos, p. 186 n. 1), who added: 
“ Ainsi les Grecs, malgré l’imperfection de leur numération, 
avaient des méthodes semblables aux ndtres.” Though 
these relations are hardly sufficient to enable us to say that 
the Greeks knew how to develop continued fractions, they 
lend some support to the theory developed by D’Arcy W. 
Thompson in Mind, xxxviii. pp. 43-55, 1929. 
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XVII. ARCHIMEDES 


(2) GENERAL 
Tzetzes, Chil. ii. 103-144 


‘O "Apxeenins 6 copes, ENxaraTys éxetvos, 

@ yéver Lupaxovoros jv, yepeov yewperTpys, 
Xpdvods Te éBdopykovrTa Kal wévTe tapeAatvur, 
"Ootts cipydoaro ToAAas enxaveKas Surduets, 
Kat 79 tpiomdotm pnyarh xeupl Aad Kal porn 
t] evrepuptopedipvov kabeidkucev ddAKdSa 
Kai roi Mapxéddov orpatnyot mote 8 tap 

‘Pwpaiwy 
TH Xupaxoven Kata yiv mpooBdAdovtos Kat 
mévrov, 
Twas pev mpdrov pnyavats aveiAxvoev dAKddas 
Kai apds 76 Xupaxovoiov tTetyos perewpioas 
Adrdvédpous mad 7@ Bv0@ kateréurev abpdus, 
MapkéAdov 8° aroarijcavtos puxpdév Te Tas CAKddas 
‘O yépwv mdAw aravtas moved Lupaxovatous 


* A life of Archimedes was written by a certain Heraclides 
~-perhaps the Heraclides who is mentioned by Archimedes 
himself in the preface to his book On Spirals (Archim. ed. 
Heiberg ii. 2.3) as having taken his books to Dositheus. We 
know this from two references by Futocius (Archim. ed. 
Heiberg iii, 228. 20, Apollon. ed. Heiberg ii. 163. 3, where, 
however, the name is given as “HpdxaAetos), but it has not 
survived. The surviving writings of Archimedes, together 
with the commentaries of Eutocius of Ascalon (jl. a.p. 520), 
have been edited by J. L. Heiberg in three volumes of the 
Teubner series (references in this volume are to the 2nd ed., 
Leipzig, 1910-191 ): They have been put into mathematical 
notation by T. L. Heath, The Works of Archimedes (Cam- 
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(2) GENERAL 


Tzetzes, Book of Histories ii. 103-144 > 


ArcuiMeEpDEs the wise, the famous maker of engines, 
was a Syracusan by race, and worked at geometry 
till old age, surviving five-and-seventy-years ° ; he 
reduced to his service many mechanical powers, and 
with his triple-pulley device, using only his left 
hand, he drew a vessel of fifty thousand medimni 
burden. Once, when Marcellus, the Roman general, 
was assaulting Syracuse by land and sea, first by his 
engines he drew up some merchant-vessels, lifted 
them up against the wall of Syracuse, and sent them 
in a heap again to the bottom, crews and all. When 
Marcellus had withdrawn his ships a little distance, 
the old man gave all the Syracusans power to lift 


bridge, 1897), supplemented by The Method of Archimedes 
(Cambridge, 1922), and have been translated into French 
by Paul Ver Eecke, Les Cuvres completes d’ Archimede 
(Brussels, 1921). 

» The lines which follow are an example of the “ political ” 
(moAcrixds, popular) verse which prevailed in Byzantine times. 
The name is given to verse composed by accent instead of 
quantity, with an accent on the last syllable but one, 
especially an iambic verse of fifteen syllables. The twelfth- 
century Byzantine pedant, John Tzetzes, preserved in his 
Book of stories a great treasure of literary, historical, 
theological and scientific detail, but it needs to be used with 
caution. The work is often called the Chiliades from its 
arbitrary division by its first editor (N. Gerbel, 1546) into 
books of 1000 lines each—it actually contains 12,674 lines. 

* As he perished in the sack of Syracuse in 212 u.c., he 
was therefore born about 287 z.c. 
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Merewpilew dvvacba AiPous apaksatous 

Kat rov xabéva méurovras' Bubilew ras dAKddas. 
‘Qs MapreAdos 8 aréatnoe BoAnv éxetvas toéou, 
‘Eédywrov te Kdtomtpov éréxrynvey 6 yépwr, 
*Ano 8€ StacTiaTos cuppétpov Tod KaTomTpoU 
Muxpa rowatra Karontpa Oels rerpanAG ywriais 
Kuodpeva Aeriot te Kai Tit yuyyAvplots, 

Méoov éxeivo TéBeucev axtivwy TOV WAiov 


MeonpBpwijs Kai Bepivis Kal XerpepiwTarns. 


vakAwpévey 8€ Aourov eis TOOTO TOV axTivwy 
“Eg apis 4p9n poBepa mrupadns tats oAKdot, 

ai ravras dmeréd purcev ek pajKous Tok oPddov. 
Otte wkd Tov MdpkeAdov tats pnyavais 6 yépwv. 
*Edeye Se Kal Supiore, puri Lupaxovoig 
“T@ B&, kal yapiotiov trav yay Kujow Taoav.” 


1 aéunovras Cary, méurovra codd. 


* Unfortunately, the earliest authority for this story is 
Lucian, Lipp. 2: rdv 8€ {se. *Apxipydyy) tds trav modeulow 
Tpijpes xatagde£arta 7 téxvy. It is also found in Galen, 
Tlepi _xpac. iii. 2, and Zonaras xiv. 3 relates it on the authority 
of Dion Cassius, but makes Proclus the hero of it. 

> Further evidence is given by Tzetzes, Chil. xii. 995 and 
Eutocius (Archim. ed. Heiberg ili. 132. 5-6) that Archimedes 
wrote in the Doric dialect, but the extant text of his best- 
known works, On the Sphere and Cylinder and the Afeasure- 
ment of a Circle, retains only one genuine trace of its original 
Doric—the form rjvov. Partial losses have occurred in other 
books, the Sand-Reckoner haying suffered least. The sub- 
ject is fully treated by Heiberg, Quaestiones Archimedeae, 
pp. 69-94, and in a preface to the second volume of his edi- 
tion of Archimedes he indicates the words which he has 
restored to their Doric form despite the manuscripts; his 
text is adopted in this selection. 

The loss of the origina) Doric is not the only defect in the 
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stones large enough to load a waggon and, hurling 
them one after the other, to sink the ships. When 
Marcellus withdrew them a bow-shot, the old man 
constructed a kind of hexagonal mirror, and at an 
interval proportionate to the size of the mirror he set 
similar small mirrors with four edges, moved by links 
and by a form of hinge, and made it the centre of 
the sun’s beams—its noon-tide beam, whether in 
summer or in mid-winter. Afterwards, when the 
beams were reflected in the mirror, a fearful kindling 
of fire was raised in the ships, and at the distance of 
a bow-shot he turned them into ashes.?__ In this way 
did the old man prevail over Marcellus with his 
weapons. In his Doric ° dialect, and in its Syracusan 
variant, he declared : “ If I have somewhere to stand, 
I will move the whole earth with my charistion.” ¢ 


text. The hand of an interpolator—often not particularly 
skilful—can be repeatedly detected, and there are many loose 
expressions which Archimedes would not have used, and 
occasional omissions of an essential step in his argument. 
Sometimes the original text can be inferred from the com- 
mentaries written by Eutocius, but these extend only to 
the books On the Sphere and Cylinder, the Measurement 
uf a Circle, and On Plane Equilibriums. <A partial loss of 

orice forms had already occurred by the time of Eutocius, 
and it is believed that the works most widely read were com- 
pletely recast a little later in the school of Isidorus of Miletus 
to make them more easily intelligible to pupils. 

¢ The instrument is otherwise mentioned by Simplicius (ia 
Aristot. Phys., ed. Diels 1110. 2-5) and it is implied that it 
was used for weighing: ravrn d¢ 77 dvaAoyla Tob Kwodvros Kal 
708 Kwovpévov Kat Tod Siaoriparos 76 oTalpictiKdv Opyavov Tdv 
Kadodpevov xaptotiwva avoTicas 6 ’"Apxysndys obs péxpe mravrés 
tis dvadoyias mpoxwpovons éxdpmacev exeivo TO “7a Pa Kat 
xw& tav yar.” As Tzetzes in another place (Chil. iii, 61: 
6 yi dvaonav pnxavij Ti Tprendotw Body: “* 6a Bad Kal cadevow 
tiv x9dva") writes of a triple-pulley device in the same con- 
nexion, it may be presumed to have been of this nature. 
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Odros, Kara Avddwpor, Ths Uvpaxovons Tavrns 
TI poddrou pos Tov MdpxeMov abpdws yevouerns, 
Etre, xara tov Alwva, ‘Pwpators TropOnbeions, 
’Apréwide tv modurav T6re _mavvuxelovre, 
‘Tovovrorpémws téOvykev b7d Twos ‘Pwpatov. 
"Hy Kexudids, Sidypapyia pnxavicdy Te ypdduyv, 
Tis d€ ‘Pwpatos emtaTas elev aixwadwrivov. 
‘O be Too Siaypdpparos ddos B mdpxev Tore, 
Tis 6 xabdAxwv odk €idds, ereye mpos €keivoy 
“"Andatnht, @ avipwne, 70d Siaypdppards pov.” 
‘Os & ciAke todrov ovotpagels Kal yvods 
‘Pwpatoy elvat, 
"EBéa, “ot pnxdyynpa tis Tov €pev pot 8dr.” 
‘O 8é ‘Pwpatos mronbels ed0ds éxetvov Kreivet, 
"Avédpa cabpov kal yépovta, Sardviov tots épyors. 


Plut. Marcellus xiv. T-xvii. 7 


Kai pevrou Kat *"Apyindns, ‘Tépwove Tt Bacire? 
ovyyevs ay, Kat ¢idos, eyparpev ws TH dobeton 
durdpet To Sobev Bdpos Kufoat Suvardv dort: Kat 
veavievodpevos, ws pact, pwn Tis dmrodeiEews 
elev ws, el viv elyev Erépav, exivnoey av tadvrnv 
petaBas eis exelyny. | Gavpdoavros Sé Tob *I¢pwvos, 
Kat denbévros els epyov eSayayety 70 mpoBAnpa 
kal deifal 7. TOV peyddwy KWOULLEVOV om opuxpas 
duvdpews, ohedda Tpidppevov TOV Bacwtnadv rrovep 
peydrAw Kal xeupl moAdAR vewAnnbeioay, eu Paddy 
dv Opcimous Te modAdods Kal TOV ovr géprov, 
aitos drwlev Kabjpevos, od peta omovdas, GAG 


* Diod. Sic. Frag. Book xxvi. 

> The account of Dion Cassius has not survived. 

* Zonaras ix. 5 adds that when he heard the enemy were 
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Whether, as Diodorus? asserts, Syracuse was betrayed 
and the citizens went in a body to Marcellus, or, as 
Dion ® tells, it was plundered by the Romans, while 
the citizens were keeping a night festival to Artemis, 
he died in this fashion at the hands of one of the 
Romans. He was stooping down, drawing some 
diagram in mechanics, when a Roman came up and 
began to drag him away to take him prisoner. But 
he, being wholly intent at the time on the diagram, 
and not perceiving who was tugging at him, said to 
the man: “ Stand away, fellow, from my diagram.” ¢ 
As the man continued pulling, he turned round and, 
realizing that he was a Roman, he cried, ‘‘ Somebody 
give me one of my engines.”” But the Roman, scared, 
straightway slew him, a feeble old man but wonderful 
in his works. 


Plutarch, Marcellus xiv. T-xvii. 7 


Archimedes, who was a kinsman and friend of King 
Hiero, wrote to him that with a given force it was 
possible to move any given weight ; and emboldened, 
as it is said, by the strength of the proof, he averred 
that, if there were another world and he could go to 
it, he would move this one. Hiero was amazed and 
besought him to give a practical demonstration of the 
problem and show some great object moved by a 
small force; he thereupon chose a three-masted 
merchantman among the king’s ships which had been 
hauled ashore with great labour by a large band of 
men, and after putting on board many men and the 
usual cargo, sitting some distance away and without 
any special effort, he pulled gently with his hand at 
coming “wap xedadav”? édn “Kai py) mapa ypaypav’—‘* Let 
them come at my head,” he said, “* but not at my line.” 
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Hpeua TH xetpt cetwy dpxiv twa modvandorou 
mpoonydyeto Aciws Kal amtaictws Kal womTep 
Sua Oadarryns émbéovcav. exmAayeis odv 6 Baci- 
debs Kai auworoas ris téxvns tiv Sdvayuy, 
éretoe Tov “Apxysydnv dmws adT@ Ta perv apuvo- 
pévp, 7a. 8 emixerpodvrt pynxavipara KaTackevdon 
mpos maoav id€ay modopkias, ols atbros pév odk 
éxpyjcato, to} Biov To mAciorov dmdAcpov Kal 
mavyyupikovy Buacas, Tote 8° brijpye tois Lupa- 
Kovatots eis Sov % mapacKkev? Kal peta Tijs 
mapackeuys 6 Snpsoupyds. 

‘Qs otv mpoceBadov ot ‘Pwpaior Siydbev, ex- 
mAnéis Hv tev Yupaxovoiwy Kai av Sa 8éos, 
pndev av avOéEew mpos Biay Kat ddvapw otopevwy 
rocavTnv. axdoavtos 8€ Tas pnxavds Tob “Apxi- 
pydovs dpa trois pev melots daira tofedpard. 
re ravrodama Kal AOwy trépoyca peyeby, poiley 
Kal tdyew Katadhepopevwy amiotw, Kal pndevos 
dAws 7d Bpilos atéyovros dOpdous avatpendvTwy 
tovs tronintovras Kal Tas Tdbers ouyxedvTwy, 
tais S¢ vavoly dd Tv Tetxav ddvw brepawpov- 
pevar Kepaioar tas pev bro Bpifovs arnpilovros 
dvwbev w0otaa Karédvov cis BvOdv, tas b€ xepot 
atonpais 7) ordpacw ecikacpeévois yepdvwv dva- 
on@oat mpwpabev dplas emt mpipvav éBdrrilov, 





9 godvordoros. Galen, in Hipp. De Artic. iv. 47 uses the 
same word, ‘Tzetzes (loc. cit.) speaks of a triple-pulley 
device (1% tTpromdeTw pnyav#) in the same connexion, and 
Oribasius, Coll. med. xlix. 22 mentions the tpliomacros as an 
invention of Archimedes; he says that it was so called 
because it had three ropes, but Vitruvius says it was thus 
named because it had three wheels. Athenaeus vy. 207 a-b 
says that a helix was used. Heath, The lVorks of Archimedes, 
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the end of a compound pulley ¢ and drew the vessel 
smoothly and evenly towards himself as though she 
were running along the surface of the water. 
Astonished at this, and understanding the power of 
his art, the king persuaded Archimedes to construct 
for him engines to be used in every type of siege 
warfare, some defensive and some offensive ; he had 
not himself used these engines because he spent the ° 
‘greater part of his life remote from war and amid the 
rites of peace, but now his apparatus proved of great 
advantage to the Syracusans, and with the apparatus 
its inventor.® 

Accordingly, when the Romans attacked them from 
two elements, the Syracusans were struck dumb with 
fear, thinking that nothing would avail against such 
violence and power. But Archimedes began to work 
his engines and hurled against the land forces all 
sorts of missiles and huge masses of stones, which 
came down with incredible noise and speed ; nothing 
at all could ward off their weight, but they knocked 
down in heaps those who stood in the way and threw 
the ranks into disorder. Furthermore, beams were 
suddenly thrown over the ships from the walls, and 
some of the ships were sent to the bottom by means 
of weights fixed to the beams and plunging down 
from above ; others were drawn up by iron claws, or 
crane-like beaks, attached to the prow and were 


p. xx, suggests that the vessel, once started, was kept in 
motion by the system of pulleys, but the first impulse was 
given by a machine similar to the xoxAfas described by 
Pappus viii. ed. Hultsch 1066, 1108 ff., in which a cog-wheel 
with oblique teeth moves on a cylindrical helix turned by 
a handle. 

> Similar stories of Archimedes’ part in the defence are 
told by Polybius viii. 5. 3-5 and Livy xxiv. 34. 


25 


GREEK MATHEMATICS 


} 80 dvrirévwy evdov emoarpepdpevas Kal Trepiayd- 
pevar tois id TO tTetyos mepuKdor KpHvots Kat 
oxo7édos mpoorpacoov, dua POdpw TroAA@ Tav 
emBaTradv cuvtptBopéevuv. modAdkis 8€ petéwpos 
e€apbetoa vais dard This Bardoons Seipo Kaxeloe 
mrepwoupern Kal kpepapern Odapa pprddes HV, 
péxpe od T&v dvdpdv daroppupévreny Kat Siaogpev- 
dovnfévrwy Kev} mpoomécot Tots Telxeow } TeEpt- 
oriobot THs AaBijs dvetans. Hv be 6 MdpxeMos 
dnd tod Cevyparos émijye unxavny, cap Bein pev 
exaNetro 80 cpodtyTa Twa oxHwaTtos mpdos 76 
povatkov dpyavor, ert 5é dawlev adris mpoodepo- 
pévns mpos 76 Teixos e&4Aato Aifos SexardAavtos 
oAKny, elra érepos emt TovTw Kal tpitos, dv ob 
pev adrh’ eumecdvres peydAw Krimw Kal Krdvdanr 
THs pynxavis tiv te Bdow ovvyAdyoay Kal 7d 
youdwpa Siécercav Kal Si€oracay Tot Cevyparos, 
wore tov MdpxedA\ov dzopovpevoy atrov te Tats 
vavolv amom\ely Kata Tdxos Kal Tots welots dva- 
xXwpnow mapeyyvijoat. 

Bovdrevopevois S¢ edofev adtots ers vuxTos, av 
Sdvwrrat, mpocpiéar Tots Telyeou TOds yap TOvous, 
ols xpioba. tov ?Apxysydnv, pupnv éxovras 
dmepTereis mrowjoeobau Tas TOV Beddv adécets, 
eyyubev b€ Kat Tedéws dnpdxrovs elvaw _didornpa 
Tis TAnyis obK exovons. 6 8 ip os eoucev, emt 
taira mdAat wapeokevacpevos dpydvwv Te ovupe 
pétpous mpos wav Sidornua Kuwyjoes Kat BéAn 
Bpaxéa, Kat oe {70 tetxos*) od peydAwy, oAAdy 

* air Coraés, atris codd. 
3 76 retyos add. Sintenis ex Polyb. 
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plunged down on their sterns, or were twisted round 
and turned about by means of ropes within the city, 
and dashed against the cliffs set by Nature under the 
wall and against the rocks, with great destruction of 
the crews, who were crushed to pieces. Often there 
was the fearful sight of a ship lifted out of the sea into 
mid-air and whirled about as it hung there, until the 
men had been thrown out and shot in all directions, 
when it would fall empty upon the walls or slip from 
the grip that had held it. As for the engine which 
Marcellus was bringing up from the platform of ships, 
and which was called sambuca from some resemblance 
in its shape to the musical instrument,? while it was 
still some distance away as it was being carried to the 
wall a stone ten talents in weight was discharged at 
it, and after this a second and a third ; some of these, 
falling upon it with a great crash and sending up a 
wave, crushed the base of the engine, shook the 
framework and dislodged it from the barrier, so that 
Marcellus in perplexity sailed away in his ships and 
passed the word to his land forces to retire. 

In a council of war it was decided to approach the 
walls, if they could, while it was still night ; for they 
thought that the ropes used by Archimedes, since 
they gave a powerful impetus, would send the missiles 
over their heads and would fail in their object at 
close quarters since there was no space for the cast. 
But Archimedes, it seems, had long ago prepared for 
sucha contingency engines adapted to all distances and 
missiles of short range, and through openings in the 

“¢ The capBvxn was a triangular musical instrument with 
four strings. Polybius (viii. 6) states that Marcellus had 
eight quinqueremes in pairs locked together, and on each 


pee a “sambuca ” had been erected ;_ it served as a pent- 
ouse for raising soldiers on to the battlements. 
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8€ Kal ouvexav Tpnudarwv Covrwv'), of oKopmiot 
Bpaxdrovor pev, eyytbev dé mAREa TtapeotnKecav 
ddparot rots moAepttots. 

‘Os odv mpooduiEav otdpevor AavOdvew, adbts ad 
Bédeot moAdots éevrvyydvovres Kal mAnyais, TeTp@V 
pev éx Kedadijs ex’ adrods pepopévwy womep mpds 
Kdbetov, Tob dé Telyous rokevpata mavraydbev 
dvarréumovros, aveywpouv dtiow. KavrTat0a maAw 
abrav eis pyKos exteraypevwv, PedAdv éexbedvrwy 
Kal kataAapBavevrwr dmdvras éyiveto Todds pev 
aita@v Pbdpos, Todds S€ r&v vey ovyKpovopes, 
ovdey avridpdcat tods moAepulous Suvapévwv. ra 
yap mAclata Tdv dpydvwv bro TO Telyos eaKevo- 
mointo 7TH ’Apyysnder, Kat Ccopayotow éedxecav 

“Pwpator, pupiwy adtrois Kxaxdv e€ ddavods 
emixeopevenv. 

Os pay aan’ 6 MdpxeAios dnéduye Te Kal Tovs 
adv éavT@ oKdarrev Texviras Kat HNXavomo.ods 
edeyev" “ob mavodpeda pos. TOV yewperpuxdv 
Tobrov Bptdpewy Todepobvres, 6 és rats pev vavot* 
Hpadv Kxvabiler ex ris Oarddoons, Tiv dé capBdKny 
parilwy® per’ aiayvuns éxBeBAnke, rods Sé pvOuKovs 
éxaToyyxetpas Umepaiper Tooatra BadAwy dua BéAn 
Kad? pay ; ”  1@ yap évre wévres ot Aoutoi Lupa- 
Kovovot oGpa ris "Apxepndous TapacKeviis Hoo, 

9 Sé Kivotca mdvra Kai oTpépovoa foxy pla, TOV 
pev dAAwy SmAwy dtpéua Ketpevwr, povois S€ Tots 
éxeivou tote THs moAews xpwpevns Kal mpds 
dpuvay Kat mpos daddrcav. édos 5é Tods 
‘Pwpaiovs otrw mepipdBovs yeyovdtas dpav 6 
MdpxeAdos wor’, ef Kadddiov 7) EvAov vaép Tob 

1 6vrwy add. Sintenis ex Polyb. 
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wall, small in size but many and continuous, short- 
ranged engines called scorpions could be trained on ob- 
jects close at hand without being seen by the enemy. 

When, therefore, the Romans approached the walls, 
thinking to escape notice, once again they were met 
by the impact of many missiles ; stones fell down 
on them almost perpendicularly, the wall shot out 
arrows at them from all points, and they withdrew 
to the rear. Here again, when they were drawn up 
some distance away, missiles flew forth and caught 
them as they were retiring, and caused much destruc- 
tion among them; many of the ships, also, were 
dashed together and they could not retaliate upon 
the enemy. For Archimedes had made the greater 
part of his engines under the wall, and the Romans 
seemed to be fighting against the gods, inasmuch as 
countless evils were poured upon them from an 
unseen source. 

Nevertheless Marcellus escaped, and, twitting his 
artificers and craftsmen, he said: ‘ Shall we not 
cease fighting against this geometrical Briareus, who 
uses our ships like cups to ladle water from the sea, 
who has whipped our sambuca and driven it off in 
disgrace, and who outdoes all the hundred-handed 
monsters of fable in hurling so many missiles against 
us all at once?” For in reality all the other Syra- 
cusans were only a body for Archimedes’ apparatus, 
and his the one soul moving and turning everything : 
all other weapons lay idle, and the city then used his 
alone, both for offence and for defence. In the end 
the Romans became so filled with fear that, if they 
saw a little piece of rope or of wood projecting over 


2 rais pév vavoly ... parifwy an anonymous correction from 
Polybius, rds prev vats judy xabilwv mpds tiv OdAaccay mailer 
dd. 


codd. 
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Tetxous puKpov opbery TMporevofLevov, TotTo éxeivo, 
BnXavnY Twa Kweiv em avrovs “Apxepiy Bodvras 
dmorpenecOat Kal pevyew, dméoxero pans dmdans 
Kat mpooBodfs, 7d Aourov emi TH xporvm TH 
moAvopKiay Bépevos. 

TyAcobrov pevrou dpovnpa Kat Bdbos buys 
Kat Tocobrov EKERTITO Dewpnudray Thobrov 
’Apxyendns wore, éf’ ols dvopa kal ddgav ovK 
avOpwnivys, dA Sarpoviov Twos éoxe ovvécews, 
pnBev eBeAjjioat ovyypapyia qmept Toure dmodumetv, 
adAd Thy mepl Ta pnxavucds mpayparetay Kal méoav 
oAws réexyny xpetas epanropevny dyewh wat 
Bavavoov “nYnedpevos, ets éxeiva Kkarabecbar psva. 
THY abrod prrorysedy ols 76 Kandy Kad mepurrov 
dues Too dvayKaiov mpdaeorw, dovyK pura. pev 
évrTa Tots dAAas, é épwy dé Tapéxovra mpos hy bAnv 
TH drrodeter, THs pev TO péyeBos Kal Td KdAdos, 
ths Sé Thy dcpiBevav Kal my Sdvapuv breppuy 
Tapexopevys: ov yap é€oTw év yewper pla, yaAemtw~ 
Tépas Kal Baputépas vaobéces ev amAovorépots 
Aa,Beiv Kat _Kabapwrépors orowxetous ypapopevas. 
Kai 7008 of pev edhvia tod dvdpdos mpoodnrovew, 
ot dé drrepBorfj Tie movou vouilovow dardvens 
memo pevep Kal padios € ExasTov €ouKds yeyovevat, 
Cy7dv pev yap ovK av Tis evpoe by adrotd riv 
anddekw, Gyo. be TH pabrjoe. maptoratat boga 
Tou Ka abrov edpetv: odTw Actav odor dyer Kat 
Taxeiay emt TO Seuxvdpevov. odkouv ovde a Amar hoa 
Tots Tept aitod Acyopévous early, ds. ba’ oikelas 
81) Twos Kal ouvotkov BeAydopevos det oeipHvos 
eAéAnoto Kal oirov Kal Deparretas ouiparos ef 
aes Bia € modAdKes EAxdpevos én” dAcyipa Kat 
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the wall, they cried, “ There it is, Archimedes is 
training some engine upon us,” and fled; seeing this 
Marcellus abandoned all fighting and assault, and for 
the future relied on a long siege. 

Yet Archimedes possessed so lofty a spirit, so pro- 
found a soul, and such a wealth of scientific inquiry, 
that although he had acquired through his inventions 
a name and reputation for divine rather than human 
intelligence, he would not deign to leave behind a 
single writing on such subjects. Regarding the 
business of mechanics and every utilitarian art as 
ignoble and vulgar, he gave his zealous devotion only 
to those subjects whose elegance and subtlety are 
untrammelled by the necessities of life; these sub- 
jects, he held, cannot be compared with any others ; 
in them the subject-matter vies with the demonstra- 
tion, the former possessing strength and beauty, the 
latter precision and surpassing power ; for it is not 
possible to find in geometry more difficult and weighty 
questions treated in simpler and purer terms. Some 
attribute this to the natural endowments of the man, 
others think it was the result of exceeding labour that 
everything done by him appeared to have been done 
without labour and with ease. For although by his 
own efforts no one could discover the proof, yet as 
soon as he learns it, he takes credit that he could have 
discovered it: so smooth and rapid is the path by 
which he leads to the conclusion. For these reasons 
there is no need to disbelieve the stories told about 
him—how, continually bewitched by some familiar 
siren dwelling with him, he forgot his food and 
neglected the care of his body ; and how, when he 
was dragged by main force, as often happened, to the 


3 dye, Bryan, dyew codd. 
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Aoutpov, ev rats eoxdpais éypade oxnpara trav 
yewper pixdv, Kal Tob ou paTos dAnAupevou bufjye 
7 daxTUAw ypappds, B76 HSovis peyaAys KdroxXos 
dy Kat povoddnmros dAnOas. modav Sé Kal 
Kardv edperys yeyovws Adyerar Tdv didwy Ben-. 
Ojvar Kat T&v ovyyerOv omws adrod pera Thy 
redevTi emoriowot TH Tadw Tov TEepirapBavovTa 
THY opaipay évros xuAw8por, emuypaibavres TOV 
Adyov Tijs Utepoxis Tob qeptexovTos aTEepeod mpos 
TO TEpLexopevov. 


Ibid. xix. 4-6 


MéAvora. dé 70 "Apxundous 780s 7 yviace Map- 
xeMov. Eruxe bev yap avtés mt Kal? éavTov 
dvackoTav emt Siaypappartos: Kat Th Oewpia 
dedwxws Gp.a, Thy TE diavotay Kal Ty mpocoyw 
ob mpojobero Thy KaTadpopyy TOV ‘Pwpateov 
ovde Thy dAwow Tis moAews, adv dé emordyros 
adt@ oTpariciTov kal KeAevovros dxodoubeiv mpos 
MdpxeMov ovK eBovero mpiv i) Ter€oar TO mpo~ 
BaAnua Kai KaTaoT hoa Tos. Thy amobeeu. 6 be 
dpyiobets Kal mad evos 70 Eidos dvethev avrov. 
Erepor pev obv Adyovow | émorivat wey evOds ws 
amokrevoivta Evpiypn tov “Pwpaior, éxetvov 8° 
idvra Seiobar Kal dvrtBorety dvapetvar Bpaydv 
xpovor, ws py xaraNiry 70 bnrovpevoy aredes 
kat abedpyrov, Tov be od ppovricavra Siaxypy- 
cacbar. Kal Tpitos €ott Adyos, ws ropilovre 
T™pos MdpxeAAov avr@ TOv pabnparicdy Spydvev 
oxidbnpa Kal adaipas kal ywrias, als evapydrre 





* Cicero, when quaestor in Sicily, found this tomb over- 
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place tor bathing and anointing, he would draw geo- 
metrical figures in the hearths, and draw lines with his 
finger in the oil with which his body was anointed, 
being overcome by great pleasure and in truth in- 
spired of the Muses. And though he made many 
elegant discoveries, he is said to have besought his 
friends and kinsmen to place on his grave after his 
death a cylinder enclosing a sphere, with an inscrip- 
tion giving the proportion by which the including 
solid exceeds the included.¢ 


Ibid. xix. 4-6 


But what specially grieved Marcellus was the death 
of Archimedes. For it chanced that he was alone, 
examining a diagram closely ; and having fixed both 
his mind and his eyes on the object of his inquiry, he 
perceived neither the inroad of the Romans nor the 
taking of the city. Suddenly a soldier came up to 
him and bade him follow to Marcellus, but he would 
not go until he had finished the problem and worked 
it out to the demonstration. Thereupon the soldier 
became enraged, drew his sword and dispatched 
him. Others, however, say that the Roman came 
upon him with drawn sword intending to kill him at 
once, and that Archimedes, on seeing him, besought 
and entreated him to wait a little while so that he 
might not leave the question unfinished and only 
partly investigated ; but the soldier did not under- 
stand and slew him. There is also a third story, that 
as he was carrying to Marcellus some of his mathe- 
matical instruments, such as sundials, spheres and 


grown with vegetation, but still bearing the cylinder with 
the sphere, and he restored it (Tuse. Disp. v. 64-66). The 
theorem proving the proportion is given infra, pp. 124-127. 
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Td Tob HAlov péyefos mpds THY dv, oTpaTiBrat 
mepiTvxovTes Kal ypuaiov ev TH revye SdLavres 
, > / a , / ” 
dépew aréxrewav. ote pevtot MdpxedAdos tAynoe 
Kal Tov avroyeipa Tot dvopos ameoTtpady Kabdzep 
evayh, Tods dé olkeious avevpwy éripnoev, cpo- 
Aoyetrar. 
Papp. Coll. viii. 11. 19, ed. Hultsch 1060. 1-4 


This abris 5é eorw Oewpias 7d Sobev Bdpos TH 
So00cion Suvdper Kwicae tobto yap ’Apyiurdous 
pev evpnpa [Adyeras]’ unyavixdv, ef @ A€yeras 
eipnKkevas “ Sds pool (pyar) mod ord Kal Kwa TH 


a 


yn. 
Diod. Sic. i. 34. 2 


Tlorapdyworos yap otea Kat Katdpputos moA- 
Aov’s Kal mavtadarods éexpépet Kaptov’s, Tod pev 
moTapod Sia THY Kat éros avéBaow veapay iddv 
del Kataxéovros, TH 8 avOpdrwy padiws dracay 
dpdevovTwy Sud Twos pynxavis, jv émevdynoe pev 
"Apxipndns 6 Lupaxdaros, dvoualerar S€ amd Tob 
oxyparos KoxAlas. 

Ibid. v. 37. 3 


Té aavrwy mapadogdérarov, dmapttovar ras 
pices Tv ddaTwv Tots Alyumttaxois Aeyopérous 
KoxAiais, ods “Apxiundns 6 Lupaxdawos edper, 
Ore mapéBadrey «is Alyurrtov. 


1 déyerat om. Hultsch, 





* Piodorus is writing of the island in the delta of the Nile. 
> It may be inferred that he studied with the successors 
of Euclid at Alexandria, and it was there perhaps that he 
made the acquaintance of Conon of Samos, to whom, as 
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angles adjusted to the apparent size of the sun, some 
soldiers fell in with him and, under the impression 
that he carried treasure in the box, killed him. What 
is, however, agreed is that Marcellus was distressed, 
and turned away from the slayer as from a polluted 
person, and sought out the relatives of Archimedes to 
do them honour. 


Pappus, Collection viii. 11. 19, ed. Hultsch 1060. 1-4 


To the same type of inquiry belongs the problem: 
To move a given meight by a given force. This is one 
of Archimedes’ discoveries in mechanics, whereupon 
he is said to have exclaimed : ” Give me somewhere 
to stand and I will move the earth.” 


Diodorus Siculus i. 34. 2 


As it is made of silt watered by the river after 
being deposited, it? bears an abundance of fruits of 
all kinds; for in the annual rising the river continu- 
ally pours over it fresh alluvium, and men easily 
irrigate the whole of it by means of a certain instru- 
ment conceived by Archimedes of Syracuse, and 
which gets its name because it has the form of a 
spiral or screw. 

Ibid. v. 37. 3 


Most remarkable of all, they draw off streams of 
water by the so-called Egyptian screws, which 
Archimedes of Syracuse invented when he went by 
ship to Egypt.® 


the preface to his books On the Sphere and Cylinder shows, 
he used to communicate his discoveries before publication, 
and Eratosthenes of Cyrene, to whom he sent the Method 
and probably the Cattle Problem. 
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Vitr. De Arch. ix., Praef. 9-12 


Archimedis vero cum multa miranda inventa et 
varia fuerint, ex omnibus etiam infinita sollertia id 
quod exponam videtur esse expressum. Nimium 
Hiero Syracusis auctus regia potestate, rebus bene 
gestis cum auream coronam votivam diis immortalibus 
in quodam fano constituisset ponendam, manupretio 
locavit faciendam et aurum ad sacoma adpendit re- 
demptori. Is ad tempus opus manu factum subtiliter 
regi adprobavit et ad sacoma pondus coronae visus 
est praestitisse. Posteaquam indicium est factum 
dempto auro tantundem argenti in id coronarium 
opus admixtum esse, indignatus Hiero se contemptum 
esse neque inveniens qua ratione id furtum depre- 
henderet, rogavit Archimeden uti insumeret sibi de 
eo cogitationem. Tune is cum haberet eius rei 
curam, casu venit in balineum ibique cum in solium 
descenderet, animadvertit quantum corporis sui in eo 
insideret tantum aquae extra solium effluere. Idque 
cum eius rei rationem explicationis ostendisset, non 
est moratus sed exsiluit gaudio motus de solio et 
nudus vadens domum versus significabat clara voce 
invenisse quod quaereret. Nam currens identidem 
graece clamabat etpyxa etpyka. 

Tum vero ex eo inventionis ingressu duas fecisse 
dicitur massas aequo pondere quo etiam fuerat 
corona, unam ex auro et alteram ex argento. Cum 
ita fecisset, vas amplum ad summa labra implevit 





a **T have found, I have found.” 
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Vitruvius, On Architecture ix., Preface 9-1 


Archimedes made many wonderful discoveries of 
different kinds, but of all these that which I shall now 
explain seems to exhibit a boundless ingenuity. When 
Hiero was greatly exalted in the royal power at 
Syracuse, in return for the success of his policy he de- 
termined to set up in a certain shrine a golden crown 
as a votive offering to the immortal gods. He let out 
the work for a stipulated payment, and weighed out 
the exact amount of gold for the contractor. At the 
appointed time the contractor brought his work skil- 
fully executed for the king’s approval, and he seemed 
to have fulfilled exactly the requirement about the 
weight of the crown. Later information was given 
that gold had been removed and an equal weight of 
silver added in the making of the crown. Hiero was 
indignant at this disrespect for himsclf, and, being 
unable to discover any means by which he might un- 
mask the fraud, he asked Archimedes to give it his 
attention. While Archimedes was turning the pro- 
blem over, he chanced to come to the place of bathing, 
and there, as he was sitting down in the tub, he 
noticed that the amount of water which flowed over 
the tub was equal to the amount by which his body 
was immersed. This indicated to him a means of 
solving the problem, and he did not delay, but in his 
Joy leapt out of the tub and, rushing naked towards 
his home, he cried out with a loud voice that he had 
found what he sought. For as he ran he repeatedly 
shouted in Greek, heureka, heureka.* 

Then, following up his discovery, he is said to have 
made two masses of the same weight as the crown, 
the one of gold and the other of silver. When he had 
so done, he filled a large vessel right up to the brim 
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aqua, in quo demisit argenteam massam. Cuius 
quanta magnitudo in vase depressa est, tantum aquae 
effuxit. Ita exempta massa quanto minus factum 
fuerat refudit sextario mensus, ut eodem modo quo 
prius fuerat ad labra aequaretur. Ita ex eo invenit 
quantum pondus argenti ad certam aquae mensuram 
responderet. 

Cum id expertus esset, tum auream massam simi- 
liter pleno vase demisit et ea exempta eadem ratione 
mensura addita invenit deesse aquae non tantum sed 
minus, quanto minus magno corpore eodem pondere 
auri massa esset quam argenti. Postea vero repleto 
vase in eadem aqua ipsa corona demissa invenit plus 
aquae defluxisse in coronam quam in auream eodem 
pondere massam, et ita ex eo quod defuerit plus 
aquae in corona quam in massa, ratiocinatus depre- 
hendit argenti in auro mixtionem et manifestum 


furtum redemptoris. 





* The method maybe thus expressed analytically. 

Let w be the weight ofthe crown, and let it be made up of 
a weight w, of gold and a weight w, of silver, so that 
W=W, + Wy. 

Let the crown displace a volume v of water. 

Let the weight w of gold displace a volume v, of water; 


then a weight w, of gold displaces a volume ° - 0, of water. 


Let the weight w of silver displace a volume v, of water ; 
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with water, into which he dropped the silver mass. 
The amount by which it was immersed in the vessel 
was the amount of water which overflowed. ‘Taking 
out the mass, he poured back the amount by which 
the water had been depleted, measuring it with a pint 
pot, so that as before the water was made level with 
the brim. In this way he found what weight of silver 
answered to a certain measure of water. 

When he had made this test, in like manner he 
dropped the golden mass into the full vessel. Taking 
it out again, for the same reason he added a measured 
quantity of water, and found that the deficiency of 
water was not the same, but less; and the amount 
by which it was less corresponded with the excess of 
a mass of silver, having the same weight, over 
a mass of gold. After filling the vessel again, he 
then dropped the crown itself into the water, and 
found that more water overflowed in the case of the 
crown than in the case of the golden mass of identical 
weight ; and so, from the fact that more water was 
needed to make up the deficiency in the case of the 
crown than in the case of the mass, he calculated and 
detected the mixture of silver with the gold and the 
contractor’s fraud stood revealed. 


then a weight w, of silver displaces a volume “ « U, of water, 


Tt follows that Ed .2 +o .%, 


peered 


so that 


For an alternative method of solving the problem, v. infra, 
pp. 248-251. 
39 


GREEK MATHEMATICS 


(6) Surrace anp VoLuME or THE CYLINDER AND 
SPHERE 


Archim, De Sphaera et Cyl. i., Archim. ed. Heiberg 
i, 2-132. 3 


"Apxysndns Aoolém yaipew 

IIpérepov prev améoradkd cou trav if? judy 
TeBewpynpcevwv ypdipas pera amodeiLews, Ort mav 
THILO TO mepexdpevov bm Te evbeias Kal opbo- 
ywviov Kwvov TouAs émizpirdv eore tprywvov Tob 
Bdow tiv adriy éxovros TH Tyjpat. Kal tibos 
toov: torepov dé nutv dmomeodvTwy Oewpnydtwv 
akiwv Adyou' mempayparedpcba epi Tas amrodetEets 
aitayv. éotw S€ tdde° mpOrov per, ott mdons 
odaipas % emipdvea tetpatAaocia eortiv Tot peyi- 
orov KUkAov Tay ev adrh: emeita 5é, Ott Tavrds 
Tpypatos opaipas TH emaveia icos éoti KvKAos, 
od 4 €x Tov Kévrpou ton eo7i TH eOela TH amd 
Ths Kopupis Tob tTpnpatos dyouervy emt THY Tept- 
géperay Tob KUKAov, Gs cot. Baots TOO TurpaTOS- 

4 dtiwy Adyou cod., dvedéyxrwr coni. Heath. 





® The chief results of this book are described in the pre- 
fatory letter to Dositheus. In this selection as much as 

ossible is given of what is essential to finding the proportions 

etween the surface and volume of the sphere and the surface 
and volume of the enclosing cylinder, which Archimedes 
regarded as his crowning achievement (supra, p. 32). In 
the case of the surface, the whole series of propositions is 
reproduced so that the reader may follow in detail the majestic 
chain of reasoning by which Archimedes, starting from 
seemingly remote premises, reaches the desired conclusion ; 
in the case of the volume only the final proposition (34) can 
be given, for reasons of space, but the reader will be able to 
prove the omitted theorems for himself. Pari passu with 
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é 
(2) Surrace anp VoLuME or THE CYLINDER AND 
SPHERE 


Archimedes. On the Sphere and Cylinder i., Archim. ed. 
Heiberg i. 2-132. 3 


Archimedes to Dositheus greeting 


On a previous occasion I sent you, together with 
the proof, so much of my investigations as I had set 
down in writing, namely, that any segment bounded by a 
straight line and a section af a right-angled cone is four- 
thirds of the triangle having the same base as the segment 
and equal height.» Subsequently certain theorems de- 
serving notice occurred to me, and I have worked out 
the proofs. They are these : first, that the surface of 
any sphere is four times the greatest of the circles in it°; 
then, that the surface of any segment of a sphere is 
equal to a circle whose radius ts equal to the straight line 
drawn from the vertex of the segment to the circumference 
of the circle which is the base of the segment4; and, 


this demonstration, Archimedes finds the surface and volume 
of any segment of a sphere. The method in each case is to 
inscribe in the sphere or segment of a sphere, and to circum- 
scribe about it, figures composed of cones and frusta of 
cones. The sphere or segment of a sphere is intermediate in 
surface and volume between the inscribed and circumscribed 
figures, and in the limit, when the number of sides in the 
inscribed and circumscribed figures is indefinitely increased, 
it would become identical with them. It will readily be appre- 
ciated that Archimedes’ method is fundamentally the same as 
integration, and on p. 116 n. 6 this will be shown trigono- 
metrically. 

» This is proved in Props. 17 and 24 of the Quadrature of 
the Paratola, sent to Dositheus of Pelusium with a prefatory 
letter, v. pp. 228-243, infra. 

© De Sphaera et Cyl. i. 30.“ The greatest of the circles,” 
here and elsewhere, is equivalent to “a great circle.” 

4 [bid. i. 42, 43. 
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mpos 5é Tovrous, OTt maons opaipas 6 6 Kbdwdpos 6 re) 
Baow peev Exeov tony TH peyiore KUKAw TOV ev TH 
opaipa, dyos dé toov Th Siaperpep Tis odatpas 
aurds TE mudruos €oTw THs ogaipas, Kab 7 e7rt- 
pdveva avrod Tis emipavetas THs opaipas. Tatra 
de Ta /oupmraépara TH poe mpoumrfipxev mept 7a. 
ctpneva oxipara, 7 ayyvoetro be b bm6 TOV mpd Typav 
Tept yewpeTpiav dveotpapipevev obdevds avréay 
emuvevonkdros, 6tt TovTwy Tov oxnpdrov éoriy 
ovppetpia, .. . e€éorar 8€ mept tovTwy ém- 
oxépacbar tots Suvncopevois. wderle pev odv 
Kovwvos ere Cdvros éxdiS008a Tatra: Tivov yap 
broAapBavopev mov padiora av SsdvacGar Kata- 
vojoat tabra Kal tHv dpydloveay strep atrdav 
dnopacw Toujoaobat Soxrdlovres dé Kadds 
exe peradiddvas Tots oiketois THY palhyudrwr 
dmroareMoev oo. Tas drrodetfers dvaypdiavres, 
dmép dv eféora. trois mepl ra pabjpara dvaoTpe- 
dopevors emoxepacbar. eppwpevws. 

Tpdgovrar mparov Td TE afveabpara kal ra AapBa- 
vopeva eis Tas drrodeies adtav. 


’"Afidpata 


a’, Eloi TwWes ev émimedq) Kap7vAat ypappot 
meTrepaopevar, at TeV TA. mepara emibevyvvovody 
abray evleav yrot dAat emt Ta adrd ciow H oddev 
éxovaw emt 76, ere pa. 

Bp’. "Ent 7a aird 57) KotAnv Kare THY ToLAUTHY 
ypappny, év f éeav dvo onpeiwy AapBavopewr 





* De Sphaera et Cyl. i. 34 coroll, The surface of the 
cylinder here includes the bases. 
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further, that, in the case of any sphere, the cylinder 
having its base equal to the greatest of the circles in the 
Sphere, and height equal to the diameter of the sphere, is 
one-and-a-half times the sphere, and its surface is one- 
and-a-half times the surface of the sphere.* Now these 
properties were inherent in the nature of the figures 
mentioned, but they were unknown to all who studied 
geometry before me, nor did any of them suspect such 
a relationship in these figures. . . . But now it will be 
possible for those who have the capacity to examine 
these discoveries of mine. They ought to have been 
published while Conon was still alive, for I opine that 
he more than others would have been able to grasp 
them and pronounce a fitting verdict upon them ; 
but, holding it well to communicate them to students 
of mathematics, I send you the proofs that I have 
written out, which proofs will now be open to those 
who are conversant with mathematics. Farewell. 

In the first place, the axioms and the assumptions 
used for the proofs of these theorems are here 
set out. 


AXIOMS © 


1, There are in a plane certain finite bent lines 
which either lie wholly on the same side of the 
straight lines joining their extremities or have no part 
on the other side. 

2. I call concave in the same direction a line such that, 
if any two points whatsoever are taken on it, either 


> In the omitted passage which follows, Archimedes com- 
ares his discoveries with those of Eudoxus; it has already 
een given, vol. i. pp. 408-411. 
¢ These so-called axioms are more in the nature of de- 
finitions. 
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Orrouwvoby at peragd TV onpeiov evOeiar ror 
moat emt Td avTa mimrovow This ypaupis, 7 
Tues pev emt Ta avTd, Ties S€ Kat’ aUTis, emt Ta 
érepa dé pndepia. 

£ , A x > /, a 4 ’ 

y’. ‘Opoiws 8% Kal éemiddveral twés elow me- 
_mepacpevar, adral prev ovx ey éemumddw, ta Se 
mépata €xovoa ev emmédm, al tot émumddov, év 
@ 7a mépara exovow, trot CAae emt ta adTa 
€oovrat 7) ovdev Exovow emi Ta EreEpa. 

, 3 A A + ae A r ~ A td 

8’. ’Emt ta atta 8) Kolkas Kad tas Tovavras 
+ o * a” ta f te 
emipaveias, ev als av d0o0 onpetwy AapBavopevwy 
at perage TeV onpetwy ed0ciar Hrov maa emt 74 
atra mimtovaw Ths emigavelas, y Twes ipev emt 
7a avdTa, Twes dé Kar’ adris, emt Ta Etepa Se 
pndepta. 

€. Topéa dé orepedv Kade, émeav ogaipay 
Kavos Téuvn Kopupny exe mpos TO Kevtpy 
this odaipas, 76 Eptreplexopevov oxjpa td Te 
Ths emupavetas Tob Kwvov Kal THs emupaveias THs 
odaipas évtos Tod Kwvov. 

a e - A nn ra : a , al 
S: Pop Bor dé Kard orepedy, émetdav duo KO@vOL 
wi adrhy Bdow € exoves Tas xopupas € exwow é¢’ 
éxdTepa Tob emu éSov TAS Bacews, 6 OTws ot agoves 
adrayv én’ ed0elas dou eipevor, 70 €€ dudoiv rotv 
KwvoW ouyKelevov OTEpEdy OXAUA. 


AapBavdpeva 
cs ae 8€ tadra: 


a’, Tay a atta mépata €xovedv ypappaov 
ehaxtorny elvar tiv edOeiav. 
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all the straight lines joining the points fall on the 
same side ae the line, or some fall on one and the 
same side while others fall along the line itself, but 
none fall on the other side. 

3. Similarly also there are certain finite surfaces, 
not in a plane themselves but having their extremities 
in a plane, and such that they will either lie wholly 
on the same side of the plane containing their ex- 
tremities or will have no part on the other side. 

4. I call concave in the same direction surfaces such 
that, if any two points on them are taken, either the 
straight lines between the points all fall upon the 
same side of the surface, or some fall on one and 
the same side while others fall along the surface 
its: If, but none falls on the other side. 

5. When a cone cuts a sphere, and has its vertex at 
the centre of the sphere, I call the figure compre- 
hended by the surface of the cone and the surface of 
the sphere within the cone a solid sector. 

6. When two cones having the same base have 
their vertices on opposite sides of the plane of the 
base in such a way that their axes lie in a straight 
line, I call the solid figure formed by the two cones 
a solid rhombus. 

POSTULATES 


I make these postulates : 


1. Of all lines which have the same extremities the 
straight line is the least.¢ 


* Proclus (in Euel., ed. Friedlein 110, 10-14) saw in this 
statement a connexion with Euclid’s definition of a straight 
line as lying evenly with the points on itself: 6 8 ad 
*Apxemiins thy ebOetay dpicaro ypaypiy edaxlarny rav ra abra 
népara éxovady. Sidre yap, us 6 HixAeiSios Adyos dyaty, é€ toov 
xelrat rois ef” éavrijs onpelois, Sid tobro éAaxiorn cory ray 74 
atra mépata exoucay. 
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B. Tav dé dM Yeappav, édy ev emumeden 
ovoar Ta avrd, mépara eXwou, dvicous elvan Tas. 
Towavras, emevday @ow apdorepar emt Ta obra 
kothat, al TOL ohn mrepiAapBdvnrat 7 érépa 
abray bao Tijs érépas Kat Tis evdeias Ths Ta. 
adTa mépara, exovons airh, 7 Twa pev mepirap- 
Bavyrae, Twa dé Kowd éxyn, Kal éAdocova elvas 
THY mepthauBavoperny. 

vs ‘Opotws | dé Kal Tay emupaver@v Trav Td 
avira mépata éyovady, éav ev émmédw 7a mépata 
éywow, éAdooova elvar tiv émimedov. 

8’. Tév dé dMewov emupaverdy Kal 76. atrd mé- 
para. exovedr, éav ev emumédw Ta. mépata 4, 
dvicous elvan Tas Tovavras, erewddv dow duddtepat 
ent TO. avrd Kotha, | Kai 7To. OAn mepthauBdvyrar 
b76 Tis érépas i) érépa em@dveva Kat Tijs emumédou 
Ths Ta ava mépara éxovans airh, i Twa pev 
mepirapBdynrar, Twa d€ Kowa éyn, Kal éAdcoova 
elvan THY mrepAapBavoperny. 

e’. “Ere 8€ Tov dviowy ypapay Kal tv dvicw 
emipaveray kal t@v aviowy orepedv Td petlov rob 
éAdcoovos drepéxew TovovTw, 6 cvvTiOduevov adro 
éavt® Suvardv coTw trepexew TavTos tod mpo- 
tebévtos THY mpds GAAnAa Acyopevwr. 

Tovrwy dé droxempevar, dy ets KUKAov TroAteyc- 
vov eyypady, davepdv, dt. 7 TepipeTpos rob 
eyypaphevtos ToAuyavou Adooww éorly Tijs tod 
KUKAov Tepidepeias: éxdorn yap ta&v tod molv- 
ydvou meupéiv eAdoowy carl ris Tob Kbdov 
mepipepetas THs bd THs adris dmoTeuvouervns. 





@ This famous ** Axiom of Archimedes ”’ is, in fact, gener- 
ally used by him in the alternative form in which it is proved 
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2. Of other lines lying in a plane and having the 
same extremities, [any two] such are unequal when 
both are concave in the same direction and one is 
either wholly included between the other and the 
straight line having the same extremities with it, or 
is partly included by and partly common with the 
other ; and the included line is the lesser. 

3. Similarly, of surfaces which have the same 
extremities, if those extremities be in a plane, the 
plane is the least. 

4. Of other surfaces having the same extremities, 
if the extremities be in a plane, [any two] such are 
unequal] when both are concave in the same direction, 
and one surface is either wholly included between 
the other and the plane having the same extremities 
with it, or is partly included by and partly common 
with the other ; and the included surface is the lesser. 

5. Further, of unequal lines and unequal surfaces 
and unequal solids, the greater exceeds the less by 
such a magnitude as, when added to itself, can be 
made to exceed any assigned magnitude among those 
comparable with one another. 

With these premises, if a polygon be inscribed in a 
circle, it ts clear that the perimeter of the inscribed polygon 
is less than the circumference of the circle ; for each of 
the sides of the polygon is less than the arc of the 
circle cut off by it. 
in Euclid x. 1, for which v. vol. i. pp. 452-455. The axiom 
can be shown to be equivalent to Dedekind’s principle, that 
a section of the rational points in which they are divided into 
two classes is made by a single point. Applied to straight 
lines, it is equivalent to saying that there is a complete 
correspondence between the aggregate of real numbers and 
the aggregate of points in a straight line; v. E. W. Hobson, 
The Theory of Functions of a Real Variable, 2nd ed., vol. i. 


p- 55. 
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, 
a 


"Edy mept KixAov TroAvywvov meptypady, 4 Tod 
mrepuypagévros ToAvywvou mrepiperpos peilwy eotiv 
THs Tepyetpov Tod KvKAoV. 

Ilept yap xd«rov troAvywvov mepiyeypadbw rd 
broxeiwevov. A€yw, Ort  TWEepierpos TOD moAv- 
yevou petlwy eoriv ris mepyétpov Tod KUKAoU. 

"Emel yap ovvayddrepos 4 BAA petlwy éori 
ahs BA aepipepeias Sia TO Ta ada arépara 
éyovoay weptrtapBdve thy mepipeperav, dpoiws 
8€ Kai cuvvapddrepos pev » AT, TB ris AB, 
ovvapddtepos bé 7 AK, KO ris AO, ovvapdd- 
tepos 5¢€  ZHO ris ZO, ere 8 ovvapddrepos 7 
AE, EZ ris AZ, Gan dpa 7 aepiperpos rod 
modvywvov peilwv eoTt ris mepibepelas rod 


KUKAODv. 


* It is here indicated, as in Prop. 3, that Archimedes added 
a figure to his own demonstration. 
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Prop. 1 


If a polygon be circumscribed about a circle, the peri- 
meter of the circumscribed polygon ts greater than the 
circumference of the circle. 

For let the polygon be circumscribed about the 
circle as below. I say that the perimeter of 
the polygon is greater than the circumference of 
the circle. 





For since BA +AA> are BA, 


owing to the fact that they have the same extremities 
as the arc and include it, and similarly 


A'+I°B > [arc] AB, 
AK +KO> [are] AO, 
ZH +HO> [arc] ZO, 
and further AE+EZ > [arc] AZ, 


therefore the whole perimeter of the polygon is 
greater than the circumference of the circle. 
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Avo peyebdv dvicwy So0bévrwy Suvardv éorw 
evpeiv dvo edbeias dvicous, woTe tiv peilova 
edleiav mpds tiv eAdccova Adyov éxew éAdocova 
7 70 peilov péyeBos mpds 70 éAacoov. 

"Eotw S00 peyély duca 7a AB, A, Kal éorw 
cal A 4s ae fa : ta 
petlov to AB. Aédyw, dru Suvardv éori Sto 
: ed0eias dvicous edpetv rd elpn- 
pevov éritaypa mrowoveas. 

KeicOw Sa 76 B’ tod a’ rév 
A Edxreou 7H A toov 76 BI’, cal 
H KelaOw Tis evbcia ypayp 4 ZH- 
76 87) TA éaut@ émovvribépevov 
€ a ~ 
bmepe€ec TOO A. memodarAac- 
, a 5 ww A A 
c daly otv, kat éorw ro AO, Kai 
doarAdaiv eott 70 A® rod AT, 
A| TocavramAdows éotrw 7 ZH rips 
HE: éorw dpa, &s 76 OA pos 
AT, otrws 7 ZH apés HE: xa 
> ‘ - > € € 4 
avaradv €orw, ws % EH apos 
HZ, ovrws 76 AT zpos AQ. 
B Kal évet petlov eorw to AO tot 
A, touvréore toG TB, 76 dpa TA 
A A 0) Xr td 2N. La w 
7 @ mpos To A® Adyov éAdcaova Exel 
qmep 76 TA mpds TB. aad’ ods 
70 TA zpos AO, otrws 7 EH zpos HZ: 4 EH 
mv A > La , Ww Ld a 
dpa mpos HZ éddocova Adyov exer Hep To TA 
mpos IB: Kat ovrOévre 4 EZ [dpa]! apds ZH 
? # , ww ta 4 ‘4 et A 
eAdooova Adyov exer Hrep 76 AB apos BY [8a 
Ajppal].? toov S€ 76 BIT 7G A: 4 EZ dpa mpds 
Z1i €Adaaova Adyov exes Aaep T6 AB mpos 76 A. 
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Prop. 2 


Given two unequal magnitudes, tt is possible to find two 
unequal straighi lines such that the greater straight line 
has to the less a ratio less than the greater magnitude has 
to the less. 

Let AB, A be two unequal magnitudes, and let 
AB be the greater. J say that it is possible to find 
two unequal straight lines satisfying the aforesaid 
requirement. 

By the second proposition in the first book of 
Euclid let BI’ be placed equal to A, and let ZH be 
any straight line ; then I'A, if added to itself, will 
exceed A. [Post. 5.] Let it be multiplied, there- 
fore, and let the result be AQ, and as AO is to AT, 
so let ZH be to HE; therefore 

OA: AT=ZH:HE (ef. Encl. v. 15 
and conversely, EIT: HZ=AI: AQ. 
{Eucl. v. 7, coroll. 


And since AO>A 
>TIB, 
therefore TA :AO<IA:TB. [Bucl. v. 8 
But TA: AO=EH:HZ; 
therefore EH: HZ<TA:TB; 
componendo, EZ: ZH <AB: BI.¢ 
Now Br=A; 
therefore EZ:ZH <AB:A. 


* This and related propositions are proved by Eutocius 
[Archim. ed. Heiberg iii. 16. 11-18. 22] and by Pappus, Coll. 
ed. Hultsch 684. 20 ff. It may be simply proved thus. If 
a:b<c:d, it is required to prove thata+b:6<e +d: d. 
Let ¢ be taken so thata:6:e:d. Thene:d<e:d. There- 
fore e<e, and e+d:d<e+d:d. Bute:d:d=a+b:b (ex 
hypothesi, componendo). Thereforea+b:b<e+d:d. 


> dpa om. Heiberg. 2 Sa Aja om. Heiberg. © 
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Evpnpévar eloiv dpa dvo0 edbetar dvico. vrowotcat 
TO elpnpevov érizayua [rovtéotw Ti peilova 
mpos THV éAdooova Adyov éyeww éAdgoova 7) TO 
peilov péyeBos mpds 7d eAaccor].* 


‘ 
Y 

Avo peyebav avicwr S0bévrwy Kal Kixdrou Suva- 
Tov éotw els Tov KBicdov TroAvywvov eyypaibas Kat 
ao meprypdifat, drrus a Too _Teptypagopevou 
noAvywvov mAeuvpa mpds THY Tob eyypagopevov 
moAvywvou mAevpav éAdccova Adyov éxn 7 Td 
petlov pwéyefos mpds TO EdatTov. 

"Eotw 7a Sofevra Svo peyéOn ta A, B, 6 8é 
Sofeis KdKAos 6 Uroxeipevos. A€yw odv, Ste 
Suvardv éort mroveiv TO émitaypa. 

Etpjcbwoar yap 8vo evdeiat at ©, KA, av 
peilwy éorw 7 O, wore THY O mpos tiv KA 
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Accordingly there have been discovered two un- 
equal straight lines fulfilling the aforesaid require- 
ment. 


Prop. 3 


Given two unequal magnitudes and a circle, itis possible 
to inscribe a [regular] polygon in the circle and to circum- 
scribe another, in such a manner that the side of the 
circumscribed polygon has to the side of the inscribed 
polygon a ratio less than that which the greater magnitude 
has to the less. 

Let A, B be the two given magnitudes, and let the 


A 
I! 


by 


Z 


given circle be that set out below. I say then that 
it is possible to do what is required. 

For let there be found two straight lines 0, KA, of 
which 0 is the greater, such that © has to KA a ratio 


1 rouréorw .. . €Aagoov verba subditiva esse suspicatur 
Heiberg. 
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éAdacova Adyov € éxet 7 TO peilov péyeBos pos TO 
éAarrov, Kat xGw amo rot A oa) AK apés opbas 
7 AM, xat azo tod K TH. © ton Karix0w 4 KM 
[Suvaroy yap tobro]," Kat 7yIwoar Tob KUKAOU 
do Sedperpou mpos opbas aMjjAats ai TE, AZ. 
Tépvovres oby THY ord tov AHT _yeoviay dixa 
Kal Ty huioevay adtis dixa Kal aiet Tobro 
Tovouvres Aetipopev Twa ywriev éAdooova. H d- 
mhaciav Tihs bad AKM. AereipBes Kal goTw 7 
bao NHI, Kal enelevyOw 7 NI- apa NE 
moduydvou éotl mAeupa igomevpou [ereimep 7 
vad NHP yuvia petpet my tro AHL _Spbiy 
otcay, Kal 4 NI dpa mepupepera petpet mv TA 
TéTapTov ovdoayv KUKAov: wore Kat tov KvKAoV 
perpel. mohuycbvov dpa €art mevpa igomAevpou- 
davepov ydp €oTt tobro]. Kat rer HCO 1 70 
THN ywvia dixa 7H HE eddeta, Kat aad rod & 
épamrécbw Tob. KUKAOU 7 O=II, Kal éxBeBAy- 
oc§woov ai HNI, HO: adore xai 4» 10 mohu~ 
yevou éort meupe Tob Teprypapopévou mepi Tov 
KUkAov Kat icomAedpou [favepdv, d7. Kal Opotov 
TO eyypapopevn, od mevpa Be NYS ézei be 
eAdcowy éeariv 7 Sumacia Vy ord NHI ris umd 
AKM, duAaoia Se Tijs bd THD, eAdoow dpa 
9 bro THI Tis bad AKM. kai elow dp@ai ai 
mpos Tots A, T: 4 dpa MK mpos AK peilova Adyov 
exes imp 7 TH mpos HT. ton 8€ 7 ri 7h HE: 
wore 9 He mos HT éAdacova Adyor € Exel, TOV- 
TéoTw y] IO mpos ND, aaep 7 MK mpos KA: 
ert be 7 MK mpos KA eAdooova Adyov € éxee 7rTep 
70 A mpos ro B. xai éorw 4 pev TIO mcupa 
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less than that which the greater magnitude has to 
the less [Prop. 2], and from A let AM be drawn at 
right angles to AK, and from K let KM be drawn 
equal to 0, and let there be drawn two diameters of 
the circle, [E, AZ, at right angles one to another. 
If we bisect the angle AHT and then bisect the half 
and so on continually we shall leave a certain angle 
less than double the angle AKM. Let it be left and 
let it be the angle NHI’, and let NT be joined ; then 
NI is the side of an equilateral polygon, Let the 
angle THN be bisected by the straight line HZ, and 
through © let the tangent OXII be drawn, and let 
HNH, HO be produced; then ILO is a side of an 
equilateral polygon circumscribed about the circle. 
Since the angle NHI is less than double the angle 
AKM and is double the angle THI’, therefore the 
angle THT is less than the angle AKM. And the 
angles at A, T are right ; therefore 


MK: AK>TH : HT. 


But TH=HE. 
Therefore HZ: HT <MK:KA, 
that is, TO: ND<MK: KA? 
Further, MK: KA <A: B.¢ 


[Therefore TIO: ND <A:B,] 


* This is proved by Eutocius and is equivalent to the 
assertion that if a<B a cosec B > cosec a. 

’> For Hf: HT=010:NI, since HE: HT=OE:PT= 
208 : 2TT=110: I'N. 

© For by hypothesis ©: KA<A: B, and O@=MK. 


1 Swardy . . . rodro om. Heiberg. 
® énelnep . . . To’ro om. Heiberg. 
5 gavepov . . . 4 NI om. Heiberg. 
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Tou mepypapopevov Todvydvov, 4 5é TN rod 


eyypapopevou: Omep mpo€Kerto cdpetv. 


, 
€ 


Kvkdov dobévros Kat S00 peyebdv dviowy rept- 
yeaa. mepi tov KvKAov modAvywvov Kat dAdo 
eyypayar, wore 79 mepuypapev m™pos To eyypapev 
eAdocova Adyov Exew 7} 76 peilov péyebos mpds 

3 w 
To éAacoov. 

*ExneicOw Kdxkdos 6 A kat duo peyébn dvoa 


A 
H 


7a E, Z kat peilov ro E- Set obv moddvywvov 
eyypayat eis tov KUKAov Kal dAdo meprypayat, 
iva, yévntat TO émitaybev. 

AapBdvw yap dvo0 edfeias avicous tas T, A, 
dv peilav éorw 9 TD, a@ore tiv I apos ri A 
56 


ARCHIMEDES 


And IIO is a side of the circumscribed polygon, C'N of 


the inscribed ; which was to be found. 


Prop. 5 

Given a circle and iwo unequal magnitudes, to circum- 
scribe a polygon about the circle and to inscribe another, 
so that the circumscribed polygon has to the inscribed 
polygon a ratio less than the greater magnitude has to 
the less. 

Let there be set out the circle A and the two un- 
equal magnitudes E, Z, and let E be the greater; 
it is therefore required to inscribe a polygon in the 
circle and to circumscribe another, so that what is 
required may be done. 

For I take two unequal straight lines I’, A, of 


which let I’ be the greater, so that I’ has to A a ratio 
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eAdocova Adyov éxew  THv E mpos Thy Z: «al 
Tey T, A péons dvdAoyov An$beions ris H peilov 
dpa kat 9» LT rijs H. Tepuyeypaplw 57) mept 
KUKAov mokvywrov Kat dddo éyyeypaddw, wore 
Thy Tob meptypadévtos moAvywvou meupay 7pos 
THY Tod éyypapevtos eAdooova Adyov é€ exe Q Thy 
Lr mpos thy H [xabas eu-dboper} Sia rotro 87 
Kat 6 SutAdavos Adyos Tod Sutdaciou eAdcowy 
éoti. Kal Tod pev THis mAeupas, Tpos | THY aAeupav 
dimAdouds eats 6 Tob ToAvyeivou ampos TOV mod 
yeovov [Spoa yep], Tijs de [ T zpos’ thy H 6 rijs 
r mpos Ty A> kal 76 Trepuypadev a, dpa. mrohbyeovov 
pos 76 eyypagev eAdocova, Adyov éyee imp q 
T’ zpos tiv A+ 7oAAG dpa 73 mepuypapey mpos TO 
eyypagev eAdaoova Adyov exer Hrep 76 E mpds 
To ZL. 
7’ 

"Edy mepi Kxdvov icooxedAt mupapis meprypaph, 
9 emipdveta THS mupapidos xwpis Tijs Bdcews ts ion 
corly Tpeydivep Bdow pev éxovre thy lonv TH TrEpt~ 
péetpw THs Bacews, tibos 5é ryv mAcvpav Tod 
KWVOU. 6 « « 


a 


0’ 

> ‘ , \ ? fol > A c 

Eav Kwvou Twos lcoaKkedods eis Tov xuxhov, 
és €or Baars Too Kebvou, ev0cia ypappy éuméon, 
amo Se Tay TEpaTwv abris evetae ypappat 
ax0dou eri tiv Kopudyy Tod Kavou, Td wepindbev 
tpiywrov oad Te THs eumecovons Kal Tay ém- 
CevySecodv emt tiv Kopudhy edaocov gota Tis 
58 


ARCHIMEDES 


less than that which E has to Z [Prop. 2]; if a mean 
proportional H be taken between I, A, then I will 
be greater than H [Eucl. vi. 13]. Let a polygon be 
circumscribed about the circle and another inscribed, 
so that the side of the circumscribed polygon has to 
the side of the inscribed polygon a ratio less than 
that which T has to H [Prop. 3]; it follows that the 
duplicate ratio is less than the duplicate ratio. Now 
the duplicate ratio of the sides is the ratio of the 
polygons [Eucl. vi. 20], and the duplicate ratio of 
I to H is the ratio of I’ to A [Eucl. v. Def. 9] ; there- 
fore the circumscribed polygon has to the inscribed 
polygon a ratio less than that which T has to A; by 
much more therefore the circumscribed polygon has 
to the inscribed polygon a ratio less than that which 
K has to Z. 


Prop. 8 


If a pyramid be circumscribed about an isosceles cone, 
the surface of the pyramid without the base is equal to a 
triangle having its base equal to the perimeter of the base 
[of the pyramid] and its height equal to the side of the 
cone. . « 4 


Prop. 9 


If in an isosceles cone a straight line [chord] fall in the 
circle which is the base of the cone, and from its extremi- 
ties straight lines be drawn to the vertex of the cone, the 
triangle formed by the chord and the lines joining it to 


* The “side of the cone” is a generator. The proof is 
obvious. 





1 xabas eudbopev om. Heiberg. 
dbp g 
2 Spora yép om. Heiberg. 
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emupavelas Tob Kavou tis peratd tav emt THY 
Kopudyny émlevyfeoav. 
"EKotw Kxovou isooxedots Bdots 6 ABI’ Kuxdos, 
§. 4 A A | ? > > A +] a 
Kopugy dé 7d A, Kai SinyOw ris eis adrov edOeta 
4 AD, Kal do ris Kopudis emi ra A, I érreled- 
x8woav at AA, AT: Ady, dtu 7d AAT zpiywvev 


A 





€Aacody €orw ris emipaveias ris Kwikis rijs 
petafd trav AAT. 

Terpjobw 4 ABI wepipepera Siva Kara ro B, 
Kai éereledx$woov ai AB, TB, AB- éarae 8) 74 
ABA, BIA zpiywra peilova rob AAT rpvydvov.! 
@ 8 dbrepéxer ta eipnueva tpiywva tod AAT 
Tprywvov, €oTw TO O. 7d 8) O Frou tov AB, 
BI’ tpnpdtav édacodv eotw 7 ov.~ 
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the vertex will be less than the surface of the cone between 
the lines drawn to the vertex. 

Let the circle ABT be the base of an isosceles cone, 
let A be its vertex, let the straight line AI‘ be drawn 
in it, and let AA, AI’ be drawn from the vertex to 
A,I’; I say that the triangle AAT is less than the 
surface of the cone between AA, AIT. 

Let the are ABI be bisected at B, and let AB, 
TB, AB be joined ; then the triangles ABA, BIA will 
be greater than the triangle AAT.* Let 0 be the 
excess by which the aforesaid triangles exceed the 
triangle AAT. Now @ is either less than the sum of 


the segments AB, BI or not less. 


® For if h be the length of a generator of the isosceles cone, 
triangle ABA=3h. AB, triangle BrA=$h. BI, triangle 
AAT =3h. AT, and AB+BI'> AT, 





1 gorat . . . tprywvou: ex Eutocio videtur Archimedem 


scripsisse : yeilova dpa eori ra ABA, BAT zpiywwva roG AAT 
Tprydvov. 
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“Eotw po) éAaccov mpdrepov. eémet odv 8vo 
elaty emupdverar 7 TE KOVURH W] peragd wav AAB 
pera Tob AEB THILaTOS Kab 7 rob AAB Tpuyeivou 
TO avTo mépas éxouoat Ty TEpiweTpov TOU Tpi- 
yesvou Tob AAB, petlwv éorau a mepAapBdvovea 
THs mreprAapBavopevns: pelle &, dpa éorly 4 eave) 
émdveva y _perage tév AAB petra tof AEB 
THALATOS sob ABA Tprydvou. opoiws 8€ Kal 7 
perago tav BAT pera Tob [ZB THNHLATOS petlov 
éeov tod BAT Tpydvou On apa a Kou 
emipdvera peta tod © xwpiov peilav éort TOV 
cipnucvwy Tpry~vev. Ta, be elpn evo. Tplywva 
ioa éorly TH TE AAP Tprycovep Kai TQ O xwpio. 
KOLvOV adnpjodw To © Xwpiov: Aout) dpa i 
Keovurt) emibdvera q peragd tov AAD peifwv 
éotiv Tob AAP TpLywvou. 

*Eorw 81) 76 © éAaccov tov AB, BT THNpaTOOV. 
TépvovTEs oy vas AB, BI mepipepetas dixa Kal 
Tas ptocias adrav dixa Actepoprev THnpaTa 
éAdcoova dvta Tot © ywpiov. AcreipOen Ta emt 
tev AE, EB, BZ, ZU edéeady, Kai emelevyIwoav 
af AE, AZ. adAw rou Katd Ta atra F pev 
empdveua Tob Kavu H perabd Tov AAE pera 
Tob ei TAS. AE tpnpatos peilav éotiv Tob AAE 
Tpryavov, 1 Sé petagd tev EAB pera Tob émi 
Tis EB THT aros peilov éotivy too EAB T ple 
ydivou- 7 dpa emipavera 9 perage tav AAB pera 
tav ent tav AK, EB TpnpaTov peilov éoriv 
tov AAE, EBA tpiydvwv. eel d€ va AEA, 
AEB zpiywra petlovd eorw tod ABA rtpuyovov, 
Kalas SédexTat, ToAAG dpa 7» emipdvera Tod 
Kwvou 7 petagd tav AAB pera tOv emi tév AE, 
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Firstly, let it be not less. Then since there are 
two surfaces, the surface of the cone between AA, 
AB together with the segment AEB and the triangle 
AAB, having the same extremity, that is, the peri- 
meter of the triangle AAB, the surface which includes 
the other is greater than the included surface 
[Post. 3]; therefore the surface of the cone between 
the straight lines AA, AB together with the segment 
AEB is greater than the triangle ABA, Similarly the 
{surface of the cone] between BA, AT together with 
the segment I'ZB is greater than the triangle BAT ; 
therefore the whole surface of the cone together with 
the area © is greater than the aforesaid triangles. 
Now the aforesaid triangles are equal to the triangle 
AAT and the area 0. Let the common area 0 be 
taken away; therefore the remainder, the surface 
of the cone between AA, AT is greater than the 
triangle AAT. 

Now let 0 be less than the segments AB, BI. 
Bisecting the ares AB, BI and then bisecting their 
halves, we shall leave segments less than the area 0 
[Eucl. xii. 2]. Let the segments so left be those on 
the straight lines AE, EB, BZ, ZI’, and let AE, AZ be 
joined. Then once more by the same reasoning the 
surface of the cone between Ad, AE together with 
the segment AE is greater than the triangle AAK, 
while that between EA, AB together with the seg- 
ment lB is greater than the triangle EAB; therefore 
the surface between AA, AB together with the seg- 
ments AK, EB is greater than the triangles AAK, 
EBA. Now since the triangles AEA, AEB are 
greater than the triangle ABA, as was proved, by 
much more therefore the surface of the cone between 
AA, AB together with the segments AE, EB is 
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EB TpNpaToy petlay éotl too AAB Tpuydvou. 
bua Td. adra 57) Kal 4 éemddvera 7 peragd Tov 
BAP peta TOV ent trav BZ, ZT THR aT ov peileov 
éoviv vob BAT Tprywvou- An dpa 7 emupavera 4 
peTaed TOV AAT pera trav ctpnyecvenv THN WdTev 
petheny €ozi 7Tév ABA, ABT Tpryaoveny. rabra 
b€ cor ioa TO AAP Tprydvw Kal TO O Xepiy 
av Ta elpnpeva TppaTa éAdacova Tod © ywpiov: 
Aum dpa 7 émipdvera 7 % petagd trav AAT peilwy 
eorly rot AAT zprycivov. 


u’ 

>Eav érupavovoat dx0dow tot KUKAov, és éort 
Bdows tod Kavov, ev TO adT@ emumedep odoa i) 
KdKA@ Kal oupminroveat dA jas, amo dé Tav 
adav Kal THs oupmrdaews emt THY Kopuday Tob 
Kedvou evd0etar ayfdouw, Ta. Teplexopreva. Tpiywve 
bm0 Tay enupavovady Kal Tav émt Ty Kopupny 
Too KwVOU embevxbevody ed0adv peilovd earw 
Tis Tob Kwvov éemupavetas THs atoAapBavopévns 
im avt@v.... 


ip’ 

. Todtwy 87) SeBerypevay pavepov [emt peév 
TOV “npoeipnucvov], + 6tt, eav els KBvov tcooKeAR 
mupapis ev papi, q emupdvera ais mupapisos 
xwpis tis Bdacews eAdoowy éori THis Kevurijs 
emupavetas [exaorov yap Taev TeplexovTeoy TY 
mupapida Tpycvenv éAacody eotiv (Tis Kevexijs 
emupavetas we peta€d T&v Tob Tpryaivou hevpav- 
wore Kal dAn 7 emupdvera THs Tupapisos ywpis THs 
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greater than the triangle AAB. By the same reason- 
ing the surface between BA, AT together with the 
segments BZ, ZI is greater than the triangle BAT ; 
therefore the whole surface between AA, AI’ together 
with the aforesaid segments is greater than the 
triangles ABA, ABI. Now these are equal to the 
triangle AAT’ and the area 0; and the aforesaid 
segments are less than the area 0; therefore the 
remainder, the surface between AA, Al’ is greater 
than the triangle AAT. 


Prop. 10 


. Uf tangents be drawn to the circle which is the base of 
an [isosceles] cone, being in the same plane as the circle 
and meeting one another, and from the points of contact 
and the point of meeting straight lines be drawn to the 
vertex of the cone, the triangles formed by the tangents 
and the lines drawn to the vertex of the cone are together 
greater than the portion of the surface of the cone included 
by them... .% 


Prop. 12 


. . . From what has been proved it is clear that, if 
a pyramid is inscribed in an isosceles cone, the surface 
of the pyramid without the base is less than the 
surface of the cone [Prop. 9], and that, if a pyramid 


2 The proof is on lines similar to the preceding proposition. 


1 ent... mpoepnpévwy om. Heiberg. 
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Bdcews eAdcowv oti ris emipaveias Tob Kebvou 
xwpis THs Bdoews)," kat rt, édv mepi Kévov 
loooxeAR Tupayiis meprypaph, 1 emupavero, Tijs 
mupapioos xwpis Tis Bacews peilwv eoriv vijs 
emupavetas Tob Kwvou xwpis THs Bdoews [KaTa TO 
auvexes exeivy].* 

, Davepov dé ex tOv drrodeSerypevenv, ore Te, €av 
els KUAw8 pov op8ov mptopa eyypadh, 4 emddvera 
Too mploparos H €k Tay mapaaAr nAoypappeov 

avyKepery eAdocwy orl Tijs emupavetas Tod 
Kudivdpou ywpis THs Bacews [éAaccov yap ExaoTov 
mapahAnAdsypappov Tob mpiopards €ore Tijs Kal? 
av7o Tob kvhivdpov emupavetas],” Kal ott, édy aepi 
Kudw8pov opbov mploya meprypadh, 1 emupdvera 
Tou mpioparos 0, ék Tov mapadAnroypaypov ovy- 
Keqevy petlow €orl tis emupavetas tod KuAivSpou 
xwpis tis Bdcews. 


vy 

Tavrds xvhiv8pov dp00d 4 emipdvere. xwpis ris 
Bacews i lon €ort KUKAw, od 7 éx TOD KévTpov péooy 
Adyov éxet TAs mAeupas Tot Kudivdpou Kal Tijs 
Siaperpou THis Baoews 700 KvAivdpou. 

“Eorw xvhiv8pov twos dp0od Baas 6 oA KdKAos, 
Kai €oTw TH pev Staperpe Tob A KdKov ts ton 7 
rA, 7H 5é mAcupd. Too KuAivdpov 4 EZ, éxérw Se 
Hécov Adyov Toy AY, EZ 4% an H, Kal retaBen KUKos, 
of oT] ex Tod KEVTpOU ton éo7t 7H H, 6 B: Secxréov, 
6Tt 6 B xvKdos toos éoti TH émdaveig tod KvAtvdpou 
xewpis Tijs Bdcews. 

Ki yap ph éorw ioos, Aro peilwy dort F 
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is circumscribed about an isosceles cone, the surface 
of the pyramid without the base is greater than the 
surface of the cone without the base (Prop. 10]. 

From what has been demonstrated it is also clear 
that, if a right prism be inscribed in a cylinder, the 
surface of the prism composed of the parallelograms 
is less than the surface of the cylinder excluding 
the bases @ [Prop. 11], and if a right prism be circum- 
scribed about a cylinder, the surface of the prism 
composed of the parallelograms is greater than the 
surface of the cylinder excluding the bases. 


Prop. 13 


The surface of any right cylinder excluding the bases » 
is equal to a circle whose radius is a mean proportional 
between the side of the cylinder and the diameter of the 
base of the cylinder. 

Let the circle A be the base of a right cylinder, let 
TA be equal to the diameter of the circle A, let EZ 
be equal to the side of the cylinder, let H be a mean 
proportional between AT, EZ, and let there be set 
out a circle, B, whose radius is equal to H; it is 
required to prove that the circle B is equal to the 
surface of the cylinder excluding the bases.’ 

For if it is not equal, it is either greater or less. 

® Here, and in other plese in this and the next proposi- 
tion, Archimedes must have written xwpis rav Bdcewv, not 
xwpis tis Bdcews. 

> See preceding note. 





1 &xagrov . . . Bdoews. Heiberg suspects that this de- 
monstration is interpolated. Why give a proof of what is 
davepdv ? 

2 xard . . . éxetvy om. Heiberg. 

* Qacoo . . . émdavelas. Fietbers suspects that this 
proof is interpolated. 
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> La ” , > td sy 7 
eAdcowv. éoTw mpdtepov, ei Suvarov, eAdaowr. 
dvo 37 peyebdv dvrwy avicwy ris Te émupavetas 
700 KvASpov Kat Tod B KdKdAov Suvardv éeorw eis 
tov B xvxdrov todmAevpov todvywvov eyyparpat 
A ” 4 a A 4 A 
kat dAdo meptypdypat, wore TO mepypadev mpos 
4 ) 4 ay , ” a a ” 
TO eyypapev eAdcoova Adyov yew Tob, dv exer 
% émipdvera tod Kudivdpov apos tov B_ xvidov. 
f A , \ * , 
voetcOw 8) mepryeypappevov Kal eyyeypappevor, 
kal wept tov A Kvxdrov rrepryeypdd0w edOdypapypov 
e x ‘ ‘ f ‘ 
dpowv Tm wept tov Bi aepuyeypappevm, Kat 
> ‘ > A lot ? # fo ww 
avayeypaplw ad rob ebbvypdupou mpicpa: eorat 
31) mept tov KUAWSpov mepryeypaypevov.  éoTw 


a ‘ a 4 a > ’ n ‘ 
b¢ Kal 7H mepysérpw rod edOvypaypov rod mepi 


* One ms. has the marginal note, “ equalis altitudinis 
chylindro,” on which Heiberg comments: ‘nee hoc 
omiserat Archimedes.” Heiberg notes several places in 


which the text is clearly not that written by Archimedes, 
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Let it first be, if possible, less. Now there are two 
unequal magnitudes, the surface of the cylinder and 
the circle B, and it is possible to inscribe in the circle B 
an equilateral polygon, and to circumscribe another, 
so that the circumscribed has to the inscribed a ratio 


A K 


T 


H 


less than that which the surface of the cylinder has 
to the circle B (Prop. 5]. Let the circumscribed and 
inscribed polygons be imagined, and about the circle 
A let there be circumscribed a rectilineal figure 
similar to that circumscribed about B, and on the 
rectilineal figure let a prism be erected %; it will be 
circumscribed about the cylinder. Let KA be equal 
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tov A KUKov t ton 9 KA kal rH Kat ion 7) AZ, Ths 
de TA jpicea éorw 9 TT: eorae 87) TO KAT 
Tplywvov ioov TH mepuyeypapipevip evduypappp 
mepi Tov A Kdkdov [érrevda} Baow yey éxet TH Tmept~ 
peTpm@ tony, tifos S¢ ioov TH ék Tot Kévtpov Tot 
KUKAov],’ 76 be EA mapadAnAdypapyov Th 
emupaveia Tod mplopatos tot mept TOV xUdwvopov 
Teptyeypapyevov [ered amepieyerar umd THs 
mheupas Tob xuhivdpou Kat ris tons TH Tmepyerpy 
Tis Bdoews | Tob mploparos].” KeloBu 37) Th 
ton 7 EP+ toov dpa coriy TO ZPA Tplywvov TD 
EA Trapaddnhoy pape , wore Kat Th émpaveig 
Tob mploparos. Kat erret Guo eoTw Ta €vOv- 
YPappLa, Ta _mept tous A, B xuKdAous Tepiyey pop 
peva, TOV abrov e£eu Adyov [Ta <dOvypappa,” oviep 
ai éx Tay Kévtpeov Suvdpen- efe. dpa 7o KTA 
Tplycwvov mpos TO mept tov B KuKdov ebObypappov 
Adyov, 6 ov » TA mpos H duvdpe [at yap TA, 
ioat etoiv Tais ex Tov Kévrpw). an’ ov exet 
Adyoy 7 q TA T™pos H Suvdper, robrov éxet Tov Adyov 
7 TA mpos PZ pnper [% yap H rév TA, PZ Hon 
€o7i dvdAoyov dia 7O Kal tov TA, EZ: ads Se 
Totro; émet yap ton éorly » pev AT om TT, % 
S¢ PE 79 EZ, Semdacia dpa éoriv 4» TA ris TA, 
kai 4 PZ ris PE- éorw dpa, ws 4 AT mpos AT, 
ovrws ) PZ apds ZE. 70 dpa bao rev TA, EZ 
isov eorly TH bro Tay TA, PZ. 7H &é bad tay 
TA, EZ toov éoriv 16 dad H: Kal 7@ tad tadv 
TA, PZ dpa. icov éoti 76 dvd ris H. eorw dpa, 


1 éready... kixdov om. Heiberg. 
§ ered)... . mploparos om. Heiberg. 
3 ra eb0typappo om. Torellius, 
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to the perimeter of the rectilineal figure about the 
circle A, let AZ be equal to KA, and let I'T be half 
of TA; then the triangle KAT will be equal to the 
rectilineal figure circumscribed about the circle A, 
while the parallelogram EA will be equal to the 
surface of the prism circumscribed about the cylinder.” 
Let EP be set out equal to EZ; then the triangle 
ZPA is equal to the parallelogram EA (Eucl. i. 41], 
and so to the surface of the prism. And since the 
rectilineal figures circumscribed about the circles A, 
B are similar, they will stand in the same ratio as the 
squares on the radii®; therefore the triangle KTA 
will have to the rectilineal figure circumscribed about 
the circle B the ratio TA? : H?. 

But TA? : H?2=TA: PZ.4 


® Because the base KA is equal to the perimeter of the 
polygon, and the altitude AT is equal to the radius of the 
circle A, t.e., to the perpendiculars drawn from the centre of 
A,to the sides of the polygon. 
> Because the base AZ is made equal to AK and so is equal 
to the perimeter of the polygon forming the base of the prism, 
while the altitude EZ is equal to the side of the cylinder and 
therefore to the height of the prism. 
¢ Eutocius supplies a proof based on Eucl. xii. 1, which 
proves a similar theorem for inscribed figures. 
4 For, by hypothesis, H?=AT . EZ 
=2TA .4PZ 
=TA.PZ 
Heiberg would delete the demonstration in the text on the 
ground of excessive verbosity, as Nizze had already perceived 
to be necessary. 
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ws 7 TA mpos H, otrws 4 H mpds PZ- éorw dpa, 
wo TA zpos PZ, 70 do tis TA mpds T6 amo 
ris H- eav yap Tpeis evOciar avddoyov wow, coTw, 
Ws } MpPwTN Mpos THY TpiTHY, TO aTO THS TPwTNS 
<l8os mpos TO a0 THs SevTépas eldos Td Gpotov Kal 
Gpotus dvayeypappevor]!. ov be Abyov exer 4 TA 
mpos PZ pijKe, todrov EXEL 73 KTA Tpiywvov 
mpos TO PAZ [ereudjmep toca cicty at KA, AZ}: 
‘ > ‘ ” , yw 4 KTA - \ 
Tov adTov dpa Adyov exer TO Tpiywvov mpos 
70 evOdypapipov 7} Tept TOV B KUKAOv Tepvyeypapi- 
4 
HéEvov, dvmep TO TKA Tplycovov 7™pos 76 PZA 
Tplywovov. ioov dpa éotiv 7d ZAP tpiywvov TO 
mept TOV B KUKAOV Tepryeypappevey edbuypdpipiey 
ote Kai y emdvera tod mplopwaros TOO mepi TOV 
A KtdivSpov Teptyey pappevov TH edOvypdppep TH 
TeEpt Tov B KdKrov i ion cory. Kal érret éAdcoova 
Adyov € éxee TO evOUypappov 76 Tepl Tov B KdiAov 
mpos 76 evyeypappevov ev TO KUK AG Tob, dv exer 
> f 
% emddvera tod A KvAlv8 pou mpos Tov B KdKdov, 
eAdooova Adyov efer Kal 4) emipavera Tob mplopatos 
Tob mepl Tov KUAwépov TE ptyeypapy4Levou Tpos re) 
evOdypappov TO ev TO KUKAW TO Be eyyeypapprevov 
iymep 9 émpdveva rod KvAivSpov mpos Tov B kvkdov: 
Kal evarddé: dmep advvatov [i pev yap éemddvera 
Tob Tpiopatos Tol Tepiyeypappevov mepi Tov 
ta fe = tA ~ = f 
KvAwé pov peilav otca déderkrar THs empaveias 
Tod KvAtvSpou, TO 6€ eyyeypappevov evOvypappov 
ev 7@ B KoK a) éAacoov eotw tot B xvKdov]* 
ovK apa éoriv 6 B Kixdos eAdcowv Tis émaveias 
Tou KvAWSpov. 
2 4 yap... dpotws dvayeypaypévoy om. Heiberg. 
2 enedymep .. . KA, AZ om. Heiberg. 
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And TA: PZ=triangle KTA: triangle PAZ.2 


Therefore the ratio which the triangle KTA has to 
the rectilineal figure circumscribed about the circle B 
is the same as the ratio of the triangle TKA to the 
triangle PZA. Therefore the triangle TKA is equal 
to the rectilineal figure circumscribed about the 
circle B [Eucl. v. 9]; and so the surface of the prism 
circumscribed about the cylinder A is equal to the 
rectilineal figure about B. And since the rectilineal 
figure about the circle B has to the inscribed figure 
in the circle a ratio less than that which the surface 
of the cylinder A has to the circle B [ex hypothesi], 
the surface of the prism circumscribed about the 
cylinder will have to the rectilineal figure inscribed 
in the circle B a ratio less than that which the 
surface of the cylinder has to the circle B; and, 
permutando, [the prism will have to the cylinder a 
ratio less than that which the rectilineal figure in- 
scribed in the circle B has to the circle B]®; which 
is absurd. Therefore the circle B is not less than 
the surface of the cylinder. 


® By Eucl. vi. 1, since AZ =KA. 

> From Eutocius’s comment it appears that Archimedes 
wrote, in place of Kal éevadAAdé dep dévvarov in our text: 
évaddag dpa eAdcaova Adyov exer T6 mpiopa pds Tov KvAwdpov 
rep TO éyyeypappevor eis tov B xvxdov moAvywrov mpés tov B 
xvKdov Grep atronov. This is what I translate. 

¢ For the surface of the prism is greater than the surface 
of the cylinder [Prop. 12], but the inscribed figure is less than 
the circle B; the explanation in our text to this effect is 
shown to be an interpolation by the fact that Eutocius sup- 
plies a proof in his own words. 


3 pev. . . rod B xdxdov om. Heiberg ex Eutocio, 
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“Eorw OND et Suvardy, peilwv. maddy oy) 
voeiabe ets tov B KvKdAov eb OSypap.pov eyyeypap- 
pévov Kal dAdo Tepuyeypapipevor, adore TO Trept~ 
a eee mpos 70 eyyeypappevor éAdooova 
Gyov exew 7 TOV B xdkdAov mos THY émupaverav 
Too KuAwvdpou, kal eyyeypaphas eis TOY A KUKAOV 
moAbywvor 6 Gplovov 7T®@ eis rov B Kdichov eyyeypap.- 
peeve, Kat Tpiop.e avayeypagpben amo Tob ev TO 
KuKray eyyeypapipevov mohuydivou" Kal mdAw n 
KA é ton éoTw TH TepuLer pep Tod etOuypdppiov Tob 
ev TO A Kody eyyeypappevon, Kal ZA i ion 
att} €oTw.  eéorar 8) TO pev KTA Tplycovov 
petlov rob edOvypdpjou Tod ev TO A Kinhy éy- 
Yeypappevov [Sed7e Pdouv Bey éxet Ty TepipeTpov 
abrob, tyros 6€ peilov This amo rob Kévtpov ent 
pia mAcupayv Tod TroAvyavou dyopevns xabérou],* 
Td O€ EA Tmapadrn dy pa.pov icov TH emaveta 
Tob mpiopatos TH ex Ta mapaddnoypaypoy 
ovyKepevn [Bedru TEpLexeTat bo THs meupas TOU 
kvAtvdpou Kal THs tons TH TEpiLeTpw 708 etOv- 
ypdppou, 6 eorw Bdous Tou mptoparos]- wore Kat 
76 PAZ Tplywvov toov éort Th emupaveig Too 
mpioparos. Kal érel dpoud cor. Ta evOdypaupa 
Ta. év tots A, B xvKdois eyyeypappeva, TOV avTOV 
EXEL Adyov mpds ddAnha, év at ek Tay KevTpa 
abrdv Suvdpec. éye. Sé Kat wa KTA, ZPA 
Tpiywva mpos dAdAnia Adyov, 6 ov ai ek TeV KévTpw 
Trav KUkAwy Suvdper tov adbtov dpa Adyov exer 


1 &idre . . . xabévov om. Heiberg. 





@ For the base KA is equal to the perimeter of the polygon 
and the altitude AT, which is equal to the radius of the 
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Now let it be, if possible, greater. Again, let there 
be imagined a rectilineal figure inscribed in the 
circle B, and another circumscribed, so that the cir- 
cumscribed figure has to the inscribed a ratio lcss 
than that which the circle B has to the surface of 
the cylinder [Prop. 5], and let there be inscribed in 
the circle A a polygon similar to the figure inscribed 
in the circle B, and let a prism be erected on the 
polygon inscribed in the circle [A]; and again 
let KA be equal to the perimeter of the rectilineal 
figure inscribed in the circle A, and let ZA be equal 
to it. Then the triangle KTA will be greater than 
the rectilineal figure inscribed in the circle A,* and 
the parallelogram EA will be equal to the surface 
of the prism composed of the parallelograms>; and 
so the triangle PAZ is equal to the surface of the 
prism. And since the rectilineal figures inscribed 
in the circles A, B are similar, they have the same 
ratio one to the other as the squares of their radii 
{Eucl. xii. 1]. But the triangles KTA, ZPA have 
one to the other the same ratio as the squares of the 
radii°; therefore the rectilineal figure inscribed in 


circle A, is greater than the perpendiculars drawn from the 
centre of the circle to the sides of the polygon ; but Heiberg 
regards the explanation to this effect in the text as an inter- 
polation. 
> Because the base ZA is made equal to KA, and so is 
equal to the perimeter of the polygon forming the base of 
the prism, while the altitude EZ is equal to the side of the 
cylinder and therefore to the height of the prism. 
¢ For triangle KTA: triangle ZPA=TA: ZP 
=TA?*: H? 
(cf. p. V1 n.d. 


But TA is equal to the radius of the circle A, and H to the 
radius of the circle B. 
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3974 . 2? a , : , 

76 evOvypappov 76 ev TH A KvKAw eyyeypappévov 
‘ ~ ? 

mpos TO edOdypappov To ev TH B eyyeypappevov 

\ Ny t N ‘ , 
kat 7O KTA zpliywvov mpos 76 AZP tpiywrov. 
ww , ak ‘A +. ¥ ag ‘A ? ~~ a 
édacoov Sé care TO edO¥ypappov 76 ev TH A KdKAw 
éyyeypappévov tod KTA rpryavou- édaccov dpa 
Kat To evOvypappov TO ev TS B kvKdw eyyeypap- 
pévov Tod ZPA tpryevou: wate Kal Tis éemupaveias 

~ a? ~ t > 
Tob mpiopatos Tod év TH KvAivSpw eyyeypappevov: 
énep advvatov [eel yap éAdocova Adyov exes TO 
mepuyeypappevov ev0vypaypov mept tov B Kvndov 
mpos TO eyyeypappevov 7 6 B KdKAos mpos Thy 
emupdveray TOU KuAivdpov, Kal evadAd€, petlov dé 
€oTt TO Teptyeypappevov Tmept Tov B KdKdAov tod B 
KUKAov, peilov dpa. éoriy To eyyeypappevov ev 
7@ B KdKAw Tis emupaveias Tod KvAwdpov doTe 
Kal Tis émaveias tod mpiopatos]." odKx dpa 
pellwy éeotlv 6 B xKuKdros ris émaveias rob 

é > t a oe t) A > , M 
xudwopov. edeixOn Sé, dre ovdé eAdcowv: toos 
dpa éoriv. 
ao 
to 


Tlavrds xavov tcooxedAots ywpts tis Bdcews 
H empaveia ton ori KvKrAw, od 4 €k TOD KévTpOU 
piégov Adyov exer THs TAcupas TOD KwVvOU Kal Tis 
€k Tod Kévtpov Tod KUKAoV, 6s éoTw Pdows rot 
Ka@vou. 

"Eotw k@vos tcooxeAys, 0b Bdow 6 A KvKdos, 
9 5 éx Tod Kévtpou coTw 4 1, rH 8 wAcupa rob. 


1 énel . . . ampisparos om. Heiberg. 





@ Yor since the figure circumscribed about the circle B has 
to the inscribed figure a ratio less than that which the circle B 
has to the surface of the cylinder [ex hypothesi], and the 
circle B is less than the circumscribed figure, therefore the 
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the circle A has to the rectilineal figure inscribed 
in the circle B the same ratio as the triangle KTA 
has to the triangle AZP. But the rectilineal figure 
inscribed in the circle A is less than the triangle 
KTA; therefore the rectilineal figure inscribed in 
the circle B is less than the triangle ZPA ; and soit 
is less than the surface of the prism inscribed in the 
cylinder; which is impossible. Therefore the circle 
B is not greater than the surface of the cylinder. 
But it was proved not to be less. Therefore it is 
equal. 


Prop. 14 


The surface of any cone without the base is equal to 
a@ circle, whose radius is a@ mean proportional between 
the side of the cone and the radius of the circle which is 
the base of the cone. 

Let there be an isosceles cone, whose base is the 
circle A, and let its radius be P, and let A be equal 


inscribed figure is greater than the surface of the cylinder, 
and a fortiori is greater than the surface of the prism [Prop. 
12]. An explanation on these lines is found in our text, but 
as the corresponding proof in the first half of the proposition 
was unknown to Eutocius, this also must be presumed an 
interpolation. 
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Ka@vou éoTw ton 7 A, trav 5¢ T, A péon dvddoyov 
4 E, 6 6€ B xdedos exyérw riv ex rod Kévrpov 
7H E tony: rAdyw, 671 6 B Kvxdos éariv iaos Th 
? i ~ tA ‘ ~ , 
empaveia To Kwvov xwpis THs Bacews. 

Ei yap pi éeorw ioos, Frow petlwy cory Fj 
>’ , La , > ee wv A! 7 
eAdcowv. éoTw mpdtepov eAdcowv. or. 57 Svo 
peyeOn dvca 4 Te éemiddvera tod Kwvov Kai 6 B 
KUKAos, Kal petlwy H emddvera tod Kavou: Suva- 

‘ ” > ‘ , , 2? j 
tov dpa eis tov B KdKdov modAdywvov iadmAeupov 
> i a Mv 4 4 ~ > 
eyypaijat Kai dAdo srepuypdiypat Spovov TH éeyye- 
ypappevw, WoTEe TO TEptyeypappevov TPds TO éy- 

‘ 3 , , ww ~ a ” . e 
yeypaypevov eAdagova Adyov éxew Tob, dv exer 7 
empdveia TOO Kwvou mpos TOV B xvKAov. voetobw 
8 Kal wept tov A Kixdov moAvywrov mepuye- 

a Ld ~ A 4 ‘ 
ypappévov Guovov TH Tept tov B xKvKdov zepe- 

/ A 2 A ~ 1 A , 
yeypappéva, Kal do tod mept tov A KuKdAov 
Tepiyeypappevou modvyw@vouv mupapis dveardrw. 
> , 4 ? + 7 w ~ 
dvayeypappern Thy abrnv Kopudiv éxovoa TO 


’ ? ‘eo a \ ’ AY ‘af 
KWV@. EEL OVY OMOLA €OTiV Ta Todvywva TQ TEpt 
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to the side of the cone, and let E be a mean propor- 
tional between IT’, A, and let the circle B have its 





r 





E 
A 





radius equal to E ; I say that the circle B is equal to 
the surface of the cone without the base. 

For if it is not equal, it is either greater or less. 
First let it be less. Then there are two unequal 
magnitudes, the surface of the cone and the circle B, 
and the surface of the cone is the greater; it is 
therefore possible to inscribe an equilateral polygon 
in the circle B and to circumscribe another similar 
to the inscribed polygon, so that the circumscribed 
polygon has to the inscribed polygon a ratio less than 
that which the surface of the cone has to the circle B 
[Prop. 5]. Let this be imagined, and about the 
circle A let a polygon be circumscribed similar to 
the polygon circumscribed about the circle B, and on 
the polygon circumscribed about the circle A let a 
pyramid be raised having the same vertex as the 
cone. Now since the polygons circumscribed about 
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Tovs A, B KdKdovs TepLyeypapyreva., Tov aUuTov 
exer Adyor mpos dAAnda, dv al ék Tob KeévTpou 
duvdjer mpos dAAnAas, Tovréot év éxet 4 7 pos 
E dvvapet, toutéotw 7 T' mpos A Mijcet. év b€ 
Adyov exer 7 T mpos A pet, todrov exer rd 
Tepuyeypapytevoy TroAvywvov Tepi tov A KUKAOV 
™pos my emupdvevay Tis mupapidos Tits Tept- 
yeypappevns mrept Tov Ka@vov [7 pe yap T ion 
éotl TH amo Too Kévrpou Kabera ent pio TAcupay 
Too mrodvyavou, 9 8€ A rH mevpd Tob KWwvoU: 
Koworv 5€ vyos 7) mepietpos Tob ToAvydvou mpds 
Ta Huton Tov émipaverdy]': tov adrov dpa Adyov 
exer TO eDOdypapipov 7d mepl tov A KdKxAov mpds 
76 ev0¥ypaypov Td wept Tov B xvKdAov Kat adté 76 
evOvypappov mpos thy emipdveray THs mupayidsos 
THs, Tepuyeypapiwevns tept Tov K@vov: wate ton 
éotiv a empdvera Tis wupapidos 7H edbuypd ppp 
7 mept Tov B KdKAov TEpLyEY pap wevyp. erel odv 
éAdcoova Adyov exer 76 edOvypapypov TO Tept tov B 
KUKAov TeEpiyeypaypévoy mpds Td eyyeypappevov 
ymep H éemupavera Too Kwvou pds Tov B Kv«dov, 
eAdacova Adyov e€ear 7 empdveca rH: mupapidos 
Tis mept Tov Kdvov Tepiyeypappervyns mpds 76d 
evOvypappov To é€v 7H B kixrw eyyeypappévov 
yrep % emupavera tod Kosvouv mpos Tov B KvKdov 
dep advvatov [fh peév yap emipdvera Tis mupa- 
pidos peilow otoa dédeucTar THs emupaveias Too 
Kavou, TO O€ € eyyeypapycevov edOdypapyioy é ev 7 B 
KvKAw éAaaoov éotat Tob B xvedAov].2 odK dpa 6B 
Kixos eAdcowy ora Tis empavetas Tod Kwvov. 
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the circles A, B are similar, they have the same ratio 
one toward the other as the square of the radii have 
one toward the other, that is I? ; E%, or P: A [Eucl. 
vi. 20, coroll. 2}. But I’: A is the same ratio as that 
of the polygon circumscribed about the circle A to 
the surface of the pyramid circumscribed about the 
cone*; therefore the rectilineal figure about the 
circle A has to the rectilineal figure about the circle B 
the same ratio as this rectilineal figure [about A] has 
to the surface of the pyramid circumscribed about the 
cone ; therefore the surface of the pyramid is equal 
to the rectilineal figure circumscribed about the 
circle B. Since the rectilineal figure circumscribed 
about the circle B has towards the inscribed [recti- 
lineal figure] a ratio less than that which the surface 
of the cone has to the circle B, therefore the surface 
of the pyramid circumscribed about the cone will 
have to the rectilineal figure inscribed in the circle B 
a ratio less than that which the surface of the cone 
has to the circle B ; which is impossible.2 Therefore 
the circle B will not be less than the surface of the 
cone. 


* For the circumscribed polygon is equal to a triangle, 
whose base is equal to the perimeter of the polygon and 
whose height is equal to T, while the surface of the pyramid 
is equal to a triangle having the same base and height A 
Gee 8]. There is an explanation to this effect in the Greek, 

ut so obscurely worded that Heiberg attributes it to an 
interpolator. 

> Yor the surface of the pyramid is greater than the surface 
of the cone [Prop. 12], while the inscribed polygon is less 
than the circle B. 


3} wey . . . emdavecdav om. Heiberg. 
q per... Tod B xvxdov om. Heiberg. 
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Aéyw 87, dru obSé peilwr. ef yap Suvardv 
2 w ‘ , 4 , 3 4 
éorw, €orw peilwv. mddAw 8) voeloOw eis rov B 
KUKAov trodvywvov éeyyeypappevoy Kai GdAo Trepi- 
yeypaypevov, Ware TO Tepyyeypappevoy mpds 7d 
eyyeypappevoy éXdocova Adyov exe Tob, dv exer 
6 B kdkAos mpds TH emddverav Tod Kwvov, Kal 
3 1’ , a 2, / 4 
eis tov A Kirov voeicbw eyyeypaupévov modv- 
ywvov duotov TH eis tov B KvKdov eyyeypapypéva, 
kai avayeypdd¢0w an adtod mupapis tiv adbriv 
Kopud¢iy éxyovoa TH kavy. eémel ody Gpoid éort 

Nae! a , > f A SURES) 
ra év tots A, B Kvkdois eyyeypappeva, tov adrov 
oe , \ ” a e 2 ~ f 
éfer Adyov mpos GAAyAa, év at ex Ta&v KévTpwv 

a A 3 ¥ A > A wv la Ww 
Suvdpre. mpos aAArjAas: tov adrov apa Adyov éxee 
TO ToAvywrov mpds Td TroAvywrov Kal 4 I" pds 
aay A pee. 7 5¢ T apds viv A petlova Adyov 
mM an“ A , La! ~ £ > 
exer 7} TO ToAVywrov Td ev TS A KUKAW eyyeypap- 
pévov mpos tiv emddverav tis mupapidos tis 
eyyeypayperns eis Tov Ka@vov [} yap éx TOO Kév- 
tpov rob A KvKxdAov mpds THY mAeupay Tod Kavov 
petlova Adyov exer 7ep 4 amo Tod KévTpov ayo- 
pévn Kdberos émt piav mAcvpav tod modvydvou 
mpos THY emi thy mAevpav Tod ToAvywvou Kdbe~ 
Tov ayouerny amd Ths Kopudiis Tod Kdvou]': pel- 


1 yap... Tod xavov om. Heiberg. 





* Eutocius supplies a proof. ZOK is the polygon inscribed 
in the circle A (of centre A), ATI is drawn perpendicular to 
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I say now that neither will it be greater. For if it 
is possible, let it be greater. Then again let there 
be imagined a polygon inscribed in the circle B and 
another circumscribed, so that the circumscribed has 
to the inscribed a ratio less than that which the 
circle B has to the surface of the cone [Prop. 5], and 
in the circle A let there be imagined an inscribed 
polygon similar to that inscribed in the circle B, and 
on it let there be drawn a pyramid having the same 
vertex as the cone. Since the polygons inscribed in 
the circles A, B are similar, therefore they will have 
one toward the other the same ratio as the squares of 
the radii have one toward the other; therefore the 
one polygon has to the other polygon the same ratio 
as I to A [Eucl. vi. 20, coroll. 2]. But TP has to Aa 
ratio greater than that which the polygon inscribed 
in the circle A has to the surface of the pyramid 
inscribed in the cone*; therefore the polygon in- 


KO and meets the circle in M, A is A 
the vertex of the isosceles cone (so 
that AH is perpendicular to KQ), 
and HN is drawn parallel to MA to 
meet AAin N. Then the area of the 
polygon inscribed in the circle=} 
perimeter of polygon. AH, and the N 
area of the pyramid inscribed in 
the cone=}4 perimeter of poly 
gon. AH, so that the area of the 
polygon has to the area of the Z 
pyramid the ratio AH: AH. Now, 
by similar triangles, AM: MA= 
AH: HN,and AH: HN> AH: HA, 
for HA>HN. Therefore AM:MA yg 
>AH: HA; that is, DP: A exceeds 
the ratio of the polygon to the sur- 
face of the pyramid. iS) 
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fova dpa. Adyov exet ae) mroAbyeovov TO év 7 A 
KUKA® EY YEYPapLevov impos 70 moAbywvov TO év 
7B B ey yeypapevov q adro 76 mroXbywvov mpos 
THY emubaveray Tis mupapidos: peiley dpa éoriv 
4 émupdvera, Ths mupapisos Tot ev TO B Todvyes- 
vov eyyeypayipevon. éAdoaova 8 Adyov exer 76 
Tohbyevor To mept tov B Kdicdov Tepyeypapyie- 
vor mpos TO eyyeypappevov Ro B KtkAos mpos THY 
emipaverav Tov Kwvou~ TOAAG dpa TO mrohbyesvov 
to mept tov B xvxdov Teplyeypapipevov mpos THY 
emipdveray THs mupapioos THs év 7@ Kove éy- 
veypapyerns éAdcoova Adyov exee 7 6 B xdudos 
pos Thy empdverav Tob Keivou- Onep ddvvaTov 
[76 pev yap TEpLyey papL.Levov ToAbywvov peilov 
corw Tot B KdKdou, 7) H Oe emipdvera. THs mupapidos 
Ths ev TO Kove eAdoowy éori Tis empaveias Too 
Kavoul.' obK dpa ovde pele eorty 6 KtKdos THs 
émupavetas Tob Kdvov. édeiyOn Sd, Ste ovde 
eAdcowv: toos dpa. 
is” 

"Kav Kavos toooxehns enimed@ TENOR mapan- 
AjAw 7H Bdoe, TH perago Trav mapaddrjhey emu- 
medeov emipaveta Tob Kavou toos éort KvKAOS, 00 
eK Tob KEVTpOU péoov Adyov € éxet THS Te TAcupas 
Tob Kebvou THs peragd Tov mapadrjrey emimédwy 
Kal THs tons dpuporépats Tats ex Tay KévTpwr TOY 
KdkAwy tay év Tois mapaddndors emumédaus. 

"Eorw Kavos, ob 70 Sia TOO aLovos tpiywvov 
toov TO ABP, kal TeTpHHGOW mapaAdyjAas émiméow 
Th Pace, kal moveitw Topny tHv AE, d&wy 5é Tob 
Kavouv é€otw 6 BH kvkdos dé Tis exxeiobus, ob 
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scribed in the circle A has to the polygon inseribed in 
the circle B a ratio greater than that which the same 
polygon [inscribed in the circle A] has to the surface 
of the pyramid ; therefore the surface of the pyramid 
is greater than the polygon inscribed in Bb. Now 
the polygon circumscribed about the circle B has to 
the inscribed polygon a ratio less than that which 
the circle B has to the surface of the cone ; by much 
more therefore the polygon circumscribed about the 
circle B has to the surface of the pyramid inscribed 
in the cone a ratio less than that which the circle B 
has to the surface of the cone ; which is impossible.* 
Therefore the circle is not greater than the surface 
of the cone. And it was proved not to be less; 
therefore it is equal. 


Prop. 16 


If an isosceles cone be cut by a plane parallel to the 
base, the portion of the surface of the cone between the 
parallel planes is equal to a circle whose radius is a mean 
proportional between the portion of the side of the cone 
betreen the parallel planes and a straight line equal to 
the sum of the radit of the circles in the parallel planes. 

Let there be a cone, in which the triangle through 
the axis is equal to ABI’, and let it be cut by a plane 
parallel to the base, and let [the cutting plane] make 
the section AE, and let BH be the axis of the cone, 


* For the circumscribed polygon is greater than the 
circle B, but the surface of the inscribed pyramid is less than 
the surface of the cone {Prop. 12]; the explanation to this 
effect in the text is attributed by Heiberg to an interpolator. 





16 pev . . . Tod xwvov om. Heiberg. 
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r “~ ’ , > +s s3 ae \ 
€k ToU Kévrpov eon avddoydv éott ris Te AA Kal 
ouvappotépov tHs AZ, HA, éoTw 8 KvKdros 6 O: 


A 
® B 


A H r 


Aéyw, ott 6 O KUKdAos loos eort TH emupaveta tod 

, a 4 a 7 
Kwvou 7H petasd tov AK, AL. 

’Exxeto0woav yap KvKdor of A, K, cat rod pev K 

va € > aA , , ‘ Ls A 
KUKAov 7 €K Tob KévTpov Suvdcbw Té tad BAZ, 
Tod b€ A x ek Tod Kévtpou Suvdcbw 76 tad BAH: 
< A ” , ww > A ~ ? es a 
6 pev dpa A drdos tcos early TH emupaveta Too 
ABD kodvou, 6 be K KdKos i toos €oTl TH emupaveta 
rob AEB. xat eel rd bz Tov BA, AH ioov 
éort T@ te UO THv BA, AZ cat 7H bad rhs AA 
Kat ovvapporépov THs AZ, AH did. 7d mapddAnrov 
elvac THY AZ TH AH, are pev dao AB, AH 
Svvarar % ex Tod KEVTpOU Tob A Kvkhov, ro b¢€ 
imo BA, AZ dwvaras y eK rob Kévtpou tot K 
KUKAov, 7d b€ bad Ths AA Kat ouvapporépov THS 
AZ, AH Swvarat 7 uy) €K TOD KevTpou Tob Q, TO dpa 
amo Tis ek Tod KeVTpoU tod A Kv«dov taov oti 
Tots de tay ex Tay KevTpOY trav K, O KvKrdwy: 
wore kai 6 A Kudos laos éori rots K, © KvKrors. 
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and let there be set out a circle whose radius is a 
mean proportional between AA and the sum of AZ, 
HA, and let © be the circle ; I say that the circle 0 
is equal to the portion of the surface of the cone 
between AE, AT, 

For let the circles A, K be set out, and let the 
square of the radius of K be equal to the rectangle 
contained by BA, AZ, and let the square of the radius 
of A be equal to the rectangle contained by BA, AH; 
therefore the circle A is equal to the surface of the 
cone ABI’, while the circle K is equal to the surface 
of the cone AEB [Prop. 14]. And since 


BA. AH=BA.AZ+AA. (AZ +AH) 


because AZ is parallel to AH,* while the square of 
the radius of A is equal to AB. AH, the square of the 
radius of K is equal to BA. AZ, and the square of 
the radius of 0 is equal to AA.(AZ + AH), therefore the 
square on the radius of the circle A is equal to the 
sum of the squares on the radii of the circles K, 0; 
so that the circle A is equal to the sum of the circles 


* The proof is given by Eutocius as follows : 
BA: AH=BA: AZ 

2 BA. AZ=BA. AH, [Eucl. vi. 16 

But BA.AZ=BA,AZ+AA. AZ, (Euel. ii. 1 

oe BA. AH=BA.AZ+AA. AZ, 

Let AA. AH be added to both sides. 

Then BA. AH+AA+AH, 

1.6. BA. AH=BA .AZ+AA.AZ+AA. AH, 
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GAN 6 pev A toos dori 7H emipaveta rod BAT 
kavov, 6 b€ K rH émdaveia 706 ABE xaivou: 
Row?) dpa % éemipavea Too Kavouv  petakd Ta&v 
mapaAAnAwy emmdédwv trav AE, AD toy éeori r@ 
O KiKnrw. 


, 
Ka. 


"Hav eis xvKAov moddywrov eyypady dprto- 
mAeupdv te Kal iadmAevpov, Kai SiayOHow edbetar 
emlevyvtovaas Tas TAcupas Tob ToAvydvov, dare 
avtas TapaAArjAous elvar pid dmowaoby tev vad 
Sv0 mAevpds Tod ToAvywvov Urorewovedy, ai ém- 
Cevyvvovoat maoat mpos THY Tob KUKAOV SidpeTpov 
TobTov Exovat TOV Adyov, Ov exer 7 UTOTElvovea TAs 
pud éAdoaovas THv hyicewy mpos Thy TmAcvpav Tod 
moAuydvou. 

*KoTw KuKros 6 6 ABTA, kal ev aire moAbyewvov 
eyyeypadlw To AEZBHOPMNAAK, Kat é7= 
<ledx0woav ai EK, ZA, BA, HN, OM: 84Aov on, 
OTt mapdAAnAoé elow TH b70 Bio meupas rob 
moAvywvov UroTewovan’ Aéyw odv, dtu ai eipnpévae 
maoa mpos THY TOD KUKAOV SidpeTpov THY AL’ rov 
abtov Adyov éxovet 7H tis TE zpos EA. 

"Ereledydwoar rap at ZK, AB, HA, ON: 
mapaddndos dpa a pev ZK 7H EA, 9 5é BA rH 
ZK, Kat er y pev AH TH BA, 7 Be ON Th AH, 
kat [CM 77 ON [kal éezei ee mapaAdrAnrot eiaw 
at EA, KZ, cai dvo0 dunypévar eiciv ai EK, AO}: 
éatw dpa, ws } EX apés EA, 6 KE apes FO. 
ds 8 4 KE apds GO, 4 ZIL apds M10, ws dé 


4 Kal énel . « » EK, AO om. Heiberg. 
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K,6. But A is equal to the surface of the cone BAT, 
while K is equal to the surface of the cone ABE; 
therefore the remainder, the portion of the surface 

- of the cone between the parallel planes AF, AT’, is 
equal to the circle 0. 


Prop. 21 


If a regular polygon nith an even number of sides be 
. inscribed in a circle, and straight lines be drann joining 
the angles * of the polygon, in such a manner as to be 
parallel to any one whatsoever of the lines subtended by 
ino sides of the polygon, the sum of these connecting lines 
bears to the diameter of the circle the same ratio as the 
straight line subtended by half the sides less one bears to 
the side of the polygon. 

Let ABTA be a circle, and in it let the polygon 
AEZBHOIMNAAK be inscribed, and let EK, ZA, 
BA, HN, OM be joined; then it is clear that they 
are parallel to a straight line subtended by two sides 
of the polygon >; I say therefore that the sum of the 
aforementioned straight lines bears to AT’, the dia- 
meter of the circle, the same ratio as TE bears to EA. 

For let ZK, AB, HA, ON be joined; then ZK is 
parallel to KA, BA to ZK, also AH to BA, ON to AH 
and I'M to ON ¢; therefore 


EB: 2A =K5: 20. 
But KE: 20 =ZII : Tio, (Euel. vi. 4 


2 “ Sides” according to the text, but Heiberg thinks 
Archimedes probably wrote ywvias where we have zwAcupas. 
> Tor, because the arcs KA, EZ are equal, -EKZ=2KZA 
({Eucl. iii. 27]; therefore EK is parallel to AZ; and so on. 
¢ For, as the arcs AK, EZ are equal, -AEK=ZEKZ, 
and therefore AE is parallel to ZK ; and so on. 
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4 ZII mpos TIO, 4 AIT apos TIP, ws 8€ 4 ATI 


mpos IP, odrws 4» BX apés XP, kai ert, ds % 
perv BU mpds UP, 7 AX apos UT, ws b€ y AX 
mpos XT, 7 HY apes YT, kal er, ws 4 pev HY 





mpos YT, 4 NY pds YO, ws dé 4 NY apds TO, 
4 OX apds X®, kal ere, ws pev 7 OX mpds XO, F 
MX zpos XT [kai wavra dpa mpos mavra éotiy, 
ws els tOv Adywy mpos eval’: ws dpa EE mpos 
BA, otrws at EK, ZA, BA, HN, OM apos ri 
AT Saperpov. ws 5¢ 4 EX ampds HA, ottws % 
TE apos EA: éorat dpa Kai, ws % TE mpos EA, 
ovrw mdca at EK, ZA, BA, HN, ©M apds 
ryv AT didpuerpov. 

Lat... &a om. Heiberg. 
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while ZII : TO=AII: TIP, [ébid. 
and AIL: TIP=B= : =P. [ebid. 
Again, Br: 2P =Az: XT, [ebid. 
while AD:=T =HY: YT. [ébid. 
Again, HY : YT=NY: Y®, [tbid. 
while NY : Y$=60X : X®, (ibid. 
Again, OX: X®=MX: XT, [ebid. 
therefore EZ: 5A =EK+ZA+BA+HN + 
OM : AT.* [Eucl. v. 12 
But EX:5A=TE: EA; (Eucl. vi. 4 
therefore TE: EA=EK +ZA +BA+HN+ 
OM: AT. 


* By adding all the antecedents and consequents, for 


Be : SA=EE+KE4+ZI1+AN4+BEO+ALD+HY+NV+OX+ 
MX: GSA+504+7I0+TIP+2P4+25T+YT+YO 
+XO+XT 


=EK+ZA+BA+HN+0M: AT, 
* If the polygon has 4m sides, then 


2ETK== and EK: AI=sin 2+ 


an Qn 
Qn . 2a 
2ZTA= on and ZA; AT =sin 5» 

n Qn 


a = Lie ‘ AS Tv 
LOTM =(2n - 1) or and OM: AT’ =sin (2n - 1) on’ 


Further, ZATE=— and TE:EA=cot ™. 
4n 4n 


Therefore the proposition shows that 
cd 


sin = +sin an - .+sin (272 ~ jg), =cot tae 


Qn Qn 
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, 

Ky 
"Eotw év ofatpa péytatos KUKAos 6 ABIA, «at 
eyyeypadbw «is adrov modvywrov tadmdevpov, 76 


B 
H 





M 


A 


8 wAjbos Tav mAcvpav atrod petpetoOw dd 
rerpados, at 8€ AT, AB didperpot €orwoav. éav 
8) pevotons ths AD Staperpou meptevexO9 6 
ABLT'A kiddos éxwv 76 TodAvywvov, diAov, OTe 7 
pev trepipepera adrob Kara rijs émipavetas rijs 
ogaipas evexOjcerar, al 5€ rob moAvywvou ywviat 
xwpis t&v mpos trois A, T onpelos Kara Kixrwv 
nepipeperdav evexOjoovrat ev TH emiaveia Tis 
afaipas yeypappevwy dp0av mpds tov ABTA 
KvKArov: Sidpetpor S€ adr@v ecovrar ai émlev- 
ydovoa Tas ywrias tod modvywvov mapa tiv BA 
otoat. af S¢ trod moAvywvov mAcvpal Kata Twww 
Kav evexOjoovra, at pev AZ, AN kar’ ém- 
davelas Kwvov, 0b Bdats pev 6 KdKdos 6 epi 
Sidperpov Tv ZN, Kopudr) dé 76 A onpetov, ai dé 
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Prop. 23 

Let ABIA be the greatest circle in a sphere, and 
let there be inscribed in it an equilateral polygon, the 
number of whose sides is divisible by four, and let 
AT’, AB be diameters. If the diameter AI remain 
stationary and the circle ABI'A containing the poly- 
gon be rotated, it is clear that the circumference of 
the circle will traverse the surface of the sphere, 
while the angles of the polygon, except those at the 
points A, I’, will traverse the circumferences of circles 
described on the surface of the sphere at right angles 
to the circle ABTA; their diameters will be the 
[straight lines] joining the angles of the polygon, 
being parallel to BA. Now the sides of the polygon 
will traverse certain cones ; AZ, AN will traverse the 
surface of a cone whose base is the circle about the 


diameter ZN and whose vertex is the point A; ZH, 
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ZH, MN xara twos Kwrixis éenipaveias oiaby- 
covrat, is Baots pev 6 KUKAoS 6 TrEpt OidjLeTpoV THY 
MH, xopudy dé TO onpetov, Kal” 6 ov pBdAdAovow 
exaddspevar ai ZH, MN dAAnAacs re kai 7H AT, 
at 8e BH, MA mleupal Kara Kwvurtis émipavelas 
olofrjaovras, is Bdouw pev éorw 6 KvKAos 6 TreEpt 
dudjretpov Thy BA opOos mpos tov ABTA KUKAov, 
Kopudy Sé TO onpetov, Kal” 6 oupBadrovow éK- 
Badropevae ai BH, AM adAijAaus te kal 7H TA: 
opotws Sé Kai al ev TH érépw rpuxvKriw mAevpat 
KaTa = KWLK@Y émipaverv otaBijoovrat TmaAw 
opotwy Tatras. éorau 8y} TL OXHpa eyyeypap- 
peévov ev Th odaipe bm KWVUKOY emupaver@v 
TEpleXOpLEvOV TOV Tpoeupnpevenv, od % émddvera 
eAdgowv éoTat Tijs émupavetas Tis opaipas. 
AccupeBetons yap Ths opaipas ume Tob éemimédov 
Tob kara tiv BA 8p906 m™pos TOV ABYA KUKAov 
9 émupdvera Tob éTépou jyprapatptov Kal 7 emu- 
paveva rod oxipatos Too ev avrg eyyeypapevou 
Ta ara, mépara éxovow ev évi “emu Bep" apdo- 
Tépev yap TOv émupavecdiv mépas éorly Tob KUKAOU 
9 mrepipépera TOU Tepl Sudpetpov tv BA 6p06 
Tos Tov ABTA kiéKdov- Kat eiow duddrepat emt 
Te atta KotAat, Kat meptdapBdverac avTay %} érépa 
bd Tis érépas emupavetas Kal Tis émumédou Tijs 
7a. avra mépara exovons adrh. dpoius 8€ Kai Tod 
év TO érépy Tuopaipicn oxypatos h emdvea 
eAdoowy cory THs Too jrapaipion émipaveias: 
Kal 6An odv 7 emupdvera Too OXNLATOS Tob ev TH 
adaipa eAdcowy éotiv THs emipaveias THs ofaipas. 





* Archimedes would not have omitted to make the deduc- 
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MN will traverse the surface of a certain cone whose 
base is the circle about the diameter MH and whose 
vertex is the point in which ZH, MN produced meet 
one another and with AI; the sides BH, MA will 
traverse the surface of a cone whose base is the 
circle about the diameter BA at right angles to the 
cirele ABTA and whose vertex is the point in which 
BH, AM produced meet one another and with TA ; 
in the same way the sides in the other semicircle 
will traverse surfaces of cones similar to these. As 
a result there will be inscribed in the sphere and 
bounded by the aforesaid surfaces of cones a figure 
whose surface will be less than the surface of the 
sphere. 

For, if the sphere be cut by the plane through BA 
at right angles to the circle ABTA, the surface of one 
of the hemispheres and the surface of the figure 
inscribed in it have the same extremities in one 
plane; for the extremity of both surfaces is the 
circumference of the circle about the diameter BA 
at right angles to the circle ABTA; and both are 
concave in the same direction, and one of them is 
included by the other surface and the plane having 
the same extremities with it. Similarly the surface 
of the figure inscribed in the other hemisphere is 
less than the surface of the hemisphere ; and there- 
fore the whole surface of the figure in the sphere is 
less than the surface of the sphere. 


tion, from Postulate 4, that the surface of the figure inscribed 
in the hemisphere is less than the surface of the hemisphere. 
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Ko’ 


‘H rod eyypagopevov oxnparos eis Thy opaipay 
éemdavera lon éort Koka, of 4h ék rob KevTpov 
dvvarat TO Te plexOpLevov Um0 TE Tijs mAeupds Tob 
oxynpatos Kal Tis tons macas Tats émlevyvvod- 
oats Tas mAeupas Tod moAvyusvou mapadrAots 
ovioats Th dnd S00 mAeuvpas tod ToAvywvov dro- 
Tewovon evbeia. 

“Eorw ev odatpa peytaros KUKAos 6 ABTA, Kat 
év atta TOAbywvoy éyyeypapda todm)eupov, ob at 
mAcupai bd TeTpddos Hetpodvrat, Kal dard Tob 
moAvywvov Tob eyyeypapyLevov voeiobw Tt els 77 
odaipay éeyypager oxfua, Kai erreCedxOwoar at 
EZ, HO, CA, KA, MN mrapaddnhor ovaa: TH v76 
dvo mAcupas drorewovon evdeca, KUKAos 6€ Tes 
excreta 6 &, ob H ek Tob KeVTpOV Suvdcdw TO 
meptexouevov td te THS AE Kat Tis tons tats 
EZ, HO, TA, KA, MN: eyo, 6 6tt 6 KUKXOS odros 
isos éoti TH emipaveta Tob els THY odaipay ey- 
ad er oXNPATOS. 

ExxeioOwoav yap KUKAot of O, PEP ar, Y, 
Kat Tob pev 0 a) ék Tob KevTpou Buvdabe TO 
Teptexdpmevov bad te THS EA Kat ris typucetas This 
EZ, % 0 éx 708 KevTpou Tob I duvdobe 76 Tmept- 
€XOpLevov tnd TE TAs EA Kab Tijs Hyeicetas Trav 
EZ, HO, y dé ex Tob KévTpou Tod P SwvdcIu TO 
TEpleXSpLevov ord THs. EA «at Tijs Hpcetas Tov 
HO, PA, f] bé € ex Tob KeVTpOV Tob X duvdobw 73 
TEpleXOLEvoVv bd TE Tis EA Kal Tis Hpcetas 
Trav PA, KA, 4 de ek Tob | kevTpou Tob T duvdabw 
76 meptexdpevov 1d Te THs AE Kai ris hyuceias 
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Prop. 24 


The surface of the figure inscribed in the sphere is 
equal to a circle, the square of whose radius is equal to the 
rectangle contained by the side of the figure and a straight 
line equal to the sum of the straight lines joining the 
angles of the polygon, being parallel to the straight line 
subtended by two sides of the polygon. 

Let ABIA be the greatest circle in a sphere, and 
in it let there be inscribed an equilateral polygon, the 
number of whose sides is divisible by four, and, start- 
ing from the inscribed polygon, let there be imagined 
a figure inscribed in the sphere, and let EZ, HO, 
TA, KA, MN be joined, being parallel to the straight 
line subtended by two sides ; now let there be set 
out a circle B, the square of whose radius is equal to 
the rectangle contained by AK and a straight line 
equal to the sum of EZ, HO, TA, KA, MN; I say 
that this circle is equal to the surface of the figure 
inscribed in the sphere. 

For let the circles O, II, P, 2, T, Y be set out, and 
let the square of the radius of O be equal to the 
rectangle contained by KA and the half of IZ, let 
the square of the radius of II be equal to the rect- 
angle contained by EA and the half of EZ +HO0, 
let the square of the radius of P be equal to the rect- 
angle contained by EA and the half of HO +TA, let 
the square of the radius of = be equal to the rect- 
angle contained by EA and the half of PA +KA, let 
the square of the radius of T be equal to the rectangle 
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tav KA, MN, 4 8€ é« tod Kévrpou to YT duvdcbw 
a ~ y 
76 mepiexduevov b7d Te THS AE Kal ris yprceias 
a -~ 2 4 
riis MN. 8a 817) radra 6 per O Kiros taos €ort 
fod ? + Fol tA Ld A a 3 
7H emdaveia rod AEZ xadvov, 6 de Uri ém- 
f ~ tA Lond AS ~ EZ HO ¢ de 
daveia Too Kavou TH petatd TeV : , 0 be 


P rH perafd trav HO, TA, 6 8 X 77 peragd tov 


hy 


AY, KA, cai ére 6 pev T toos earl 7H emipaveig 
Toi Kwvouv 7H peragd trav KA, MN, 6 8 Y rH 
rod} MBN xevou émdaveia toos éortv: ot mdvres 
dpa KdKAou taor cio TH TOO eyyeypappévov oxy- 
pearos emdaveia. Kal davepdv, ore ai ex tay 
Kévrpwv tov O, II, P, &, T, VY xvKdwy Sdvavrat 
TO Teptexopevov bd te THS AE Kal dis rOv tul- 
ceav ris EZ, HO, TA, KA, MN, af Grae etolv 
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contained by AE and the half of KA +MN, and let 
the square of the radius of Y be equal to the rect 
angle contained by AE and the half of MN. Now 
by these constructions the circle O is equal to the 
surface of the cone AEZ [Prop. 14], the circle IT is 
equal to the surface of the conical frustum between 
EZ and H8, the circle P is equal to the surface of the 
conical frustum between HO and IA, the circle > is 





equal to the surface of the conical frustum between 
ATL and KA, the circle T is equal to the surface of the 
conical frustum between KA, MN [Prop. 16], and 
the circle Y is equal to the surface of the cone MBN 
[{Prop. 14]; the sum of the circles is therefore equal 
to the surface of the inscribed figure. And it is 
manifest that the sum of the squares of the radii of 
the circles O, II, P, 2, T, ¥ is equal to the rectangle 
contained by AE and twice the sum of the halves of 
KZ, HO, TA, KA, MN, that is to say, the sum of EZ, 
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at EZ, HO, TA, KA, MN: ai dpa éx r&v Kévtpwv 
7av O, HT, P, 2, T, VY xveaAwy Sdvarrar 76 
, € re lal x ~ ~ 
meptexopevov wmd te THS AK kal macodv rdv EZ, 
HO, PA, KA, MN. dada kai 4 ex tod Ké&vrpov 
Tob EH xvxrov Sivarac ro bad Tihs AL Kal ris 
ovyKeysevns ek Tracay tv EZ, HO, TA, KA, 
MN: % dpa é€« 100 Kévtpou Tod E KvKdov Sivarat 
x 3 A ~ ? ~ oe ~ 

Ta dno Tov ek t&v Kévtpwv Tov O, II, P, X, T, 
Y «v«dwv: kal 6 KvKAos dpa 6 & toos eort trois O, 
Ii, Py, Y KdKAous. of 6¢ O, H, P, &, T, Pi 
lon dmedely8noay toou Th <ipnuevn Tob ox 
paros emipaveta kal 6 & dpa KvKXros tcos éorat 
Th emaveia tod oxparos. 


, 
KE 


Tod eyyeypapipevov oXTpaTos eis Ty opatpay 
4h emdpdvera 1 mepiexouern brd Tdv KwviKkdyv 


emupaverdy éAdcowv €orly H TerparAacia tot 
preyioTov wdKAov Tay év TH odaipa. 

“Korw év ofaipa péyioros xvkdos 6 ABTA, Kal 
év abt@ evyeypapies moAdycovov [apredywvor] é iad- 
mrevpor, od ai mAeupat bd TeTpddos petpobvras, 
Kat am’ adrod vocicbw emddvera 4 bd Tadv 





* If the radius of the sphere is @ this proposition shows that 


Surface of inscribed figure = circle 3 
=a. AE. alae y 


Now AE = 2a sin ia’ and by p. 91 n. b 
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HO, (A, KA, MN; therefore the sum of the squares 
of the radii of the circles O, I, P, 2, T, ¥ is equal to 
the rectangle contained by AE and the sum of EZ, 
HO, TA, KA, MN. But the square of the radius of 
the circle E is equal to the rectangle contained by AE 
and a straight line made up of EZ, HO, TA, KA, MN 
[ex hypothest]; therefore the square of the radius of 
the circle 2 is equal to the sum of the squares of 
the radii of the circles O, II, P, >, T, Y; and there- 
fore the circle E is equal to the sum of the circles 
O, Il, P, =, T, Y. Now the sum of the circles O, I, 
P, 2, T, Y was shown to be equal to the surface of 
the aforesaid figure; and therefore the circle & will 
be equal to the surface of the figure.* 


Prop. 25 


The surface of the figure inscribed in the sphere and 
bounded by the surfaces of cones is less than four times 
the greatest of the circles in the sphere. 

Let ABTA be the greatest circle in a sphere, and 
in it let there be inscribed an equilateral polygon, 
the number of whose sides is divisible by four, and, 
starting from it, lct a surface bounded by surfaces of 


EZ +HO+TA+KA+MN =2a [ sin EL cee 


Qn Qn 
(2n - nz} 
a si it ee 
dnl 5!" On +sin on 
: TT 
+. ..+sIn (2n - Non 


e’. Surface of inscribed figure =4:ra? sin 


= 4na* cos a 
[by p. 91 nb 
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KOVUK@Y emupaverddv Treprexopery Ady, 6m ¥ 
emupdvera Tob eyypapevros éAdocwy éorly 7) TEe- 
TpaAacia rob peylorou KUihov Tov ev TH opaipa. 

"ExelevyOwoar yap ai vd bvo mAevpas vr10- 
relvovcat Tod TmoAvywvov ai EI, OM xat ravras 
mapdAAndka ai ZK, AB, HA, éxxetoOw 8€ tes 
Kukdos 6 P, 08 7 eK ToD KévTpov Svvarat TO B76 
ris EA Kal rijs tons mdoats rais EI, ZK, BA, 
HA, OM: &4 cy) 70 mpoderxGev i isos eariv 6 KU- 
dos TH Tob etpyevou oxnparos empaverg. Kal 
éemet edeixOy, Ste coriv, ws 4 ton maoas tais EI, 
ZK, BA, HA, OM T™pos Thy Sudpetpov Tob behov 
ry AY, ovTws a, TE mpos EA, 76 dpa v0 _ Tis 
tons. maoats tais etpnpevars Kal Tis EA, TouTéoTW 
TO} did aes €x Tot Kévtpov tod P xbdov, tf icov 
eotlv TH bd Tay AT, TE. adAa Kal 7d b7d AT, 
TE Aacody €oTt Tob amo Tijs AT: &accov dpa 
€otly TO amo THs eK Too eévrpov Tod P rob do 
ths AT [€Adcowv dpa doriv 4 éx rod Kévtpov 
tod P TAs Ar: wore 7 Sudperpos tod P xvKdrou 
eAdcowy éoTiv 7 dimhacia Tis. diayérpou Tob 
ABTA kv«dov, Kal So dpa vo} ABTA xdxov 
Sudperpoe peilous eit Tis Siaperpou rob P xv- 
KAov, Kal Td TeTpdxus ame THs Siaperpou Too 
ABPA KuKdou, toutéort Ths AT’, peilov €ore Tob 
aro Tis Tob P kv«dov Buaperpov. ws 8€ 76 
TeTpdkis dnd THs AT Tpos 70 amd THs Tob P 
KvKAOV Svaperpou, ouTws Téooapes dichor of 
ABPA mpos tov P KbKdov- _Téooapes dpa KuKNor 
ot ABPA peiCous elolv Tod P KUKAou]* 6 dpa 
Ktxdos 6 P eAdcowv early  TetrpamAdotos Tob 

1 AAdcowv . . . KvxAov om. Heiberg. 
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cones be imagined; I say that the surface of the 
inscribed figure is less than four times the greatest 
of the circles inscribed in the sphere. 

For let EI, OM, subtended by two sides of the 
polygon, be joined, and let ZK, AB, HA be parallel 





to them, and let there be set out a circle P, the square 
of whose radius is equal to the rectangle contained 
by KA and a straight line equal to the sum of EI, 
ZK, BA, HA, OM; by what has been proved above, 
the circle is equal to the surface of the aforesaid 
figure, And since it was proved that the ratio of the 
sum of KI, ZK, BA, HA, OM to AT, the diameter 
of the circle, is equal to the ratio of I'K to EA [Prop. 
21], therefore 


EA . (EI+ZK+BA+HA+0M) 
that is, the square on the radius of the circle P 


[ex hyp. 
=AT.TE., [Eucel. vi. 16 
But AT. TE<AT?. (Buel. iii, 15 


Therefore the square on the radius of P is less than 
the square on AT’; therefore the circle P is less 
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peytorou KUKAov. 6 5¢ P xdxdos toos eSelyOn TH 
eipynpevn emidaveia Tob oxiparos’ 7) dpa émupavera 
Tod oxipatos eAdcowy éoriv } tetparAaola tod 


a , “ > ~ é 
peylotov KiKAov Ta&v év TH odaipa. 


‘ 
Ky 
"Eotw ev odaipa péycotos xtxdos 6 ABTA, 
mepit 5€ tov ABTA kixdov mepryeypddbw modv- 
> ¢ 4. So cA A A a 
ywrov iadmAeupdyv te Kal icoywvov, 70 5é TAADos 
Fat Fal > fet 4 eon / AY 
THY TAevp&v adtob petpeicbw bad teTpddos, 7d 
dé mepl tov KUKAov Tepryeypappéevoy TroAvywvoy 
vA 4 ie A A 
KUKAOS Tepiyeypappévos meptAapBavérw mept Td 
advo Kévtpov ywdpevos TH ABTA. prevodans 5} 
ths EH reprevexOfrw ro EZHO eximedov, ev @ 
ta tf A ¢ 7 ~ ie 4 € 
76 TE TOAVywror Kal 6 KUKAOS- SHAoV odv, StL % 
pev wrepipepeca to8 ABTA kdedov Kata tis ém- 
/ ~ f > ? € A / 
davelas Tis apaipas olcfyjcerat, 7 Sé wepipépera 


rob EZHO kar’ dddys émpaveias odaipas 1 
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than four times the greatest circle. But the circle P 
was proved equal to the aforesaid surface of the 
figure ; therefore the surface of the figure is less 
than four times the greatest of the circles in the 
sphere. 
Prop. 28 

Let ABTA be the greatest circle in a sphere, and 

about the circle ABI'A let there be circumscribed 





an equilateral and equiangular polygon, the number 
of whose sides is divisible by four, and let a circle 
be described about the polygon circumscribing the 
circle, having the same centre as ABTA, While EH 
remains stationary, let the plane EZH9, in which lie 
both the polygon and the circle, be rotated; it is 
clear that the circumference of the circle ABI'A will 
traverse the surface of the sphere, while the circum- 
ference of EZH@ will traverse the surface of another 
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avTo Kévrpov éxovons TH éAdacovw oicOycerar, ai 
de ddai, Kal” ds éupavovow af aAeuvpai, ypd- 
dovow KvKAous dpfods mpds tov ABT'A xvxdov 
ev TH eAdocovu odaipa, at Sé ywvia Tob todvyw- 
vou xwpis t&v mpos Tots E, H aonpeiois Kard Kv- 
KAwy trepipeper@y oicbjocovra: év TH emupaveta Tis 
peilovos odaipas yeypappevwy dp0av mpds Tov 
EZHO kvxdov, at dé wAeupal Tot moduycivou Kara, 
KeviKv emupaverdv olabjcovrar, Kabdmep € emt Tov 
m™po TovTov: éoTat obv 70 oxXTpa 70 Teplexopevov 
bao TOv éemdavedy Tov KwviKdv mept pev TH 
éAdocova opaipay mepryeypappevov, ev Sé€ TH 
peilove eyyeypappevov. ove be 7 emubdvera Too 
Tepuyeypaytwevov oxnparos peileoy éori ris ém- 
pavetas Tis opaipas, ouTws SetxOjcerar. 

“Eorw yap 7 KA Sidperpos KUKAoU Twos Tay ev 
Th éAdcoom odaipa trav K, A onpeiwy dvrwy, 
Kal’ & adarovra: too ABTA xuxdov ai mAevpait 
Tob TepuyeypapyLevov moAvyawvov. Sunpnwevns 37 
THs opaipas urd Tot émimédou Tot kara thy KA 
dpbob mpos TOV ABPA KUKov Kal oe emipavera 
700 Tepuyeypappevor oxyparos mepi Ti opaipay 
Siaupebyoerar om rob emmédov. Kal davepdv, ore 
Te. aura mépara exovow ev émemédep" dyporépeov 
yap Tov émuméBunv Trépas éoriv 4h Tob xbKhov 
mepupepera Tob rept Sudpetpov atv KA 6p80b mpos 
vov ABTA KdKNov: Kai eiow dppdrepa émt 7a 
otra xoiAae, kal mepidapBdverat 4 érépa avray 
bard Tis érépas emupavetas Kal THs émurrédou Tis 
Ta adta mépara éxovons: eAdoowv oby cory } 
mrepdapBavoyevn TOU THHHLATOS Tijs opaipas em 
pavera THs emdavelas Too oxrpatos To mTept- 
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sphere, having the same centre as the lesser sphere ; 
the points of contact in which the sides touch [the 
smaller circle] will describe circles on the lesser 
sphere at right angles to the circle ABPA, and the 
angles of the polygon, except those at the points E, H 
will traverse the circumferences of circles on the 
surface of the greater sphere at right angles to the 
circle EZHO, while the sides of the polygon will 
traverse surfaces of cones, as in the former case; 
there will therefore be a figure, bounded by surfaces 
of cones, described about the lesser sphere and in- 
scribed in the greater. That the surface of the 
circumscribed figure is greater than the surface of 
the sphere will be proved thus. 

Let KA be a diameter of one of the circles in the 
lesser sphere, K, A being points at which the sides 
of the circumscribed polygon touch the circle ABTA. 
Now, since the sphere is divided by the plane con- 
taining KA at right angles to the circle ABTA, the 
surface of the figure circumscribed about the sphere 
will be divided by the same plane. And it is mani- 
fest that they * have the same extremities in a plane ; 
for the extremity of both surfaces ® is the circum- 
ference of the circle about the diameter KA at right 
angles to the circle ABTA; and they are both con- 
cave in the same direction, and one of them is 
included by the other and the plane having the same 
extremities ; therefore the included surface of the 
segment of the sphere is less than the surface of 

® i.e,, the surface formed by the revolution of the circular 
segment KAA and the surface formed by the revolution of 


the portion K ...E...A of the polygon. 
> In the text émtéSwv should obviously be émpPavedv. 


1 ai wAcvpai Heiberg ; om. codd. 
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Yeypapwevov Tept adray. Opoiws Sé Kal % TOD 
Aowrod TpIpLaTos Tis opaipas empdvera éAdoowv 
éotly Tis emupaveias Tob oXTparos Tod aept- 
YEypappevov mept adr: SfjAov ov, Ott Kat 6Ay 7 
emuddvera. THs opaipas éAdaowy oti Tis emupavetas 
tod oxyjpatos Tod mepyeypappévov wept adriy. 


KO 

Ti A emupaveia rob TEpLYyEY PAH pEVOr oXTpaTos 
Trepi THY odatpav isos éott Kticdos, od 7 ék Tob 
Kévtpov loov dvvatat TH Teplexopevep dnd Te juds 

mAeupas Tob mohuyesvov Kal Tijs tons macais ais 
emlevyvuovoas Tas ywvias Too ToAvydvou ovcats 
napa twa tay bd S00 mAevpds tod Todvydvou 
dToTewovddy. 

To yap Tepryeypapp.evov mept thy éAdaocova 
opaipay eyyeypamrat els THY peilova opaipay® Tob 
dé eyyeypappevou ev TH ogatpa Teptexopevov b10 
tay empavedv Tov Kwvikdv dédektrar ote TH 
emipaveia tcos eoriv 6 KvKAos, ob 7) ek Tod KévTpoU 
Svvarat TO mepiexdpevov Urrd Te pds mAcvpas Tob 
moAvydvou Kal Tis lons mdoas tals émilevyvu- 
ovcais Tas ywvias Tod moAvywrov ovcais mapa 
twa TOv bro Sto mAevpas drotetvovcdy- SfjAov 
ovv éott Td TpoErpyevor. 





* If the radius of the inner sphere is a and that of the outer 
sphere a’, and the regular polygon has 4 sides, then 
, Ww 
a’ =a sce 7. 
This proposition shows that 
Area of figure circumscribed _ Area of figure inscribed in 
to circle of radius a circle of radius a’ 
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the figure circumscribed about it [Post. 4]. Similarly 
the surface of the remaining segment of the sphere 
is less than the surface of the figure circumscribed 
about it; it is clear therefore that the whole surface 
of the sphere is less than the surface of the figure 
circumscribed about it. 


Prop. 29 


The surface of the figure circumscribed about the sphere 
ts equal to a circle, the square of whose radius is equal 
to the rectangle contained by one side of the polygon and 
a straight line equal to the sum of all the straight lines 
joining the angles of the polygon, being parallel to one of 
the straight lines subtended by two sides of the polygon. 

For the figure circumscribed about the lesser sphere 
is inscribed in the greater sphere [Prop. 28]; and it 
has been proved that the surface of the figure in- 
scribed in the sphere and formed by surfaces of 
cones is equal to a circle, the square of whose radius 
is equal to the rectangle contained by one side of the 
polygon and a straight line equal to the sum of all 
the straight lines joining the angles of the polygon, 
being parallel to one of the straight lines subtended 
by two sides [Prop. 24]; what was aforesaid is there- 
fore obvious.* 

Qu 


maratcin 7 Len ™ nein 27 ; “nz 
4na” sin rr [ sin an tSin gt + - tsin (2n-1) uh 


TT 


or 47a” cos ye {by p. 91 n.d 





ge att dt eT .. 7 . on : _ x | 
=47a* sec ta sin dn [ sin an t*iM9, t+ ..tsin (Qn De, A 


T 
or 47a? sec —- 
4n 
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v 
Tob oxjpatos 705 mepuyeypaypevov mept thy 
ofpaipay 7 emupdvera peilwy eoziv 7 tetpandacia 
Tod peyiotou Kixhou t&v ev TH adaipa. 
"EoTw yap y te ofaipa Kai 6 KUKAos Kal Td 
yap % p 
adda Ta adbra tots mpdorepov mpoKeipévors, Kal 6 A 
KUKAos toos TH emipaveta eoTw rod mpoKeimévov 
TEpyeypapyevov Tept TV eAdccova odaipay. 
"Emei ov ev 7 EZHO xixrw TodAdywvov 





iodmAevpov éyyéypamrat Kal dptioywvov, at ém~ 
Cevyvdouvcat tas tod modvydvou mAeupas mapdA- 
Andro odcar tH ZO mpds tiv ZO rev adrov Adyov 
uw a € K ‘ KZ: Ww mv 3 4 A 
éxovow, dv 7 OK mpos igov dpa éotiv ro 
mepexouevov axa tro te pds mAeupas Tod 
moAvy@vou Kal Tis tons maces tats emlevyvuod- 
gas Tas ywvias Tob modvydvou TH TeEpexopevy 
b7d tov ZOK: dore ex tod Kévtpov tod A 
ud w~ a ~ c A ry re ” 
Kd«dov toov Sdvatat 7H bd ZOK: peilwy dpa 
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Prop. 30 

The surface of the figure circumscribed about the sphere 
is greater than four times the greatest of the circles in the 
sphere. 

For let there be both the sphere and the circle and 
the other things the same as were posited before, 
and let the circle A be equal to the surface of the 
given figure circumscribed about the lesser sphere. 

Therefore since in the circle EZH® there has been 
inscribed an equilateral polygon with an even number 
of angles, the [sum of the straight lines] joining the 
sides of the polygon, being parallel to ZO, have 
the same ratio to ZO as OK to KZ [Prop, 21]; there- 
fore the rectangle contained by one side of the 
polygon and the straight line equal to the sum of 
the straight lines joining the angles of the polygon is 
equal to the rectangle contained by ZO, OK [Eucl. 
vi. 16]; so that the square of the radius of the circle A 


is equal to the rectangle contained by ZO, OK 
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€oriy 4 é€k Tob Kévtpov tod A KiKdov tis OK. 
4 5€ OK ton eori 17 Staperpw rob ABTA Kdxdov 
[SirAacia yap €or tis XX obons ek tod Kévrpov 
rod ABTA xkdxdov]." SiAov ody, dre petlwv éoriv 
hal , e ta , < 2 
H tetrpatAdcwos 6 A xvxdos, Tovréorw % ém- 
padveta Too mepuyeypapypevov oxypatos mepl rip 
eAdcoova apaipav, Tob peyiorou KUKdou Tav év TH 
odaipa. 
dy’ 
IIdons odaipas % émpavera terpamAacia éotl 
7) P 
~ f ‘4 “~ > 2 ~ 
Tob peyiorou KUKAou TOV év abr. 
” A} af tg , 
Eorw yap odaipd ts, Kal €otw retrpanAdowos 
700 peyiorov KvKrov 6 A> déyw, Ste 6 A taos 
> 4 lal 3 rs kod ¢ 
corly TH émipaveia Tis odaipas. 
. A a 4 é ? A nw 2). , ww 
Ei yap 4, 7roe peilwv cory 7) eAdcowv. éorw 
¥ £ « > , lod LA ~ 
mpoTepov petlwv 7 emipavera tris odaipas rob 
KvKdov. Eore 57 d¥0 peyeOy dvca Fre emddvea 
tis o¢aipas Kat 6 A KuKdAos: Suvardv dpa éorl 
n~ , 2 t tae e ‘ t A 
AaBetv S00 edleias dvicous, Bote tiv pellova mpos 
‘ x7 r / ww 2X , ~ a bd c 
Tv éAdooova Adyov éxew éAdaoova Tod, dv exer 7 


1 SAaoia . . . xvxdov om. Heiberg. 





* Because ZO> OK [Eucl. iii. 15], 
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[Prop. 29]. Therefore the radius of the circle A is 
greater than OK.* Now OK is equal to the diameter 
of the circle ABTA; it is therefore clear that the 
circle A, that is, the surface of the figure circum- 
scribed about the lesser sphere, is greater than four 
times the greatest of the circles in the sphere. 


Prop. 33 


The surface of any sphere is four times the greatest of 
the circles in it. 

For let there be a sphere, and let A be four times 
the greatest circle; I say that A is equal to the 
surface of the sphere. 

For if not, either it is greater or less. First, let 
the surface of the sphere be greater than the circle. 


Then there are two unequal magnitudes, the surface 
of the sphere and the circle A ; it is therefore possible 
to take two unequal straight lines so that the greater 
bears to the less a ratio less than that which the sur- 
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emipavera, THs apaipas mpos Tov KvKAoY.  €iAy= 
pdwoov ai B, I, nat rév B, I péon avddoyov 
éotw % A, voeicdw 5€ Kai 4 adaipa émmédp 
reTunuevn 80a Tod Kévtpov Kata tov EZ 
KUKAov, voeicbw S€ Kal eis Tov KUKAOY eyyeypap- 
pévov Kal Teptyeypappevoy mroAdywvov, ‘ wore 
dpotov elvas TO Treptyeypapyrevov TO eyyeypappeven 
moAvyave Kal THY Tob Tepryeypapyrévov mevpav 
eAdocova Adyov éxew Tob, Ov exe % B mpos A 
[kal 6 SimAdovos dpa Adyos Tob SimAaolov Adyou 
€oriv éAdcowv. Kai Tob pev THs B mpds A demAd- 
ows eorw 6 THs B apes trav I, ris Sé wAeupas 
TOU Tepryeypapevov TOAVywroU Tpds THY TAEUpaY 
Too eyyeypappevov SiAdowos 6 THs emupaveias TOO 
TepvyeypapjLevou orepeod mpos Thy empdverav Tod 
evyyeypappevou) o] empdvera a dpa 708 meptyeypap- 
peévou oXTpaTos mept THY odaipay mpos THY émt~ 
pdvevay Tob ey Yeypapipevov oX7paTos eAdocova 
Adyov éxet rep oT) emipdvera Tis ogatpas mpos TOV 
A kvkdov- é Smrep aTomov } pev yap empdveva Too 
Tepyeypappevov THs emupavetas Ths odpaipas 
peilov eotiv, 4 Sé emdavea tod ey VEYpapysevov 
oxynpatos To0 A KvKdov eAdcawy éori [Sédeuxrar 
yap % éemddvera Tob éyyeypappevov eAdcowy Tob 
peyiorov KvKkAov Tdv év TH odaipa } TetparrAacia, 
tod S€ -peyiorov KUKAov TeTpamAdaws eoTw 6 A 
KvKdos]2 otk dpa % émddvera tis odaipas 
petlwv éori rob A KvKdov. 


linai... eyyeypappevov om. Heiberg. 
© Sé8eucra . . . KdKAos “repetitionem inutilem Prop. 25,” 
om. Heiberg. 
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face of the sphere bears to the circle [Prop. 2]. Let 
B, I’ be so taken, and let A be a mean proportional 
between B, I, and let the sphere be imagined as cut 





through the centre along the [plane of the] circle 
EZHO, and let there be imagined a polygon inscribed 
in the circle and another circumscribed about it in 
such a manner that the circumscribed polygon is 
similar to the inscribed polygon and the side of the 
circumscribed polygon has (to the side of the inscribed 
polygon]? a ratio less than that which B has to A 
[Prop. 3]. Therefore the surface of the figure cir- 
cumscribed about the sphere has to the surface of 
the inscribed figure a ratio less than that which the 
surface of the sphere has to the circle A; which is 
absurd ; for the surface of the circumscribed figure 
is greater than the surface of the sphere [Prop. 28], 
while the surface of the inscribed figure is less than 
the circle A [Prop. 25]. Therefore the surface of the 
sphere is not greater than the circle A. ; 

a Archimedes would not have omitted: mpés rhv rod éyye- 
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Aéyw oi, ére ovdée eAdcowr. el yap Svvarov, 
éorw" Kad opoiws evpjcbwoav ai B, I’ edéetar, 
adore Thy B apes pr eAdcoova Adyov é éxew Tod, ov 
exet oA KUKAos mpos THY emupdveray | THS opacies 
Ka tov B, 1 péon avddoyoy 7 7 A, wat eyyeypagd. lw 
Kal mepyeypd goes mary, dare ry ToD mepvye- 
ypappevov eAdcaova Adyov exew Tod Tis B mpos 
A [kat ra Simddova dpa}  emupdvera dpa. Tob 
Teptyeypappevov mpos THv emipdavercav tod éy- 
yeypapipevov éAdagova Adyov exer imp [>) B apos 
rr. 4 6é€B mpos T éAdooova Adyov € exer qrep} 6 5 
A KUKAos mpos Thy emipaverav Tis opaipas 6 OmTEp 
dromov: 4 pev yap Too Trepyeypappevov empdvera 
petlwv éort rob A KvxdAov, } Sé Too eyyeypappévov 
éAdcowy THs éemdaveias Tis odaipas. 

Odx dpa obddé eAdcowv 7 emupdvera THs opaipas 
rob A xvxdov. édeiyOy bé, ort ode peilwr 9 
dpa emddvera tis ofaipas ton eort 7H A pee 
TovTéoTt TH TeTpaTrAaciw Tob peyiorov KUKXov. 


1 «al... dpa om. Heiberg. 
5B... qyrepom. Heiberg. 





* Archimedes would not have omitted these words. 
> On p. 100n, a it was proved that the area of the inscribed 
figure is 
peta arama as i -) x] 
4a? sin > [sin an tM 9g, t+ > + + 8in (2n - 1) an 


or 4a? cos =. 

4n 

On p. 108 n. a it was proved that the area of the circum- 
scribed figure is 


® Sec? i ae in (2n—1) 
41a? sec sin in f. [ sin 3,1 sin ant . .tsin (2n nz} 


7 
or 47a? see —.,. 
4n 
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I say now that neither is it less. For, if possible 
let it be ; and let the straight lines B, [ be similarly 
found, so that B has to Ta less ratio than that which 
the circle A has to the surface of the sphere, and 
let A be a mean proportional between B, I’, and let 
[polygons] be again inscribed and circumscribed, so 
that the [side] of the circumscribed polygon has 
{to the side of the inscribed polygon] a less ratio 
than that of B to A; then the surface of the circum- 
scribed polygon has to the surface of the inscribed 
polygon a ratio less than that which the circle A has 
to the surface of the sphere ; which is absurd ; for 
the surface of the circumscribed polygon is greater 
than the circle A, while that of the inscribed polygon 
is less than the surface of the sphere. 

Therefore the surface of the sphere is not less than 
the circle A. And it was proved not to be greater ; 
therefore the surface of the sphere is equal to the 
circle A, that is to four times the greatest circle.? 


When 2 is indefinitely increased, the inscribed and circum- 
scribed figures become identical with one another and with 
the circle, and, since cos in and sec z both become unity, the 
above expressions both give the area of the circle as 47a*. 

But the first expressions are, when n is indefinitely in- 
creased, precisely what is meant by the integral 


4na* . 4 "sin ¢ dd, 


which is familiar to every student of the calculus as the 
formula for the area of a sphere and has the value 47a. 
Thus Archimedes’ procedure is equivalent to a genuine 
integration, but when it comes to the last stage, instead 
of saying, ‘‘ Let the sides of the polygon be indefinitely 
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AS’ 
Iléca, ofaipa retparAacia eori Kwvov tot Bdow 
Mu ~ ~ ~ 
Hev €xovtos tony TH peylotw KiKdw Tadv ev Th 
é o ~ ~ 
odaipa, tybos Se tiv €x Tob Kévtpou Tis adaipas. 
td ‘A aA ~ 
Eorw yap ofatpd tes Kal ev atr_ péyroros 
ta e 
KdKdos 6 ABTA, ef odv py eorw 4 odaipa re- 


I 





TpanAacta Tob eipnucvov Kuwvov, EoTw, ef Suvaror, 
peilwv 7% TeTpaTtAacia: gorw 5é 6 & Kdvos Bdow 
pev €xywv tetparAaciay rob ABTA kddou, typos 
b€ tcov 7H ex Tod KévTpouv Tis opaipas: peilwy 
obv €oTw 4 odaipa tod E Kwvov. éorar 57 dvo 
peyébn dvuca % te opaipa Kal 6 Kavos: Suvarov 
Le 7 > rg ~ > 7 o wo 4 
obv So edOelas AaPety avioovs, wore Exew TH 





increased,” he prefers to prove that the area of the sphere 
cannot be either greater or less than 47a*. By this double 
reductio ad absurdum he avoids the logical difficulties of 
dealing with indefinitely small quantities, difficulties that 
were not fully overcome until recent times. 

The procedure by which in this same book Archimedes 
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Prop. 34 


Any sphere is four times as great as the cone having 
a base equal to the greatest of the circles in the sphere 
and height equal to the radius of the sphere. 

For let there be a sphere in which ABTA is the 
greatest circle. Ifthe sphere is not four times the 


aforesaid cone, let it be, if possible, greater than four 
times ; let % be a cone having a base four times the 
circle ABI'A and height equal to the radius of 
the sphere; then the sphere is greater than the 
cone &. Accordingly there will be two unequal 
magnitudes, the sphere and the cone ; it is therefore 
possible to take two unequal straight lines so that 


finds the surface of the segment of a sphere is equivalent to 
the integration 


na? | “2 sin 0 d0 =2na? (1- cos a). 


Concurrently Archimedes finds the volumes of @ sphere 
and segment of a sphere. He uses the same inscribed and 
circumscribed figures, and the procedure is equivalent to 
multiplying the above formulae by 4a throughout. Other 
“integrations ” effected by Archimedes are the volume of a 
segment of a paraboloid of revolution, the volume of a seg- 
ment of a hyperboloid of revolution, the volume of a segment 
of a spheroid, the area of a spiral and the area of a segment of 
aparabola. He also finds the area of an ellipse, but not by 
a method equivalent to integration. The subject is fully 
treated by Heath, The Works of Archimedes, pp. cxlii-cliv, 
to whom I am much indebted in writing this note. 
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peilova Tmpos THY eddocova éAdcoova Adyov 708, év 
exe ) opaipa mpos Tov E Kdvov. éorwoay ov at 
K, H, at ée I, co) eihnppevar, doe TH tow ddr 
Awv dmepexew anv K rijs I xat Ty i Tis © Kai 
thy © Tis H, voetobw dé Kai eis Tov ABYA 
KUKAOV eyyeypappevov Torvywvov, ob 76 mAAOos. 
TOV mevpav petpeiobw imo tetpdbos, kal dAdo 
TeptyeypapLevov Oprovov TO ey YEYPapLevy, Kab- 
dmep émt rav mporepov, # Sé rod Tepryeypapprevov 
TroAvyeivou mAeupa Mpos Ty TOU eyyeypapyievov 
éAdooova Adyov exérw Tod, dv exer 7 K zpos I, 
Kat €otwoay at AT’, BA Sidyuerpor mpos opbas 
dAAjAas. «lod pevovons TAs Ar Stapérpou 
meprevex Dein TO émimedov, € év @ Ta. modbyeva, € éorat 
oxnpata’ 6 pev eyyeypapyrevov ev TH opaipe, TO 
be ‘Teptyeypappevov, Kal &eu TO TMEpryeypappevov 
mpos TO eyyeypappievov Tpitaolova Adyov 7 TEP n 
mAevpa Tod TeplyeypapyLevov apos Thy Tob éy- 
yeypappevov ets Tov ABTA xvkdov. 7 dé mAeupa 
mpos Thy meupav éAdooova Adyov exes Wrrep 4 K 
mpos THv I: wore 70 oxXHa TO REPU 
eAdooova We éxet 7) TpimAaciova Tod K zpos 


1 oyjuara Heiberg, rd ofa codd. 








* Futocius supplies a proof on these lines. Let the lengths 
of K, J, @, H be a, 6, ¢, d. Then a—b=b-c=c-—d, and it 
is required to prove that a: d>a’: b°, 


Take x such that azb=b:a, 
Then a-b:a=b-@a@:), 
and since a>, a-b>b-x. 
But, by hypothesis, a-b=b-e. 
Therefore b-c>b-2, 
and so a> 
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the greater will have to the less a less ratio than 
that which the sphere has to the cone Z. Therefore 
let the straight lines K, H, and the straight lines I, 0, 
be so taken that K exceeds I, and I exceeds 8 and 9 
exceeds H by an equal quantity; let there be 
imagined inscribed in the circle ABTA a polygon 
the number of whose sides is divisible by four ; 
let another be circumscribed similar to that in- 
scribed so that, as before, the side of the circum- 
scribed polygon has to the side of the inscribed 
polygon a ratio less than that K:13; and let AT’, 
BA be diameters at right angles. Then if, while the 
diameter AT’ remains stationary, the surface in which 
the polygons lie be revolved, there will result two 
{solid] figures, one inscribed in the sphere and the 
other circumscribed, and the circumscribed figure 
will have to the inscribed the triplicate ratio of that 
which the side of the circumscribed figure has to 
the side of the figure inscribed in the circle ABFA 
[Prop. 32]. But the ratio of the one side to the other 
is less than K :1 [ex hypothesi]; and so the circum- 
scribed figure has [to the inscribed] a ratio less than 
K3: 13, But? K:H>K8:18; by much more there- 


Again, take y such that b:z=a:y. 


Then, as before b-ax>a-y. 
Therefore, a fortiori, b-c>a-y. 
But, by hypothesis, b-cze-d, 
Therefore c-d>x"-y. 
But 2>C, 
and so y>d. 


But, by hypothesis, a@:b=b:x2=2:y, 
a:y=@;b — [Eucl. v. Def. 10, also vol. i. 
p. 258 n. & 
Therefore a:d>a?: b% 
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exer O¢ kal 7 K apos H aes Adyov } TpiAdcuov 
rod, ov éyee ) K mpos I [rodro yap pavepov dud 
Anupdtwr|'* woAA@ dpa 73 mepeypapev _7POs, TO 
eyypagev eddoaova Adyov €, exer Tob, dv exe oF K 
mpos HH. y de K mpos H eAdocova Adyov exet 
iytep % odatpa mpos ro & K@vov kal evadrag- 
Omep ddivatov: 70 yap oxRpe, 70 Te puyeypapL}Levov 
peilov €ort Tis opaipas, To 8é eV YEYPafLpLevov 
éhacoov too B Kavov [Sidr 6 6 pe & K@vos Te- 
tpamAdawds € éoTt Too Kavou Tob Bdow pev éxovros 
tony 7@ ABA KUKry, dios dé too cz) ék Too 
Kévrpou Tis opaipas, TO be eyyeypappiévov oyjua 
édaccov Too etpnuevov Kwvov 7 TeTpamrAdatov]. 
ovK dpa petlav 7 TetpamAacta % ofaipa rob 
eipnevov. 

_ EoTw, él Suvardy, eAdcowv q _TeTpamAacia: 
@ote eAdoowy é gory 4 odatpa rod & KwWvov. «l= 
Ajplwoay 37) at K, H edéeitat, dore av K _Heilova 
elvat THs, H Kal ddocova Adyov € exe mpos abriy 
Tod, dv éyer 6 & K@vos mpos Thy adaipav, Kai at 
©, I éxxelobwoav, Kabws mporepov, Kal eis Tov 
ABTA kukadov vocicbw moAvywrov éyyeypappévov 
Kat dAdo mepeyeypaypevov, wore THY mAeupay Too 
TEplyeypapevov mos THY TAEUpay TOD eyyeypap- 
pevou éAdaoova Adyov exew Frep 4 K apds I, kai 
7a dAAa Kateckevacpeva Tov adrov TpdToV Tots 
mporepov: eer dpa. Kal Td mepuyeypapipevov oTepeov 
ox ipa impos TO ey yey papyievov Tputactova Adyov 
jmep 1) mAcupa Tob _TEpuyeypappLevor mept Tov 
ABTA KtKAov mpos Thy Tot éyyeypappevov. q de 
mAcupa mpos THY TAevpay éAdcoova Adyor exer 


122 


ARCHIMEDES 


fore the circumscribed figure has to the inscribed a 
ratio less than K:H. But K:H is a ratio less than 
that which the sphere has to the cone E [ex hypothesi] ; 
[therefore the circumscribed figure has to the in- 
scribed a ratio less than that which the sphere has 
to the cone 2]; and permutando, [the circumscribed 
figure has to the sphere a ratio less than that which 
the inscribed figure has to the conc}]4; which is 
impossible ; for the circumscribed figure is greater 
than the sphere [Prop. 28], but the inscribed figure 
is less than the cone 3 (Prop. 27]. Therefore the 
sphere is not greater than four times the aforesaid 
cone. 

Let it be, if possible, less than four times, so that 
the sphere is less than the cone &. Let the straight 
lines K, H be so taken that K is greater than H 
and K : H is a ratio less than that which the cone 2 
has to the sphere [Prop. 2]; let the straight lines 
9, I be placed as before ; Iet there be imagined in 
the circle ABIP'A one polygon inscribed and another 
circumscribed, so that the side of the circumscribed 
figure has to the side of the inscribed a ratio less 
than K:I3 and let the other details in the con- 
struction be done as before. Then the circumscribed 
solid figure will have to the inscribed the triplicate 
ratio of that which the side of the figure circum- 
scribed about the circle ABI'A has to the side of the 
inscribed figure [Prop. 32]. But the ratio of the sides 


* A marginal note in one ms. gives these words, which 
Archimedes would not have omitted. 


1 roGro . . . Anuudrwy om. Heiberg. 
® Score... rerpamAdaov om. Heiberg. 
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imep 4K pos. I: eet obv 76 oxhpa TO TeplyeypapL~ 
peévov mpos TO ey yey pappevov eAdocova Adyov 7 
Tput\dovov Tob, ov exet 9 K mpos Thy I. q &é K 
mpos Thy H peilova Adyov exer } TpuTAdovov Tob, 
ov exer 4K ampos chy I- dare eAdocova Adyov € éxet 
TO oxfjpo. TO TepuyeypapLpevoy mpos TO evyeypap.- 
pevov 7} 4% K mpos Ty H.  5é K mpos thy H 
eAdooova Adyov € Exel 7 6 a kivos mpos Ty odatpay: 
Sep ddvvatov' TO bev yap eyyeypapyrevov édacodv 
€oTt Tis opaipas, TO be TEpLyeypapyLevov peilov 
Too EB Koavov. ovK dpa ovde eAdgowy éotiv q 
retpatAacia 9 ofaipa Tot Kuvov tot Bdaow pev 
éyovros tony 7H ABTA kikdw, tos dé rHY tony 
TH €K TOU KévTpov THs opaipas. édelxyOn dé, OTe 
ovoe petlwy: terpamAacia dpa. 


[IIdpeopa]* : 


Tpodederypevav dé ToUrw pavepov, ort was 
KvAwOpos Baow pev éeywv Tov péyiaTov KUKAOv 
Trav ev TH opailpa, dipos dé toov TH Seaprerpep Ths 
odaipas, TyprdArds €ort THs opaipas Kal  éme- 
pdvea atrod peta trav Bdoewv rptodia ris 
eupaveias Tijs opaipas. 

‘O pev yap rUhwvdpos 6 6 mpoetpnpievos eam Adovds 
€ott Tob Kebvou Tob Béow pev éxovTos Thy adriy, 
inbos Sé ioov Th €k Tob KevTpov, % dé ogaipa 
SéBeuerat Tob abrob Kavou TetpaTracta otoa: 
dirov obv, 6tu 6 KdAwopos Tpdros €oTt THs 
opaipas. mad, eret 7} emupavera Tob KvAtydpov 
xwpis tv Bdcewy ton Sédexrar KUKAw, oF 7) EK 


1 aépioya. The title is not found in some mss. 
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is less than K:I [ex hypothesi]; therefore the cir- 
cumscribed figure has to the inscribed a ratio less 
than K?:I3. But K:H>K3:13; and so the cir- 
cumscribed figure has to the inscribed a ratio less 
thanK:H,. But K: H isa ratio less than that which 
the cone © has to the sphere [ex hypothesi] ; [there- 
fore the circumscribed figure has to the inscribed a 
ratio less than that which the cone & has to the 
sphere]*; which is impossible ; for the inscribed 
figure is less than the sphere [Prop. 28], but the 
circumscribed figure is greater than the cone 3 
{Prop. 31, coroll.}. Therefore the sphere is not less 
than four times the cone having its base equal to 
the circle ABTA, and height equal to the radius of 
the sphere. But it was proved that it cannot be 
greater; therefore it is four times as great. 


[coroLLary] 


From what has been proved above it is clear that 
any cylinder having for tts base the greatest of the circles 
in the sphere, and having its height equal to the diameter 
of the sphere, is one-and-a-half times the sphere, and tts 
surface including the bases is one-and-a-half times the 
surface of the sphere. 

For the aforesaid cylinder is six times the cone 
having the same basis and height equal to the radius 
[from Eucl. xii. 10], while the sphere was proved to 
be four times the same cone [Prop. 34]. It is obvious 
therefore that the cylinder is one-and-a-half times 
the sphere. Again, since the surface of the cylinder 
excluding the bases has been proved equal to a circle 

® These words, which Archimedes would not have omitted, 
are given in a marginal note to one ms. 
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tod Kévtpou péon avddoydv éort Tis Tob KuAivSpou 
meupas Kal Tis Svaperpou ris Bdoews, Tob be 
etpnpevou Kvdivdpov Tob mepl Thy ogaipav 7 meupa 
lon éori TH diapetpw THs Bacews: [SfAov, dre 4 
peon abrdiy avdAoyov ton yiverau TH Suaperpy THs 
Béoews],’ 6 5é KUKAos 6 Thy ék TO KévTpoU exw 
tony Th Siapérpw Tis Bdcews TeTpaAdouds — core 
Tijs Bacews, Touréore rod peyiorou KUKAou TOv ev 
Th ofaipa, ora dpa Kat % éemddveia too Ku- 
Awdpov xywpls tev Bacewy TetparAaoia 708 pe- 
yiorov KUKAov: GAn dpa peta Tav Bacewy q 
emupdvera 708 adtvSpov éLamdacia €orat Tob 
peyiotov Kukdov. éoTw dé Kal 4 Tihs odaipas 
émipdvera Tetpamacte, rot peylorou KdKAou. ody 
dpa % emdveia tod Kudivdpou Hpioria éeort ris 
enipaveias THs opaipas. 


(c) Sotution or a Cusic Equation 


Archim. De Sphaera et Cyl. ii., Prop. 4, Archim. ed. 
Heiberg i. 186. 15-192. 6 


Ti d0bcicav odaipay repeiv, Wore TA TENATA 
vhs odaipas mpds aAAnAa Adyov éxew Tov adrov 
7@ So00evtt. 

1 SfAov . . . Bacews om. Heiberg. 





* As the geometrical form of proof is rather diffuse, and 
may conceal from the casual reader the underlying nature of 
the operation, it may be as well to state at the outset the 
various stages of the proof. The problem is to cut a given 
sphere by a plane so that the segments shall have a given 
ratio, and the stages are: 

(a) Analysis of this main problem in which it is reduced 
to a particular case of the general problem, ‘‘ so to cut a 
given straight line AZ at X that XZ bears to the given 
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whose radius is a mean proportional between the side 
of the cylinder and the diameter of the base [Prop. 
13], and the side of the aforementioned cylinder 
circumscribing the sphere is equal to the diameter of 
the base, while the circle having its radius equal to 
the diameter of the base is four times the base [Eucl. 
xii. 2], that is to say, four times the greatest of the 
circles in the sphere, therefore the surface of the 
cylinder excluding the bases is four times the greatest 
circle ; therefore the whole surface of the cylinder, 
including the bases, is six times the greatest circle. 
But the surface of the sphere is four times the greatest 
circle. Therefore the whole surface of the cylinder 
is one-and-a-half times the surface of the sphere. 


(c) Sorution or a Cusic Equation 


Archimedes, On the Sphere and Cylinder ii., 
Prop. 4, Archim. ed. Heiberg i. 186. 15-192. 6 


To cut a given sphere, so that the segments of the sphere 
shall have, one towards the other, a given ratio.* 


straight line the same ratio as a given area bears to the 
square on AX ”’; in algebraical notation, to solve the equation 
= 2 
+ =%, or 2°(a - x) =bc?. 

(b) Analysis of this general problem, in which it is shown 
that the required point can be found as the intersection of a 
parabola [ax?=c’y] and a hyperbola [(a-x2)y=ab}. It is 
stated, for the time being without proof, that z*(a-—2) is 
greatest when x={a; in other words, that for a real solution 
bc? > ot a5. 

(c) Synthesis of this general problem, according as bc? is 
greater than, equal to, or less than +,a°. If it be greater, 
there is no real solution ; if equal, there is one real solution ; 
if less, there are two real solutions. 

(d) Proof that «*(a-) is greatest when «=2a, deferred 
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"Eorw 7) dobeioa opatpa % q ABTA: Set 5x) adr 
Tepe enimédw, dare ra THT Tis opaipas 
mpos GdAnAa Adyov éxew tov Sob€vra. 

Terpncbe da tis AT émimédw: Adyos dpa rod 
AAD tyjparos ris odaipas mpos 76 ABT rye 
Tijs opoipas SoBeis. rerpHo0w be » odaipa bud 
Too KevTpov, Kat eorw 7 TOM péyeoros KUKAOS 6 
ABDA, kevrpov 5é 76 K Kai duduetpos 4 AB, Kat 
renouhoben, cbs pev ouvappdrepos 4 KAX pos 
AX, ovTws 7 PX mpos 2 XB, ads dé ouvappdrepos 
% KBX pds BX, ovrws % AX mpds XA, Kal 
eveLedvyOwoav at AA, AT, AP, PI icos dpa 
eoTly 6 pev AAT xavos 7B AAr Tpypate THs 
ofaipas, 5 5¢é APL 7H ABI": Adyos dpa Kat rod 
AAT kebvou mpos tov API’ k&vov dobeis. ws 
Sé€ 6 K@vos mpds TOV Kdvov, oUTws 7 AX mpds 
XP [eetrep tiv adriv Bdow exovow tov mept 
Sudpetpov tiv AT xvKdov]': Adyos dpa Kal THs 
AX apés XP So0beis. Kat Sia radra tots mpo- 


1 enetnep . . . kUKAov om. Heiberg. 


in (6). This is done in two parts, by showing that (1) if z has 
any value less than 3a, (2) if # has any value greater than 3a, 
then 2?(a— a) has a smaller value than when a= 2a. 

(e) Proof that, if bc?<.4a°, there are always two real 
solutions. 

(f) Proof that, in the particular case of the general problem 
to which Archimedes has reduced his origina Faroblens there 
is always a real solution. 

(g) Synthesis of the original problem. 

Of these stages, (a) and (g) alone are found in our texts of 
Archimedes; but Eutocius found stages (b)-(d) in an old 
book, which he took to be the work of Archimedes; and 
he added stages (e) and (f) himself. When it is considered 
that all these stages are traversed by rigorous geometrical 


12 28 


ARCHIMEDES 


Let ABI'A be the given sphere; it is required so 
to cut it by a plane that the segments of the sphere 
shall have, one towards the other, the given ratio. 

Let it be cut by the plane AT; then the ratio of 
the segment AAI of the sphere to the segment ABI 
of the sphere is given. Now let the sphere be cut 
through the centre [by a plane perpendicular to the 
plane through AT], and let the section be the great 
circle ABI'A of centre K and diameter AB, and let 
[A, P be taken on BA produced in either direction 
so that] 

KA +AX :AX=PX : XB, 


KB +BX :BX=AXK: XA, 


and let AA, AI’, AP, PF be joined ; then the cone 
AAT is equal to the segment AAT of the sphere, and 





the cone API to the segment ABI [Prop. 2]; there- 
fore the ratio of the cone AAI to the cone APT 
is given. But cone AAI :cone API =AX : XP.4 
Therefore the ratio AX: XP is given. And in the 


methods, the solution must be admitted a veritable teur de 
force. It is strictly analogous to the modern method of 
solving a cubic equation, but the concept of a cubic equation 
did not, of course, come within the purview of the ancient 
mathematicians. 

# Since they have the same base, 
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tepov Sia Tis KaracKeuss, ws 7 AA mpds KA, 7 
KB apos BP kai 7 AX apds XB. kat ered éorw, 
ws 4 PB zpos BK, 4 KA zpos AA, ovvOévrt, as 
9 PK ™pos KB, TouTéoTt mpos KA, ovTws a KA 
mpos Ad: kal 8Ay dpa 7 PA mpos dAny Thy KA 
€or, ws 7 7 KA Tpos AA, toov dpa 70 bo Tay 
PAA 7 das AK. ds dpa 4 PA apés AA, 76 
amd KA mpos 70 dd AA. kat éze/ dor, ws 
y AA apos AK, otrws 7 AX apds XB, éoras 
avdrradw Kat avvOévTt, ws % KA mpos AA, obrws 
7 E BA apes AX [kai cs dpa ro dad KA mpos ro 
amo AA, ovrws zo and BA mpos ro amd AX. 
mad, éret cor, ws 7 AX mpos AX, ouvap- 
porepos 7 KB, BX oe BX, SceAdvte, as 4 AA 
mpos AX, obrws 7 KB mpos BX}. Kal Kxelobw 
7h KB ion 4 BZ- om yep eKTOS: tot P mecetrat, 
d7jAov [Kat corat, ws uP AA m, pos AX, otrws q 
ZB apos BX: dore Kat, os AA mpos AX, 7 
BZ apes ZX]? ézet 8é Nios éott tis AA mpos 
AX So6eis, cat rHs PA dpa mpds AX Adyos <ort 

1 wai... apds BX. The words xat ... dévé AX are shown 
by Eutocius’s poameae to be an interpolation. The words 
adh . . . mpos BX and kal. . . mpds 2X must also be inter- . 
olated, as, in order to prove that AA: AX is given, Eutocius 
rst proves that BZ: ZX=AA: AX, which he would hardly 


have done if Archimedes had himself provided the proof. 
2 nai... mpos ZX3 v. preceding note. 





* This is proved by Eutocius thus : 


Since KA +AX : AX=PX: XB, 
dirimendo, KA; AX=PB: BX, 
and permutando, KA: BP=AX: XB, 
i.e, KB: BP=AX: XB. 
Again, since KB+BX: XB=AX: XA, 
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same way as in a previous proposition [Prop. 2], by 
construction, 
AA :KA=KB: BP=AX : XB. 


And since PB: BK=KA: AA, [Eucl. v. 7, coroll. 


componendo, PK:KB=KA: AA, {Eucl. v. 18 
£.€., PK: KA=KA:; AA. 

ore PA: KA=KA: AA, [Eucel. v. 12 
. PA. AA= AK? [Eucl. vi. 17 
it PA: AA=KA?: AA?, 

And since AA: AK=AX : XB, 

invertendo et KA: AA=BA:AX. (Eucl. v. 7, 
componendo, coroll. and v. 18 


Let BZ be placed equal to KB. It is plain that [4 ] 
will fall beyond P.? Since the ratio AA: AX is 
given, therefore the ratio PA: AX is given.? Then, 


dirimendo et permutando AX: XB=AA: AK. 
Now AX: XB=KB;: BP. 
Therefore AA: AK=AX : XB=KB: BP. 


> Since XA: XB=KB: BP, and AX>XB, .. KB>BP. 
-*. BZ> BP. 

¢ As Eutocius’s note shows, what Archimedes wrote was: 
“ Since the ratio AA: AX is given, and the ratio PA: AX, 
therefore the ratio PA: AA is also given.” Eutocius’s 


proof is: 
Since KB+BX: BK=AX: XA, 
oe ZX: XB=AX: XA; 


XZ: ZB=XA: AA$ 

ate BZ: ZX=AA: AX. 

But the ratio BZ: ZX is given because ZB is equal to the 

radius of the given sphere and BX is given. Therefore 

AA : AX is given. 

Again, since the ratio of the segments is given, the ratio of 
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Sofeis. eel odv 6 THs PA zpos AX Adyos ouv- 
fara. éx te Tod, dv éyer PA mpos AA, xat 7 
AA apos AX, aX’ os pev 4 PA apos AA, 76 
dmo AB mpdos 76 amd AX, ws 5é 4 AA apds AX, 
ovtws 4 BZ mpos ZX, 6 dpa ris PA mpds AX 
Adyos ouvinra: éx te Tod, dv ever 7d amd BA 
mpos 76 amd AX, kai 7 BZ apos ZX. removjoOw 
dé, ws 7 PA mpds AX, % BZ mpds ZO- Adyos dé 
ths PA mpds AX Sobeis: Adyos dpa kal rHAs ZB 
mpos ZO Sobeis. Sobeioa dé a BZ—ion yap éote 
TH éx Tob KevTpov" do0eica dpa Kai %} ZO. Kal 
6 Tijs BZ «4, apa Adyos mpos ZO ouvirraL €k TE TOD, 
ov éxee TO ard BA pds 76 aad AX, Kal 4 BZ 
mpos ZX. ad 6 BZ mpds ZO Adyos ovvAmrae 
éx Te Tod THs BZ mpds ZX Kal rob rHs ZX apds 
ZO [xowds adnpiclw 6 tis BZ apds ZX}: 
Aowrdv dpa é€otiv, ws TO amo BA, rovréor Sobey, 
mpos 76 amd AX, ovtws 4 XZ mpss ZO, rovrdore 
mpos do0év. Kai eotw Sobeion 4% ZA edfeia: 
evbeiav dpa dobeicay tiv AZ tepeiv Set xara Td 
X Kal rovtv, ws rv XZ mpds S00cicav [viv ZO], 
ottws 7d Sobev [7d add BA}? apds 76 aad AX, 
roto oUTwWs amAds pev Aeydpevov exer Siopiopdy, 

1 xowds ... mpds ZX. Eutocius’s comment shows that 
these words are interpolated. 


2 +qv ZO, 7d dad BA. Eutocius’s comments show these 
words to be glosses. 





the cones AAT, APY is also given, and therefore the ratio 
AX:XP. Therefore the ratio PA: AX is given. Since 
the ratios PA: AX and AA: AX are given, it follows that 
the ratio PA: AA is given. 
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since the ratio PA: AX is composed of the ratios 
PA: AA and AA: AX, 


and since PA : AA=AB? ; AK2,2 
AA: AX=BZ: ZX, 


therefore the ratio PA : AX is composed of the ratios 
BA? : AX? and BZ: ZX, Let [0 be chosen so that] 


PA: AX=BZ: ZO. 


Now the ratio PA: AX is given; therefore the ratio 
ZB: ZO is given. Now BZ is given—for it is equal 
to the radius; therefore ZO is also given. ‘There- 
fore? the ratio BZ: ZO is composed of the ratios 
BA? : AX? and BZ:ZX. But the ratio BZ:ZO is 
composed of the ratios BZ : ZX and ZX :ZO. There- 
fore, the remainder ¢ BA? : AX?= XZ: ZO, in which 
BA? and ZO are given. And the straight line ZA is 
given ; therefore 2 zs required so to cut the given straight 
line AZ at X that XZ bears to a given straight line the 
saine ratio as a given area bears to the square on AX. 
When the problem is stated in this general form,? it 
is necessary to investigate the limits of possibility, 


* For PA: AA=AK?; AA® 

= BA? : AX. 

> “ Therefore " refers to the last equation. 

© i.e, the remainder in the process given fully by Eutocius 
as follows: 

(BA? : AX?*) . (BZ: ZX)=BZ: OZ =(BZ: ZX). (XZ: ZO). 
Removing the common element BZ: ZX from the extreme 
terms, we find that the remainder BA? ; AX?=XZ: ZO. 

4 In algebraic notation, if AX=a% and AZ=a, while the 
given straight line is 6 and the given area is c*, then 

a-z2_ 
ob a” 
or x(a — x)= be%, 
133 


GREEK MATHEMATICS 


mpooriBepevenv 8€ Tay mpoBAnpdro Tov evade 
dmapyovTwv [rouréors Tob Te durdactay elvan vid 
AB ais BZ kai too peilova tis ZO ri ZB, wes 
Kara THY dvddvow]! otk xe Stopiopdv: Kal éoras 
TO mpoBAnpa TowiTov: Sto Sobcicw@y ederdv Téey 
BA, BZ Kad SumrAacias odors ths BA Tis BZ Kat 
onpetou ent Tis BZ Tob 2) Tepety vy AB Kara, 
To X Kai mrouciv, ws TO amo BA mpos TO de AX, 
th» XZ npds ZO: Exarepa 8 raira én rene 
dvadvOjcetal te Kal avvTeOjceras. 


Eutoc. Comm. in Archim. De Sphaera et Cyl. ii., Archim. 
ed. Heiberg iii. 180. 17-150. 22 


"Ent rédeu wey TO mpopybev emyyeiharo Seigat, 
ev ovdert S€ trav dyriypdpuw evpely éveort 76 
emdyyeAua. 6bev Kat Avovvaddwpov pev etpi- 
ckopev ph TOV adltdv emutvydvta, ddvvarioavra 
8é emBareiv 7 katadedpbévre Ajppate, ép’ érépav 
d8dv Tob bAouv mpoBArpiaros éABeiv, ivrwa ébijs 
ypdipopey” Avoxhjs peévrot Ka abros ev T@ Iept 
Tupiwy aire ouyyey papery BiBAtep empyyébat 
vopilwy Tov "Apxyendn, ft) TeTomKevat 8€ 76 
emdyyehua., abros dvarAnpoby émrexetpnoev, rat 
TO éemxeipnua é&As ypdipopev’ & éoTw yap Kat adbrd 
oddeva pev éxov mpos Ta Tapareheyspeva Adyov, 
opoiws d€ TH Atovvoodeipyp be érépas: drrodeifews 
katacxevdlov 76 mpdpAnua. ev rit pévrou madd 


1 rouréort . . . dvdAvow. Eutocius’s notes make it seem 
likely that these words are interpolated. 





* In the technical language of Greek mathematics, the 
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but under the conditions of the present case no such 
investigation is necessary. In the present case the 
problem will be of this nature: Given two straight 
lines BA, BZ, in which BA=2BZ, and a point © upon 
BZ, so to cut AB at X that 


BA? : AX? = XZ : ZO ; 
and the analysis and synthesis of both problems will 
be given at the end.? 


Eutocius, Commentary on Archimedes’ Sphere and 
Cylinder ii., Archim, ed. Heiberg iii. 130. 17-150. 22 


He promised that he would give at the end a proof 
of what is stated, but the fulfilment of the promise 
cannot be found in any of his extant writings. 
Dionysodorus also failed to light on it, and, being 
unable to tackle the omitted lemma, he approached 
the whole problem in an altogether different way, 
which I shall describe in due course. Diocles, indeed, 
in his work On Burning Mirrors maintained that 
Archimedes made the promise but had not fulfilled 
it, and he undertook to supply the omission himself, 
which attempt I shall also describe in its turn; it 
bears, however, no relation to the missing discussion, 
but, like that of Dionysodorus, it solves the problem 
by a construction reached by a different proof. But 


general problem requires a diorismos, for which v. vol. i. 
p. 151 n. & and p. 396 n. a. In algebraic notation, there 
must be limiting conditions if the equation 
x(a - 2) =be? 

is to have a real root lying between 0 and a. 

> Having made this promise, Archimedes proceeded to 
give the forma] synthesis of the problem which he had thus 
reduced. 
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BiBrAiw—oddé yap ris els OANA CntHoews améory- 
pev—evreriyapev Oewprjuact yeypappevois otk 
oAtyny pev tiv ex Tav mravopdtwr éxovow 
dodpeay mepi re Tas Kataypadas modAuTpdémws 
jpaprnpevois, Tav pévror Cntoupévwn elyov ri 
bnéotacw, év péper S€ tHv “Apyipyder pidnv 
Awpisa yAGooav dnéowlov Kat trois ovvijfeo. TO 
dpyaiw t&v mpaypdtwr dvépacw eyéyparto rijs 
pev trapaBodjs dploywriov Kwvov Toys dvouato- 
Hévns, THs Sé dmepBodrjs dpuBPAvywriov Kadvov 
Tops, ws €& adray Siavoeiobar, py dpa Kal adra 
ein TA €v TH Téa ernyyeAucva ypddecbar. bev 
orrovdatidtepov evtuyxdvovres adTo pév TO pyTdv, 
ws yéyparrat, did AROS, Ws elpnrar, TOV wWraL- 
opdtwr dvoxepes edpdrtes Tas evvotas KaTd puKpOV 
drroovAncavres KoworTépa Kal cadectépa Kara TO 
duvarov Ad~er ypddopev. Kabddov Sé mparov 7d 
Oechpnpa ypadycera, iva TO Aeydpevov tn’ adbtob 
cadnvolh mepi t&v Siopioua@y: efra Kal rots 
avareAvpevois ev TH mpoBAjpate mpocappooby- 
cera. 


“Ed@eias S00cions tis AB Kat érépas rijs AT 
Kat xwpiov tod A mpoxeiobw AaBeiv ent tis AB 
onpetov ws to KE, dore elvat, ws tiv AE zpos 
AP, otrw 76 A ywpiov mpos To dae EB. 

“ Teyovérw, kai xeiobw % AT pos dpbas ri 
AB, Kal émfevybeioa 7 TE SujyOw ent ro Z, Kat 
4x9w da rod TY 7H AB mapdAdndos % TH, da 
dé roG B rH AT mapdddndos 4) ZBH ovpmisrovea 
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in a certain ancient book—for I pursued the inquiry 
thoroughly—I came upon some theorems which, 
though far from clear-owing to errors and to manifold 
faults in the diagrams, nevertheless gave the sub- 
stance of what I sought, and furthermore preserved 
in part the Doric dialect beloved by Archimedes, 
while they kept the names favoured by ancient 
custom, the parabola being called a section of a right- 
angled:cone and the hyperbola a section of an obtuse- 
angled cone; in short, I felt bound to consider 
whether these theorems might not be what he had 
promised to give at the end. For this reason I 
applied myself with closer attention, and, although it 
was difficult to get at the true text owing to the 
multitude of the mistakes already mentioned, gradu- 
ally I routed out the meaning and now set it out, so 
far as I can, in more familiar and clearer language. 
In the first place the theorem will be treated gener- 
ally, in order to make clear what he says about the 
limits of possibility ; then will follow the special form 
it takes under the conditions of his analysis of the 
~ problem. 


“ Given a straight line AB and another straight 
line AT and an area A, let it be required to find a 
point E on AB such that AE: AI'=A ; EB? 

“* Suppose it found, and let AT’ be at right angles 
to AB, and let TE be joined and produced to Z, and 
through T° let I'H_ be drawn parallel to AB, and 
through B let ZBH be drawn parallel to AI, meeting 
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éxatépa tov TE, TH, wat cvpmendAnpdcbw ro 
HO zapadAnrAdsypappov, cat, dua tot E oaordepa 
tav TO, HZ mapddAAnros Ayo 4 KEA, Kat r@ 
A toov éorw 76 Sod THM, 

“Enel odv éotw, ws % EA mpos AT, obrws To 
A mpés 76 ao EB, ds 5¢ 4} EA apes AT, otrws 
% TH apés HZ, ws 8é 4 TH zpos HZ, otdrws 
to and TH apos 76 tro THZ, cs dpa 76 amo 
T'H mpds ro tro THZ, odtws ro A mpds 76 ao 
EB, touréort mpos 76 ad KZ: Kat évaddd€é, ws 
7o and TH zpos ro A, rouvréort mpos TO tad 
THM, otrws ro tad THZ apos 7d dno ZK. 
dA’ os 76 dao TH apds 76 tao THM, odrws 
4 T'H apés HM: kai ws dpa 4 TH apos HM, 
otrws to bad THZ mpés to dad ZK. ddd’ cis 
4 TH zpos HM, ris HZ Kxowod tipous AawBavo- 
pévns ovtws to bd THZ pos rd tro MHZ: 
ws dpa 7d tro THZ mpds 76 bd MHZ, ovrws 
76 tnd VTHZ apds 76 awd ZK: toov dpa ro vad 


MHZ 7@ aad ZK. av dpa repi d€ova rv ZH 
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both TE and TH, and let the parallelogram HO be 
completed, and through E let KEA be drawn parallel 


@ «K Z 


roa HOM 
to either 'O or HZ, and let [M be taken so that] 
TH.HM=A, 
“Then, since EA: AT =A:EB? [ex hyp. 
and FA: AT =TH:HZ, 
and TH : HZ =TH?:TH.HZ, 
ae TH?:TH.HZ =A: EB* 
=A :KZ?; 
and, permutando, TH?:A [=H . HZ: ZK%,] 
ley TH?:TH.HM=TCH. HZ: ZK, 
But TH?: TH.HM=TH:HM; 
TH :HM =TH.HZ:ZK% 


But, by taking a common altitude HZ, 
TH: HM=CH.HZ:MH.HZ; 
« TH.HZ:MH.HZ=H. HZ: Zk; 
“se MH . HZ=ZK?3. 
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~ X ~ , ow mS 

ypahy Sia too H mapaBodj, wore Tas Karayo- 
pévas Svvacba mapa hv HM, 7fer dud rod K, 

‘ w / td x, A f 
Kat éorar Oécer Sedopévn b1a 7d dSedopevynv elvas 
A ~ 4 4 ‘ ~ 
amv HM 7@ peyéber mepiexovoov pera tis HP 
SeSopevyns So0év to A: 7d dpa K darerar Oéce 
deSopévns trapaPorjs. yeypddbw obv, ws eipyrat, 
kal €oTw ws 7 

“Tiddw, ered TO OA ywpiov toov éort 7h 
TB, rovréort 76 td OKA 7O bro ABH, é€av 
bia. 708 B mept dovpmresrous Tas Or, TH ypaph 
€ ~ 
brepBory, HEer Sid roH K did ryv dvrvotpodyy 
70d 7’ Oewpnyatos rod Sevrdpov BiBAtov téHv 
’"AroAAwviou Kwvikdv orouxeiwy, Kal €orar Oéoee 
Scdopévn Sia 7d Kal éxarépay tov OT, TH, ére 

‘ A \ a / # , 4 
piv Kai 70 B rH Odcer Seddc0u. yeypaddw, as 
eipyTa, Kal €orw ds 4 KB- 70 dpa K darerae 
Oéce. SeSopéevns daepBodjs. Arreto S€ Kai Oéoet 
Sedopevns mapaBodjs: SéSorar dpa 7d K. kai 
Vs 3 > ? ~ , Lf 7 N , / 
éotw am’ abrot Kdbetos 4) KE emi bécer SeSopevnv 
i. 4 La A ? \ cs ? € 
tiv AB: Sédo0rae dpa to E. ézet ody eat, ws 
% EA xpos ri Sobcioav tiv AT’, obtws S08 ro 
A xpos 76 and EB, Svo orepedv, dv Bdoets ro 
dé EB nal ro A, tym Sé af EA, AT, dvrerendy- 





4 
* Let AB=a, AT =b, and A=II. HM=c?, so that HM =. 


Then if HT be taken as the axis of # and HZ as the axis of y, 


the equation of the parabola is 
a 


tee 
ea oy 
and the equation of the hyperbola is 
(a-ax)y=ab. 
Their points of intersection give solutions of the equation 
w(a - x) =be, 
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If, therefore, a parabola be drawn through H about 
the axis ZH with the parameter HM, it will pass 
through K [Apoll. Con. i. 11, converse], and it will be 
given in position because HM is given in magnitude 
[Eucl. Data 57}, comprehending with the given 
straight line HI’ the given area A; therefore K lies 
on a parabola given in position. Let it then be 
drawn, as described, and let it be HK. 


“ Again, since the area OA=T'B (Euel. i. 43 
t.e., OK .KA=AB. BH, 


if a hyperbola be drawn through B having OT, ['H for 
asymptotes, it will pass through K by the converse 
to the eighth theorem of the second book of Apol- 
lonius’s Elements of Conics, and it will be given in 
position because both the straight lines OI’, ['H, and 
also the point B, are given in position. Let it be 
drawn, as described, and let it be KB; therefore 
K lies on a hyperbola given in position. But it lies 
also on a parabola given in position ; therefore K is 
given.* And KE is the perpendicular drawn from it 
to the straight line AB given in position ; therefore 
E is given. Now since the ratio of EA to the given 
straight line AT’ is equal to the ratio of the given area 
A to the square on EB, we have two solids, whose 
bases are the square on EB and A and whose alti- 
tudes are EA, AI’, and the bases are inversely pro- 


to which, as already noted, Archimedes had reduced his 
problem. (N.B.—The axis of x is for convenience taken in a 
direction contrary to that which is usual; with the usual 
conventions, we should get slightly different equations.) 
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Baow af Paces tois teow: date ioa eott Ta 

, ‘ ” 3 ‘ eae, A Mw > A o 
oreped TO apa awd EB éni tiv EA ioov éori tO 
Sobévre TH A emt S00cicav rv TA. GAda 7d azo 
BE ént ray EA péyorov éore mdvtwv rey dpoiws 
AapBavopevwy emit tis BA, érav 7 Simdacia 4 BE 
tis EA, ws SerxOjoerar Sef dpa ro Sobev ent ri 
Sofeicay pr) petlov elvar Tod and THs BE emi ryv 


ac fa de 4 Ww ¢ A a 
LuvreOjoerar $€ ottws: ~oTw 7H pev So0cioa 
ed0cia 4 AB, addy Sé ts Sobcioa 4 AT, 7d dé 
So8ev ywpiov 76 A, Kat Sdov €oTw Teneiv tHv AB, 
ware elvat, ws 70 Ev ThHa Tpds THY Sobcicay THY 
AT, odrws ro S00ev 76 A mpos 76 amd tod Aovrrod 
TLLATOS. 

“ElAj¢0w ris AB tpirov pépos 4 AE: 76 dpa 
A éni riv AT joe peildy eore rob and tis BE 
oe ‘ A now “a mw 
ext Thy EA 7 tcov 7 éAaccov. 

ae E2 ¥ = ays 7% > 6 La € 

i pev odv petlov cori, od ovvTefjcerar, ws 
> ~ = - ‘ > + 5 vee 2 ’ ‘ 
év rH avaddoer SéSexrau ef 5€ toov €ort, 76 E 
onpeiov Towjoet TO TpOBAnLa. towv yap dvTwv 
Tav oTepev avrimendvOaow at Paces ois 
4 , 3 c € A M4 ‘ 
iypeow, cal éorw, ws y EA apos AT’, ovrws to 
A mpos 76 amd BE, 

“Ri 8 @ZAacody éore 76 A ent tiv AD rod dad 
BE ent tiv EA, ow7efijcera otrws Keiobw % 
AT’ xpos épbas 7H AB, kai 8a 706 T' 79 AB zrap- 





* In our algebraical notation, x?(a - 7) isa maximum when 
w=%a. We can easily prove this by the calculus. For, by 
differentiating and equating to zero, we see that x(a — x) has 
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portional to the altitudes; therefore the solids are 
equal [Eucl. xi. 34]; therefore 


EB?,. EA=A.TA, 


in which both A and TA are given. But, of all the 
figures similarly taken upon BA, BE®. BA is greatest 
aa BE=2EA,? as will be proved; it is therefore 
necessary that the product of the given area and the 
given straight line should not be greater than 


BE?, EA2 


“ The synthesis is as follows: Let AB be the given 
straight line,° let AT’ be any other given straight line, 
let A be the given area, and let it be required to cut 
AB so that the ratio of one segment to the given 
straight line AI shall be equal to the ratio of the 
given area A to the square on the remaining segment. 

“ Let AE be taken, the third part of AB; then 
4. AT is greater than, equal to or less than BE?.. EA. 

“If it is greater, no synthesis is possible, as was 
shown in the analysis; if it is equal, the point E 
satisfies the conditions of the problem. For in equal 
solids the bases are inversely proportional to the 
altitudes, and EA ; A =A: BE, 

“If A. AT is less than BE? EA, the synthesis is 
thus accomplished: let AI be placed at right angles 
to AB, and through I let TZ be drawn parallel to 


a stationary value when 2az - 327=0, i.¢., when 2 =0 (which 
ives a minimum value) or x= %a (which gives a maximum). 
fo such easy course was open to Archimedes. 
» Sc, “ not greater than BE?, EA when BE=2EA.” 
* Figure on p. 146. 
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drAnros 7xOw 7 TZ, dia Sé ros B ve AT 
mapadAnros 7x8w 7 BZ xat cupmarérw 7H TE 
exBanbeion Kara tO H, kal ovpaemAnpwobw rd 
ZQ apadAnrdypappov, Kal &a rod E rq ZH 
maparAnros yOw 4% KEA. énet otv ro A ent 
amyv AT €acodv éort rod awd BE émi ryv EA, 
éorw, ws 7) EA mpds AT, otrws ro A mpés éAacady 
rt Tov amo THs BE, touréort rod amd 7tHs HK. 
éotw ovv, ws 7 EA apos AT, otrws 76 A mpos 
70 avo HM, xai r@ A icov dorw ro bro TZN. 
evel odv eoTw, ws 7 EA apos AT, otrws ro A, 
routéote TO Ud TZN, wpos 76 avd HM, aad’ ws 
4 EA ampos AT, otrws 7 TZ apos ZH, ws b€é 7 
T'Z zpos ZH, odrws 7a aad TZ mpos ro vr 
T'ZH, nai ws dpa rd and TZ mpos 76 tao (ZH, 
ottws 76 bro TZN apés 76 dd HM: xai evadddé€, 
ws to amd TZ apos 76 tard TZN, ovrws 76 dnd 
T'ZH apos 76 avo HM. GaN ws 7ré6 aad TZ 
mpos 70 ord TZN, 7 TZ apes ZN, ds d¢€ 4 TZ 
mpos ZN, ris ZH Kowod dovs rapBavoyevyns 
ottws 76 71d ZH apéds 76 bad NZH- cal ws dpa 
7o oro TZH apds 76 tard NZH, ovrws 76 br 
T'ZH zpos 76 ad HM: toov dpa ori ro ano HM 
7@ ono HZN. 

“Kav dpa dua tod Z wept d€ova rav ZH yparyw- 
pev wapaPoAyy, dare Tas KaTayopevas Svvacbat 
mapa tiv ZN, ye Sia roo M. yeypdddw, Kai 
éorw ws 7 MEZ. kat éret icov éort ro OA 7H 
AZ, rouréott 76 b7d OKA 7G tro ABZ, dav dia 


144 


ARCHIMEDES 


AB, and through B let BZ be drawn parallel to AT, 
and let it meet TE produced at H, and let the 
parallelogram ZO be completed, and through E let 
KEA be drawn parallel to ZH. Now 


since A.AT <BE?, EA, 

a EA; AT =A:(the square of 
some quantity less 
than Bk) 


=A:(the square of 
some quantity less 
than HK). 


Let EA:AD =A:HM?, 

and let A =TZ.ZN. 

Then EA:AT =A:HM?2 
=TZ.ZN:HM2. 

But EA: AT =TZ:ZH, 


and TZ : ZH =T2Z?:1TZ. ZH; 
“ T2?:1TZ.ZH=TZ.ZN:HNM?; 
and permutando, 1Z?:1Z.ZN=0Z. ZH: HA 


But T2?:TZ.ZN=TZ:ZN, 
and TZ: ZN =[Z.ZH:NZ.ZH, 
by taking a common altitude ZH ; 


and. TZ.ZH:NZ.ZH=VZ.ZH:HM?; 
% HM?=HZ.ZN. 

“ Therefore if we describe through Z a parabola 
about the axis ZH and with parameter ZN, it will 
pass through M. Let it be described, and let it be 
as MEZ. Then since 

0A =AZ, [Eucl. i. 43 
te. OK .KA=AB. BZ, 
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tod B mepi douparwrous tas OL, TZ ypdwpev 
bmepBorjv, H&er Sia Tod K Sid tiv dvtvatpodyy 





rod 1" Gewprjpiatos TéV “AtoMaviou Koeoricdy 
oTouxetwuy. yeypadlw, Kat éorw ds Rie BK Tepe 
vovoa Ty TapapoAny Kara To H, Kal dare Tod & 
emt Ty AB kd€eros 7x0w 7 EOI, Kal bua Too 
= 7H AB mapadnros mx8u 9 PRX. émel obv 
trrepBod} éoTw % Bsk, dovpnraror de at OF, 
TZ, wai mapdrdAnroe typeévar eioty ai PEI rats 
ABZ, icov €oTt TO b76 Pail Te tro ABZ: aore 
Kal 76 PO 7@ OZ. av dpa amo trot TI émi 70d 
x embevx Of <i6eia, mee bud. Tod O. épxdobw, 
Kal €oTw ws 7 TOL. éxel otv eorw, ws 7 OA 
apos AI, odrws 4 OB apes BX, rouréorw 4 TZ 
mpos ZX, ws € 7 TZ apds ZX, ris ZN Kowod 
tysous AapBavopévns otras 76 tro TZN zpos 
70 bard ZZN, Kai ws dpa 4 OA zpos AY, ovTws 
70 br0 T'ZN mpos TO ome XZN. Kat core TO 
pev tnd TZN i igov 70 A xepiov, TO 5é d70 xZN 
izov TO dzd ze, TOUTEOTL TO amo BO, dia ry 
vapaBorjy: ds dpa y OA apos AT, odrws 76 A 
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if we describe through B a hyperbola in the asym- 
ptotes OI’, TZ, it will pass through K by the converse 
of the eighth theorem [of the second book] of 
Apollonius’s Elements of Conics. Let it be described, 
and let it be as BK cutting the parabola in Z, and 
from = let BOIL be drawn perpendicular to AB, and 
through © let PE be drawn parallel to AB. Then 
since BEK is a hyperbola and OF’, I'Z are its asym- 
ptotes, while PH, SII are parallel to AB, BZ, 


PR. RIL=AB. BZ; [Apoll. ti. 12 
we PO=02Z, 
Therefore if a straight line be drawn from I to © it 


will pass through O [Eucl. i. 43, converse]. Let it 
be drawn, and let it be as TO. Then since 


OA: AI'=OB : BE [Bucl. vi. 4 
=TZ:Z2, 
and TZ: Z2=TZ.ZN:35Z.2ZN, 


by taking a common altitude ZN, 
e OA: AD=TZ.ZN :3Z.2ZN. 


And TZ.ZN=A, 2Z.ZN=ZE?={BO%, by the 
property of the parabola [Apoll. i. 11]. 


oe OA: AI =A: BO?; 
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- A a] > A ~ w Ld 4 
xwpiov mpos To ad tTHS BO. ciAnmrat dpa 76 O 
onpeiov trovoty Td mpdBAnya. 


“Ore b€ Sutdagias ovens Tijs BE Tijs EA 76 
dro Tis BE émi tiv EA peeyvorov €or TavTwv TOV 
dptotwas AapBavopevay emt TAS BA, SetxOjoerat 
ovtTws. éoTw yap, as ev TH dvaddoer, mdAw 
S00cica. ev6eta mpos oplas Ti AB 4 AT, Kad emt- 
Cevybeioa 4 TE exBePrrjabe Kal oupmimr eres Th 
bud tod B mapaddjAw Hypevy TH AD xara 76 Z, 
kal dua Tov P, Z mapddrndot Th AB WxPwoav at 
OZ, TH, xal éxBePrjobw 9 TA emt 76 O, Kal 
rary apd nos dia. tod EL nxOw KEA, Kat 
yeyoverw, as q EA mpos AD, ovTws 76 tnd THM 
mpos 70 amo EB: 76 dpa ano BE ént riv EA ioov 
éati T@ U7d THM emi tiv AT dia 76 Sud orepeav 
avrinetovOevat tas Bdces Tots dpeow. dAdyw ody, 
ort To ond T HM emt Ty AD péyordy ore 
mdvrav TeV Gpotws én Tis BA Aap Bavopevav. 

“ Deypad bw yap | dua. tod H mept a€ova Ti ZH 
mapaBohn, woTe TAs Karayopévas SvvacGat Tapa 
caHv HM: eee 57 Sua Too K, ds ev rH dvadvoet 
Sébecxrar, kat oupmeceirar éxBaddopser Th or 
TrapaddnAw oven TH Siaperpy Tis Tops dud. 7d 
EBdopiov Kai etkoorov Jewpynya Tod mparov BuBAiov 
TeV "AroMuviou Kovdv orotxeiw. éxBe~ 
Brxjobeo kal oupmurtére kata Td N, wai dia rob 
B epi douprrestous Tas NTH veypapdw omep- 
Bods}: yfer dpa dia Tob K, as ev 7H dvadvoer 
etpyrat. épxéo0u ody ws 7 BK, Kal exBAn Beton 
7H ZH ion Keiobw 7 He,” kal dweledyben 7 EK 
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therefore the point O has been found satisfying the 
conditions of the problem. 


“ That BE?. EA is the greatest of all the figures 
similarly taken upon BA when BE=2EA will be thus 
proved. Let there again be, as in the analysis, a 
given straight line AT at right angles to AB,? and let 
TE be joined and let it, when produced, meet at Z 
the line through B drawn parallel to AI’, and through 
I’, Zlet 6Z, TH be drawn parallel to AB, and let I’A 
be produced to 0, and through E let KEA be drawn 
parallel to it, and let 


EA: AD=TH. HM: EB; 
then BE? KA=(l'H .HM). AT, 


owing to the fact that in two [equal] solids the bases 
are inversely proportional to the altitudes. I assert, 
then, that (CH. HM). Al" is the greatest of all the 
figures similarly taken upon BA. 

“ For let there be described through H a parabola 
about the axis ZH and with parameter HM ; it will 
pass through K, as was proved in the analysis, and, if 
produced, it will meet OI’, being parallel to the axis ® 
of the parabola, by the twenty-seventh theorem of 
the first book of Apollonius’s Elements of Conics.¢ 
Let it be produced, and let it meet at N, and through 
B let a hyperbola be drawn in the asymptotes NI’, 
(TH; it will pass through K, as was shown in the 
analysis. Let it be described as BK, and let ZH be 
produced to & so that ZH = HE, and let BK be joined 

@ Figure on p. 151. 


> Lit. “* diameter,” in accordance with Archimedes’ usage. 
¢ Apoll. i. 26 in our texts, 
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kai éxBeBAjoOw emi ro O- davepov dpa, srt 
épdmrerat THS TmapaBoAfs Sia THY avTLoTpodijy 
Tob terdprov Kal tpiaxooTod Oewprjyatos rob 
mpwrov BiBAiov trav ’AmoAAwviov Kwurdv orot- 
yelwy. emet obv SuAR €orw 4 BE rijs EA— 


otrws yap bmdxerrai—rouréorw 4% ZK ris KO, 





® Apoll. i. 33 in our texts. 
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and produced to O; it is clear that it will touch 
the parabola by the converse of the thirty-fourth 


theorem of the first book of Apollonius’s Elements of 
2EA—for this hypothesis 


Conics.% 
has been made—therefore ZK = 2K0, and the triangle 
151 





Then since BE= 
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Kat corw 6potov 76 OOK Tplywvov 7 SZK 
Tpryeave, dumdacia cori Kal 4 EK Tits KO. éorw 
dé Kal 9 EK ahs KIT Sudip dia 7 Kal THY EZ 
Tijs EH kal mrapddAn roy. elvar why IH rq KZ: 
ton dpa 7 OK 7H KO. my) dpa OKTI pavtouca Tis 
trrepBohiis Kal perate | ovoa TAY dovpmTaTwY dixa 
TEMVETOL eddnrerat apa THs drepBonijs dud THV 
dvriaTpogiy Tob tpitov Oewpipartos Tob Seurépov 
BiBriov rév *AtroMwviov Kevexdyv OTouxeLwy. 
ediyrrero dé Kal Tis mapaBoAjs Kata Td avdTo K- 
UP dpa mapaBodr Tis brepBorjs éfdarerar Kara 
TO 

“ Nevofobu oby Kat uh brrepBory mpooexBan- 
Aopevy ws ent 70 P, wad cin pbes ent ths AB 
TUXOV onptetov 76 2, Kal dea To X 7H KA mapda- 
Anos HxOw 1 7 TzY Kal oupBarréra TH tmepBorAq 
Kara TO T, Kal oud 708 T TH TH mrapddAnhos 
7x0w 4 DTX. enet obv Sua TH drrepBodijy Kat 
Tas dovpntutous toov éati ro DY 7H UB, xowod 
ddatpeOevros Tob TX ioov yiverar 76 OL 7H XH, 
kai dud, Toro 4 amd Tob LT ent 76 X emlevyw- 
pévn dbeta He, Sud. 708 2. epxeabus ral core 
as 7 TX, Kad eel TO A770 FX ft tcov eott TD 


bd HM Sud Tv mapaBodty, ro dnd TX eracady 

3 Tn the same Horeca as before, the condition BE?. EA= 
(TH.HM). AT is {a= =be?; and Archimedes has proved 
that, when this condition holds, the parabola 2?=° “y touches 


the hyperbola (a - a)y=ab at the point (Ga 3b) because they 


both touch at this point the same straight line, that is the — 
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OOK is similar to the triangle ZK, so that BK =2KO, 
But ZK =2KII because 22 =22H and IIH is parallel 
to KZ; therefore OK=KII. Therefore OKII, which 
meets the hyperbola and lies between the asymptotes, 
is bisected ; therefore, by the converse of the third 
theorem of the second book of Apollonius’s Elements 
of Conics, it is a tangent to the hyperbola. But it 
touches the parabola at the same point K. Therefore 
the parabola touches the hyperbola at K.* 

“ Let the hyperbola be therefore conceived as pro- 
duced to P, and upon AB let any point > be taken, 
and through ¥ let TZY be drawn parallel to KA and 
let it meet the hyperbola at T, and through T let 
TX be drawn parallel to TH. Now by virtue of the 
property of the hyperbola and its asymptotes, 
&Y=I'B, and, the common element TE being sub- 
tracted, P2==2H, and therefore the straight line 
drawn from T' to X will pass through 2 (Buel. i. 43, 
conv.]. Let it be drawn, and let it be as TEX. 
Then since, in virtue of the property of the parabola, 

WX?=XH.HM, (Apoll. i. 11 


line 96x -ay -3ab=0, as may easily be shown. We may 
prove this fact in the following simple manner. Their points 
of intersection are given by the equation 

a*(a— 2x) =be’, 
which may be written 


4 4 
3 ag? 4— 93 = 93 — be? 
a8 — ax? + 55a! aye bc?, 


2 \a a _ 4 s_ 72 
or (»-50) (~+$) =o7% be?” 
Therefore, when bet = A a8 there are two coincident solu- 


tions, 2 =a, lying between 0 and a, and a third solution 


a 
oe 
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€omt Tod td XHM. yeyovérw obv 7H and TX 
toov 76 b7d XHQ.  exet odv eorw, cds 7 UA mpos 
AT, odrws 4 TH apos HX, adv’ ds 1} TH apds 
HX, 77s HQ cowot tyous AapBavopevys obrws 
76 trd THQ apes 76 t7d XHO. kai mpds 76 ioov 
at7@ 76 amd XT, touréoTs 76 dad BE, 76 dpa 
dd BX ent tiv XA icov éeati 7H ind THQ ent 
tv TA. 76 6€ bro THQ emi tiv TA Aacadv 
éa7t Tod tnd THM emi ri TA: 70 dpa dad BE 
emi THv LA édarrév €art Tob dd BE ent riv EA. 
dpoiws 81) SetyOycerat Kai emt mévrwy tev 
onpeiwy trav peragd AapBavopévwy trav E, B. 
“°ANAG 81) €tAjdbw peragd tev E, A onpetov 
TO 5, Adyw, drt Kal otrws To dad TAS BE ent 
tiv EA petldv date rob dad Bs ent ri SA. 
“Tév yap adrav Kateckevacpevwy AyOw Bid 
705 © 7H KA mapddAnios 4 SSP Kat ovpBaddréra 
TH dmepBody Kata +o P+ cupBadret yap adrA 8 
70 mapdAdnros eivor TH dovpnTwtw Kai Sid Tod 
P mapadAnros axbeica 7H AB  A’PB’ cup Badrérw 
th HZ éxBaddopevyn cata 76 B’. Kal evel mddw 
dua tH drrepBodny iaov ort ro I’G 7H AH, 7 dard 
rod I emi 76 B’ emlevyvupérn cdfeia Hker Sid 
Tob S.  épxéabw Kal gorw ws 4 TSB’. Kal eel 
médw 8d THY wapaBoAjy toov orl 76 aad A’B’ 
7®@ b7d B’HM, 76 dpa azo PB’ e€Aacady eott tod 
bao B’HM. yeyovérw 76 dé PB’ tcov rH bud 
B’HQ. exe ody eotw, cis 4 SA apds AT, obras 
4 TH apos HB’, ddd’ ws TH apds HB’, Ths 








* Vigure on p. 156, 
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oe TX? <XH.HM. 

Let TX? =XH.HQ, 

Then since 2A:AT =H: HX, 

while TH: HX=TH.H2:XH.HQ, 

by taking a common altitude HQ, 
=TH.HQ: XT 
=TH.H2: BS2, 

ar BS?. SA=(TH . HQ) .TA. 


But (TH. H0).TA<(TH.HM).TA; 
Ba? SA <BE?. EA, 


This can be proved similarly for all points taken 
between E, B. 

“ Now let there be taken a point $ between H, A. 
T assert that in this case also BE?. EA> Bo. oA. 

“With the same construction, let $-P be drawn 2 
through ¢ parallel to KA and let it meet the hyper- 
bola at P; it will meet the hyperbola because it is 
parallel to an asymptote [Apoll. ii. 13]; and through 
P let A‘PB’ be drawn parallel to AB and let it meet 
HZ produced in B’, Since, in virtue of the property 
of the hyperbola, '’¢=AH, the straight line drawn 
from T° to B’ will pass through s [Eucl. i. 43, conv.]. 
Let it be drawn and let it be as !'B’. Again, since, 
in virtue of the property of the parabola, 


A'B’ =B’H.HM, 


ss PB? <B’H.HM, 
Let PB’? =B’H. HQ, 
Then since sA:AI =H: HB’, 
while TH: HB’=TH.HO: BH. Ha, 
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HQ xowod tous AapBavopevns otrws ro bd 
THQ apéds 76 bad B’HQ, rouréots mpos 7d aad 
N 





_ 
= 


PB’, rovréor mpos 7d aro Bs, 7d apa amo Bs 
emt tiv SA loov éort 7H tnd THQ eni rhv TA. 
Kal pettov 76 td THM rod tad THO: peilov 
w A \ > A 2% A a 3 A 2%, 
dpa kal 76 adwo BE ént riv EA 70d amo Bs ent 
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by taking a common altitude HQ, 
=TH . HO: PB’ 
=TH. HQ: Bs’, 


Bs?.sA =(TH.HO).TA. 
And TH.HM>TH. HO; 
a BE?. EA >Bs?. SA, 
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\ « - AS , a oy , 
mv SA, dpoiws 89 SetyOnoerae Kal emt mdvrewv 
a , ~ * ~ mf / 
TOV onpeiwy Tav petadd Tov E, A AapBavopevwr. 
> f A 1 Laan z ~ A ~ 
edeiy0n b€ Kai ent mdvrwy Tov petagd Tov E, B- 
cas ” ~ > \ ~ £ ¥ ia 
TdvTwy dpa Tav emi THS AB opoiws AapBavopevwy 
é é > ‘ > A ~ 1 aS x. A Lg 
péytorov éotw 76 ano THS BE emi tiv EA, orav 


H SurAacia 7» BE ris EA.” 


3 a A \ ay a > A 0. a a 
Emorjjoa 8€ xp7) Kal Tots dxoAovPotow Kara 
Ty etpnpevyy Karaypapyy. emet yap dédeucrat TO 
amd BY én THY ZA Kat 76 dno Bs ent THY cA 
éXacoov tod amo BE émi znv EA, duvardév éote 
‘ “~ td ft mm § A a * , 
kal rob So0évros ywplov ent ri S0beicav eAdo- 
ca a > \ na Lay A AY tA 
govos ovtos Tob amo Tijs BE emt THY EA Kara bto 
onpeta tiv AB Tepvopevny mrovety 76 e€ dpxjjs 
mpoBAnpa. TOTO bé yiverat, ef vojoaper mrept 
Sidwerpov THV XH ypapopevny | mapaBodyy, wore 
Tas KaTayopevas Svvacbat Tapa mv HQ- ue yap 
ro.avTn mapaBoAyn mdvrws épyeras dia tot T. 
Kal ered) dvaynn adrhy ovprinrew 7H TN mapad- 
AjjAw ovon TH SiapéTpw, SHAov, OTe Tépver THY 
” a > ~ 
btepBoAny Kat Kat’ dAdo onpetov dvwrépw Tod K, 
eg a ern Nm aD 2) _k B 
ws evTav0a Kata 76 P, Kai advo Tob P emi tH A 
Kabetos ayouevn, ws evratba Ps, répver tH 
AB xara 76 5, More TOS onpeiov motely TO TpO- 





* There is some uncertainty where the quotation from 
Archimedes ends and Eutocius’s comments are resumed. 
Heiberg, with some reason, makes Eutocius resume his 
comments at this point. 

* In the mss. the figures on pp. 150 and 156 are com- 


158 


ARCHIMEDES 


This can be proved similarly for all points taken 
between E, A. And it was proved for all points 
between E, B; therefore for all figures similarly 
taken upon AB, BE?. EA is greatest when BE=2EA.” 


The following consequences ? should also be noticed 
in the aforementioned figure.? Inasmuch as it has 
been proved that 

B22. ZA <BE?. 
and Bs?,.sA <BE?. EA, 


if the product of the given space and the given 
straight line is less than BE? . EA, it is possible to cut 
AB in two points satisfying the conditions of the 
original problem.* This comes about if we conceive 
a parabola described about the axis XH with para- 
meter HQ; for such a parabola will necessarily pass 
through T.4 And since it must necessarily meet 
TN, being parallel to a diameter [Apoll. Con. i. 26], 
it is clear that it cuts the hyperbola in another point 
above K, as at P in this case, and a perpendicular 
drawn from P to AB, as Ps in this case, will cut AB 
in ¢, so that the point © satisfies the conditions of the 


bined ; in this edition it is convenient, for the sake of clarity, 
to give separate figures, 

* With the same notation as before this may be stated : 
when bc? < Mat, there are always two real solutions of the 
cubic equation (a - x) =bc? lying between 0 and a. If the 
cubic has two real roots it must, of course, have a third real 
root as well, but the Greeks did not recognize negative 
solutions. 

4 By Apoll. i. 11, since TX?=XH. HQ. 
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Anya, Kal toov yiveoBan ro dno Bi éni rv ZA 
7T@ amo Bs émi ri SA, ws éore dud. TAY mpoetpn- 
Meveay amobeiEewv dudarés. wore duvatod & ovros 
éni Tis BA vo onucta AapBdver mo.obvra TO 
Cnroupevor, eLeorw, Omdrepov ms. Bovaotro, Aap- 
Bavew 7) 7 79 peerage tov EK, BF 70 perago Tay EK, 
. € pev yap TO perakd tév E, B, ws ecipnrat, 
THs Sic tav H, T onpeteav ypapoperns mrapaBolis 
Kara bdo onpeta Tepvovans Thy trrepBodny TO pe 
eyyerepov Tod H, rovréore rod doves Tis Tapa- 
Bodjs, evprycel 70 peta€ga Tov E, B, ws evraiba 
ro T ebptoxer To 4, 70 Oe dmerépw 7} peraéd 
tov E, A, as errata, 76 P edpioxes TO s. 
Kadddov peev ody ovrws dvanédvrat Kal ovyre- 
Bevraw 70 mpoBAnua iva $€ Kai Tots "Apxupndetors 
prjacw efappoclh, vevonabw as év abth TH Tod 
ae Karaypaph Sudwerpos peev ris opaipas q 
B, 4 8é ék« Tob KeVTpov 9 BZ, Kai 2 Sedopevn 
4 ZO. KATHI ATA pEV dpa, pet, eis To “Tip 
Mz, Tepety Kata To X, wore elvar, ws THv XZ 
mpos Hv dobeicav, odtws 76 S00ev mpds 76 dd 
ths AX. robro 5€ dmAds pév Aeyopuevov exer 
Stoptopdv.”” et yap TO Sober emi THY dobeioay 
peetlov erbyxavev Tod amo rijs AB enti rip BZ, 
advvarov qv 70 mpoBAnpa, ws SéSeuxrae, et 38 
isov, TO B onpetov érrotet TO mpoBAnpa, Kat obrws 
5é od8er Ff ay T™pos THY ef dpyiis “Apxundous ™po- 
Geow: 4 yap odaipa obdk éréuvero eis tov SobévTa 





* Archimedes’ figure is re-drawn (v. page 162) so that 
B, Z come on the left of the figure and A on the right, 
instead of B, Z on the right and A on the left. 

> v. supra, p. 133. 
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problem, and B=?. TA=Be?. <A, as is clear from the 
above proof. Inasmuch as it is possible to take on 
BA two points satisfying what is sought, it is per- 
missible to take whichever one wills, either the point 
between I, B or that between KE, A. If we choose 
the point between E, B, the parabola described 
through the points H, TT will, as stated, cut the hyper- 
bola in two points; of these the one nearer to H, 
that is to the axis of the parabola, will determine the 
point between E, B, as in this case ‘I’ determines 2, 
while the point farther away will determine the point 
between KE, A, as in this case P determines S$. 

The analysis and synthesis of the general problem 
have thus been completed ; but in order that it may 
be harmonized with Archimedes’ words, let there 
be conceived, as in Archimedes’ own figure,* a dia- 
meter AB of the sphere, with radius [equal -| BZ, 
and a given straight line ZO. We are therefore faced 
with the problem, he says, “so to cut AZ at X 
that XZ bears to the given straight line the same 
ratio as the given area bears to the square on AX. 
When the problem is stated in this general form, it 
is necessary to investigate the limits of possibility.’ 
If therefore the product of the given area and the 
given straight line chanced to be greater than 
AB?. BZ,° the problem would not admit a solution, 
as was proved, and if it were equal the point B would 
satisfy the conditions of the problem, which also 
would be of no avail for the purpose Archimedes set 
himself at the outset ; for the sphere would not be 


* For AB=3AZ [ex hyp.}], and so AB in the figure on 
p. 162 corresponds with BE in the figure on p. 146, while 
BZ in the figure on p. 162 corresponds with EA in the figure 
on p. 146. 
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Adyov. amAds dpa Acydpevov elyev mpoodiopiopdv: 


“ qpooTWepevwy Sé€ THv mpoBAnndrwy radv evOdde 


N 
@ 


~ 4 
dnapydvTwv,” tovréort Tod re SumAaciay elvar rhv 


AB rijs ZB Kai 708 peilova elvar riv BZ ris ZO, 


“odk exer Siopiopdv.” 76 yap dad AB 76 S06ev 


ent thy ZO tHv Sobcioav eAarrév €or. Tob dd 
tis AB ent viv BZ 81a 70 tiv BZ rijs ZO peilova 
elvar, otmep dmdpyovtos édei~apev Suvardv, Kal 


omws mpoPaiver To mpdBAnpo.. 


° Eutocius proceeds to give solutions of the problem 
by Dionysodorus and Diocles, by whose time, as he has 
explained, Archimedes’ own solution had already dis- 
appeared. Dionysodorns solves the less general equation 
by means of the intersection of a parabola and a rectangular 
hyperbola ; Diocles solves the general problem by the inter- 
section of an ellipse with a rectangular hyperbola, and his 
proof is both ingenions and intricate. Details may be con- 
sulted in Heath, H.@.Mf, ii, 46-49 and more fully in Heath, 
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cut in the given ratio. Therefore when the problem 
was stated generally, an investigation of the limits 
of possibility was necessary as well; “ but under the 
conditions of the present case,” that is, if AB=2ZB 
and BZ> Z@, ‘no such investigation is necessary.” 
For the product of the given area AB? into the given 
straight line ZO is less than the product of AB? into 
BZ by reason of the fact that BZ is greater than ZO, 
and we have shown that in this case there is a solu- 
tion, and how it can be effected.¢ 


The Works of Archimedes, pp. cxxiii-cxli, which deals with 
the whole subject of cubic equations in Greek mathematical 
history. It is there pointed out that the problem of finding 
mean proportionals is equivalent to the solution of a pure 


cubic equation, =F and that Menaechmus'’s solution, by 


the intersection of two conic sections (v. vol. i. pp. 278-283), 
is the precursor of the method adopted by Archimedes, 
Dionyscdorus and Diocles. The solution of cubic equations 
by means of conics was, no doubt, found easier than a solu- 
tion by the manipulation of parallelepipeds, which would 
have been analogous to the solution of quadratic equations 
by the application of areas (v. vol. i. pp. 186-215). No other 
examples of the solution of cubie equations have survived, 
but in his preface to the book On Conoids and Spheroids 
Archimedes says the results there obtained can be used to 
solve other problems, including the following, ‘‘ from a given 
spheroidal figure or conoid to cut off, by a plane drawn 
parallel to a given plane, a segment which shall be equal to a 
given cone or cylinder, or to a given sphere” (Archim. ed. 
Heiberg i. 258. 11-15); the case of the paraboloid of revolu- 
tion does not lead to a cubic equation, but those of the 
spheroid and hyperboloid of revolution do lead to cubics, 
which Archimedes may be presumed to have solved. The 
conclusion reached by Heath is that Archimedes solyed com- 
pletely, so far as the real roots are concerned, a cubic 
equation in which the term in z is absent: and as all cubic 
equations can be reduced to this form, he may be regarded 
as having solved geometrically the general cubic. 
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(i.) Preface 


Archim. De Con. et Sphaer., Praef., Archim, ed. Heiberg 
i, 246, 1-14 


*Apxendys Aoaléw eb mpdrrew. 

"ArooreAAw Tot ypdibas é év THdE TO BiBricp TeV 
te Aowrdv Oewpnudtwr tas dmoSeitias, Sv od 
elyes ev Tois mpotepov ameotadpevors, Kal dAdAwy 
botepov moreeuvpnuevwv, & mpdTepov pev dy 
ToAAdKs eyxeipjoas émoKxéntecbas SvckoAov exew 
tt daveioas por Tas etpéovos abrav dadpyoa: 
didzrep ob ouveEeddbev Tots dAdows abra TA Tpo- 
BeBAnueva. dorepov Sé emypedeorepov mor’ abrots 
yevopevos e€edpov Ta amopybevra. vy b€ Ta pev 
Aoura: Ta&Yv mpoTépwy Sewpnydrwr mepi Too op8o- 
yaviov Kwroedéos mpoBeBAjpéeva, ra Sé viv eves 
morefeupnpeva, mepl TE du PAvywviov _kavoewd€os 
Kal mept oparpoeidewy oXnaTwv, av Ta pev 
TapapdaKea, TA dé emimAaréa Karéw, 


(ii.) To Lemmas 


Ibid., Lemma ad Prop. 1, Archim, ed. Heiberg 
i. 260. 17-24 


Ki xa ewyrt peyédea docacby TO tow adAdAwy 





2 In the books On the Sphere and Cylinder, On Spirals 
and on the Quadrature of a Parabola. 

> ae, the paraboloid of revolution. 

¢ i.e, the Fe eebelowd of revolution. 

4 An oblong spheroid is formed by the revolution of an 
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(d) Conoips anpD SPHEROIDS 


(i.) Preface 


Archimedes, On Conoids and Spheroids, Preface, 
Archim. ed. Heiberg i. 246. 1-14 


Archimedes to Dositheus greeting. 

I have written out and now send you in this book 
the proofs of the remaining theorems, which you did 
not have among those sent to you before,* and also 
of some others discovered later, which I had often 
tried to investigate previously but their discovery 
was attended with some difficulty and I was at a loss 
over them ; and for this reason not even the proposi- 
tions themselves were forwarded with the rest. But 
later, when I had studied them more carefully, I 
discovered what had left me at a loss before. Now 
the remainder of the earlier theorems were proposi- 
tions about the right-angled conoid®; but the dis- 
coveries now added relate to an obtuse-angled conoid ¢ 
and to spheroidal figures, of which I call some oblong 
and others flat.? 


Gi.) Two Lemmas 


Ibid., Lemma to Prop. 1, Archim. ed. Heiberg 
i. 260. 17-24 


If there be a series of magnitudes, as many as you 
please, in which each term exceeds the previous term by an 


ellipse about its major axis, a flat spheroid by the revolution 
of an ellipse about its minor axis. 

In the remainder of our preface Archimedes gives a number 
of definitions connected with those solids. They are of 
importance in studying the development of Greek mathe- 
matical terminology. 
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c * A £ e A w ~ > , 
brepéxovta,  S€ a trepoya toa tH edaxloTw, 
. Fol / ~ \ ta uw A ~ 
kal dAda peyéBea 7H prev AOE ica rovtos, TO 
4 i 4 ” “~ ‘4 ee wi 
5é peyebe exactov loov 7H peylorw, wavTa Ta 
peyelea, dv éorw Exacrov toov 7H peyiorw, 
mdvrwv pev trav TH low trepeydvTwy éeAdaocova 
egootyra: 7) SeAdaua, tov S€ Aoitdv ywpis Tob 
x a nw ta c \ > fd 
peylorov peilova 7 Simddow. a Se daddekis 
TovTou davepa. 


Ibid., Prop. 1, Archim. ed. Heiberg 1. 260. 26-261. 22 


u / e “. ~ f Mw / 
Et xa peyélea drocacdy rh TAjPer dAdots peye- 
w ~ / A v4 A ; aa / 
Geaw toos 7H TAHOE Kata Svo Tov adrov Adyov 
EXwvT, Ta Spoiws TeTaypeva, Adynras Sé Td Te 
~ a > wv 4 n é ” 
mpodra peyébea mor’ dda peydlea } mwavra 7} Twa 
avtav év Adyows drrotooodv, Kal Ta VoTEpov ToT’ 
La / A ¢ / > nn > na , 
dada peyébea Ta opddoya év Tots adtois Adyors, 
mdvra Ta mpdta peydlea wort mavra, a A€yovrat, 
Tov avTov éfodvr. Adyov, dv exovTe mdvra Ta 
votepov peyélea mori mavra, & Adyovrat. 
“Eorw tia peyébea 7a A, B, T, A, E, Z ddous 
peyleow loos 7H 7AROE Tots, H, O, I, K, A, M 


° If h is the common difference, the first series is h, 2h, 
8h... nh, and the second series is nk, nh. . . to n terms, its 
sum obviously being *k. The lemma asserts that 


WAh+WM+3h+ 2... N—Th)<nA<Ah+QWh+3h+ ... nh). 


It is proved in the book On Spirals, Prop. 11. The proof is 
geometrical, lines being placed side by side to represent the 


166 


ARCHIMEDES 


equal quantity, which common difference is equal to the 
least term, and if there be a second series of magnitudes, 
equal to the first in number, in which each term is equal 
to the greatest term [in the first series}, the sum of the 
magnitudes in the series in which each term is equal to 
the greatest term is less than double of the sum of the 
magnitudes differing by an equal quantity, but greater 
than double of the sum of those magnitudes less the 
greatest term. The proof of this is clear.* 


Ibid., Prop. 1, Archim. ed. Heiberg i. 260. 26-261. 22 


If there be a series of magnitudes, as many as you 
please, and it be equal in number to another series of 
magnitudes, and the terms have the same ratio two by two, 
and if any or all of the first series of magnitudes form 
any proportion mith another series of magnitudes, and if 
the second series of magnitudes form the same proportion 
with the corresponding terms of another series of magni- 
tudes, the sum of the first series of magnitudes bears to 
the sum of those with which they are in proportion the 
same ratio as the sum of the second series of magnitudes 
bears to the sums of the terms with which they are in 
proportion. 

Let the series of magnitudes A, B, T', A, E, Z be 
equal in number to the series of magnitudes H, Q, I, 


terms of the arithmetical progression and produced until each 
is equal to the greatest term. It is equivalent to this alge- 
braical proof : 


Let Sn=h+2@h+3h+ ... +nh, 

Then Sn=nh+(n-Wht+(n-2Q)h+ oo. +h. 
Adding, 2Sn=n(n + 1)h, 

and so 28 n-y =(n — 1)nh. 

Therefore 28 n-<n?h <2Sn. 
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Kata dvo Tov avrov exovra Aéyov, kal exer 76 
pev A mort 7o B Tov abrov Adyov, 6 ov TO H mort 
TO ©, 76 be B mort 76 I, 6v 76 © mort To T, kai 
Ta dAda spoiws Tovrous, heyéaB b€ ra pev A, B, 
T, A, E, Z peyeBea mor” ada Heyebea va N, S, 
O, Il, P, xX ev Adyots pee rte 7a O€ H, 6, i, 
K, A, M mor’ dda 7a T, Y, © _X, ¥, Cae 
épddoya ev Trois adrois Adyous, Kal év pev exet 
Adyov 76 A mort 70 N, To H EXETD mort ro T, év 
be Adyov é€ exer ro B mort 7 5, To © éexyérw mort 
TO Y, Kal 7a GAda dpoiws Tovrous® Seuréov, ort 
mavra ta A, B, VT, A, E, Z wort wavra ra N, &, 
O, II, P, 5 7av Soro Zyovrs Adyov, év atte TO 


H, ©, I, K, A, M wori wavra ra T, Y, ®, X, ¥, Q. 





® Since N:A=T:H,A:B=H:90, [ea hyp. 
-*. 6% aeque N:B=T:0. [Eucl. v. 22 
But B:E=0:1Y; [ew hyp. 
27. e@ Gequo N:8=T:Y. [Eucel. v. 22 
mauled 
:O=Y:%, O0:1=0:X,:P=X:¥,P:2=":0. 
noe since A:B=H: 0, [ea hyp. 
.". componendo A+B:A=H+0:H, {Eucl. v. 18 
ie, permutanda A+B:H+O0O=A:H. [Eucl. v. 16 
But since N:A=T:H, [ex hyp. 
“ A:H=N:T (Eucl. v. 16 
=e:7 [ibid. 
=0:0 [ibid. 
=-T:I [ibid. 
ate A+B: H+0=Pr:1, 
oe A+B4+T:H+O+I=P:I [Euel. v. 18 
=0:0 {Eucl. v. 16 
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K, A, M, and let them have the same ratio two by 
two, so that 
A:B=H:0, B:T=60:], 


and so on, and let the series of magnitudes A, B, I, 

A, E, Z form any proportion with another series of 

magnitudes N, , O, II, P, 2, and let H, 0,1, K, A, M 

form the same proportion with the corresponding 

terms of another series, T, Y, &, X, Y, Q so that 
A:N=H:T,B:2=0:Y, 

and so on ; it is required to prove that 


A+B+V+A+E+2Z_ H+0+1+K+A4M S 
N+H4+04N4+P4+S T+Ve@64NePe 








=T:X [ibid. 
=A:K. [ibid. 
By pursuing this method it may be proved that 
A+B+T+A+E+Z:H+O0+1+K+A+M=A:H, 
or, permutando, 
A+B+P+A+E+Z:A=H+O+14+K+A+M:H. (1) 
Now N;:2=T:Y; 
-*. componendo et permutando, 


N+i:T+Y=28:Y (Eucl. v. 18, v. 16 
=0:0; [Eucl. v. 16 
whence N+24+0:T+Y+0=0: 0, [Eucl. 'v. 18 


and so on until we obtain ; 
N+8+0+411+P4+25:T+V4+@0+X+¥+Q=N:T. . (2) 
But A:N=H:T; [ex hyp. 
+. by (1) and (2), 
A+B+TD+A+E+Z H+O+1+K+A4M 
NPS+O FN SPE TH+ OFX 40° 


Q.E.D. 
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(iii.) Volume of a Segment of a Paraboloid of 


Revolution 
Tbid., Prop. 21, Archim. ed. Heiberg i. 344. 21-354. 20 
Tlav tpGpua dpboywviov Kwvoedéos amoreTpa- 
pévov émimédw dp0@ mort tov dova Hyuidridv ore 
Tob Kdvou Tov Baow Exovtos Tav adrav TH Twapare 
Kal dfova. 


B 





*E : iua opboywriov Kwvoedéos azo- 
o7w yap THGpa dpboywriov Kwvoedéos dmo- 
Tevpapevov dph@ émmédsw mori tov dfova, Kat 
tpabevros adtot éemmédw dArtw 81a tod afovos 
a ee , , 'y € > s 
Tas pev éemipavetas Topa €oTw a ABI’ dpfoywviov 
Kwvov Tod, Tob S€ emimédov Tob amorduvovtos 
ro tpGpa a TA edécia, dfwy 8€ éorw Tod tTyd- 
paros a BA, gow Sé Kai K@vos tav adrav Baow 
exw TO THdpaTe Kal dfova Tov adTov, ov Kopuda, 
ro B. Setréov, drt To THGpa Tod Kwvoedéos 
HtdAcdy €or. ToD Kwvou TovToU. 
°E é A ~ € Y € 5X. A rol 
xkeioOw yap K@vos 6 nptoAvos éwv Tob 
t / ee ‘ / ‘A wv 
Kwvov, ob Bao 6 mepi Siderpov tav AI’, afwv 
x s bd A A , ‘ 4 ” 
dé a BA, corw 8€ Kai KUAwdSpos Baow pev exwv 
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(iii.) Volume of a Segment of a Paraboloid of 
Revolution 


Ibid., Prop. 21, Archim. ed. Heiberg i. 344. 21-354. 20 


‘Any segment of a right-angled conoid cut off by a plane 
perpendicular to the axis is one-and-a-half times the cone 
having the same base as the segment and the same azis. 


For let there be a segment of a right-angled conoid 
cut off by a plane perpendicular to the axis, and let 
it be cut by another plane through the axis, and 
let the section be the section of a right-angled cone 
ABT,? and let IA be a straight line in the plane 
cutting off the segment, and let BA be the axis of the 
segment, and let there be a cone, with vertex B, 
having the same base and the same axis as the 
segment. It is required to prove that the segment of 
the conoid is one-and-a-half times this cone. 

For let there be set out a cone VY one-and-a-half 
times as great as the cone with base about the 
diameter AF and with axis BA, and let there be a 


* Itis proved in Prop. 11 that the section will be a parabola. 
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Tov KUKAOV TOV epi Siduetpov Tav AT’, d£ova Sé 
tav BA: eaocirar otv 6 VY Kavos juiceos tod 
KvAiwOpou [ereimep NydAuds eoTw 6 ‘VY x&vos rod 
abrod xavou].' A€yw, Sti 7d THEpa TOO Kwvoedéos 
ww > ‘ ~ cA . 
ioov cott TH VY xavy. 
Ei ya } €oTw toov, yrow peildv evn 7 
Y 2 
” uv ‘ ‘ > , a 
éXacoov. éoTtw 81 mpdtepov, ei Suvardv, peilov. 
eyyeypagdw 8) oxfjpa orepedy eis 76 TuGua, Kat 
ado mepryeypadbw ex KvAivdpuv tipos tcov éxdv- 
TWY OVyKElpEVvoV, WOTE TO Teptypadev aypa Tod 
> tA c 4 x , bal ¢ é e 4 
eyypadévros trepéxew eAdacov, 7 aAixw vmepéexer 
TO Tob Kwvoeddos Tpaya Tod Y Kusvov, Kal gorw 
~ t > . 4 A 4 
tav KvdAwdpwr, e€ dv otyxerat 76 mepuypadev 
oxhua, péytoros pév 6 Baow éxwv Tov KvKAov TOV 
mept Sidpetpov tav AT, déova Sé rav EA, éAd- 
4 € f A ” A td A Ly 
xeoros b€ 6 Bdow pv Exwv rov KvKAov Tov mept 
Suduerpov tav XT, dfova dé rav BI, r&v Se 
, > v 4 , 2 y A f 
KurAvdpav, €€ dv obyxerrat TO eyypadev oxfua, 
péytotos pev é€otw 6 Bdow Exwv tov Kixdov Tov 
mept Sidpetpov trav KA, d£ova 8é trav AE, éAdye~ 
% € , nS ¥ a 4 A A 
otros b€ 6 Bdow pev éxwv tov KiKAov Tov trept 
dudpetpov Tav LT, d£ova Se rev OI, exPeBrArjobw 
4 ‘ Psy a ~ é A A 
b€ ra énimeda mdvrwv tdv KvAvSpwv moti tav 


1 éneizep . . . xesvov om. Heiberg. 





" 


* For the cylinder is three times, and the cone '¥ one-and-a- 
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cylinder having for its base the circle about the 
diameter AT and for its axis BA; then the cone W is 
one-half of the cylinder’; I say that the segment of 
the conoid is equal to the cone VY. 

If it be not equal, it is either greater or less. Let 
it first be, if possible, greater. Then let there be 
inscribed in the segment a solid figure and let there 
be circumscribed another solid figure made up of 
ae having an equal altitude,? in such a way that 
the circumscribed figure exceeds the inscribed figure 
by a quantity less than that by which the segment 
of the conoid exceeds the cone V [Prop. 19}; and let 
the greatest of the cylinders composing the circum- 
scribed figure be that having for its base the circle 
about the diameter AI’ and for axis EA, and let the 
least be that having for its base the circle about 
the diameter =T and for axis BI; and let the greatest 
of the cylinders composing the inscribed figure be 
that having for its base the circle about the diameter 
KA and for axis AE, and let the least be that having 
for its base the circle about the diameter 2T and for 
axis 91; and let the planes of all the cylinders be 


half times, as great as the same cone; but because rod atrod 
xavov is obscure and érefmep often introduces an interpola- 
tion, Heiberg rejects the explanation to this effect in the text. 
> Archimedes has used those inscribed and circumscribed 
figures in previous propositions. The paraboloid is gener- 
ated by the revolution of the parabola ALT about its axis BA. 
Chords KA. . . UT are drawn in the parabola at right angles 
to the axis and at equal intervals from each other. From 
the points where they meet the parabola, perpendiculars are 
drawn to the next chords. In this way there are built up 
inside and outside the parabola “ staggered ” figures con- 
sisting of decreasing rectangles. When the parabola re- 
volves, the rectangles become cylinders, and the segment of 
the paraboloid lies between the inscribed set of cylinders and 

the circumscribed set of cylinders. 
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*. # ~ ¢ ~ La ww A 
émddverav Tod KvAtvdpov tot Bdaw éxovros Tov 
, A A é ‘ ” A A 
KUKAov Tov rept Sudpetpov tav AT, dfova dé ray 
BA: éacetrat 5%) 6 ddos KvAWSpos Sinpnpévos eis 
KuAlvSpovs TH pev TAHOE toovs rots KvAivdpors 
Tots ev T@ Teptyeypappéevw oxrjparr, TH S€ pe- 
yé0er toovs 7@ peytorw abrady. Kat émel 7d 
mepuyeypappévov axnpa wept 70 THGpa eAdcoove 

~ - tA Fol 

inepexet TOO eyyeypappevov oxnpatos } TO THE pa 

~ ~ 4 
rob Kdvov, SfjAov, OTe Kal 7d éyyeypappévov 
oxjpa ev 7@ tpdpare peildy €or trod ‘VY Kasvov. 
é 8% mp@ros KUAWSpos THY ev TH dAw KvAvdpw 
6 éywv dova trav AE rozl rov mp&rov KvAwdpov 
Trav év 7@ eyyeypappevp oxypat. Tov exovra 
” A A = ae ” ta a £ A 
déova trav AE rév adbrov exe Adyov, 6v ad AA zrott 
AY | ia ox ‘ we 3 £ i ae ~ a ” 
sav KE duvape: obtos 5é €orw 6 abros TQ, Gv Exer 
& BA ort trav BE, nat 7@, dv Eyer & AA arozi 
A i Lg f 4 , 4 < 4 
trav EX. dpoiws $€ dexOjcerar Kal 6 devrepos 
KUAwSpos Tav év TH OAw KvAWopw 6 Exwv dLova 
cov EZ mori rov devtepov KvAwdpov Trav ev TH 
eyyeypappeva axa. tov adrov Exew Adyov, dv 
c / € A ‘ 4 ~ 
a TIE, rovréorw & AA, mort tav ZO, Kai trav 
y n ° A > na @ ’ 
dMwv KvdAWwdpwr Exaoros TaV ev TO GAw KvAwdpw 
d£ova éxdvrwr icov 7& AE mori Exacrov tiv 

~ ~ re 
KuAWSpwv TOV ev TH eyyeypappéevy axjpare dfova 
éxydvrwy tov adrov eer tobrov tov Adyov, év 4 
jpioea Tas Siapéerpou ras Bdowos abrod mori tav 
> cA > > ‘et _ A ~ 
amoA\chappéevay dm adrds perags tay AB, BA 
ev0erdv: Kal mdvres obv ot KvdAwdpor of ev Th 
, A td 4 + c fs £ A 

KuAtvdpw, 00 Baots pév eorw 6 KiKdos 6 mepi 
Siduetpov trav AT, déwy dé [eorw] a AI ed6eta, 
moTl mdvras tovs KvAivSpous tos ev TH ey- 
yeypappevey oxjpate Tov adrov éLobvre Adyov, év 
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produced to the surface of the cylinder having for its 
base the circle about the diameter AI’ and for axis 
BA ; then the whole cylinder is divided into cylinders 
equal in number to the cylinders in the circumscribed 
figure and in magnitude equal to the greatest of 
them. And since the figure circumscribed about the 
segment exceeds the inscribed figure by a quantity 
less than that by which the segment exceeds the 
cone, it is clear that the figure inscribed in the seg- 
ment is greater than the cone ¥.* Now the first 
cylinder of those in the whole cylinder, that having 
AE for its axis, bears to the first cylinder in the 
inscribed figure, which also has AE for its axis, the 
ratio AA?: KE? [Eucl. xii. 11 and xii. 2]; but 
AA? : KE?=BA:BEo=AA:EZ. Similarly it may 
be proved that the second cylinder of those in the 
whole cylinder, that having EZ for its axis, bears to 
the second cylinder in the inscribed figure the ratio 
NIE: ZO, that is, AA: ZO, and each of the other 
cylinders in the whole cylinder, having its axis equal 
to AE, bears to each of the cylinders in the inscribed 
figure, having the same axis in order, the same ratio 
as half the diameter of the base bears to the part cut 
off between the straight lines AB, BA ; and therefore 
the sum of the cylinders in the cylinder having for its 
base the circle about the diameter AI and for axis 
the straight line AI bears to the sum of the cylinders 
in the inscribed figure the same ratio as the sum of 


* Because the circumscribed figure is greater than the 
segment. 
> By the property of the parabola; v. Quadr. parab. 3. 


1 gorw om. Heiberg. 
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maoa at edbetar ai ex THY KevTpwy TaV KUKAWY, 
ot evrt Bdoves THV eipnudvwy KvdAWspwr, Torti 
macas ras ev0clas ‘Tas dmoAcAappévas dm’ abrav 

perago ray AB, BA. at 8€ eipnudvae <dbetae 
TOV eipnpevony xwpis Tas AA petloves eve 7 
SumrAdovas: adore Kat of KvAvSpot mdvres ob ev Te 
Kvdivdpy, od dfwv 6 6 Al, peiloves éevre 7, SumAdovor 
Too eyyeypapievou oxiparos TOAAG dpa at 6 
dros KUAwWSpos, ob d&wy a AB, petLo evrt 7} 
dimAaciwv rot eyyeypaypevou oxjpatos. tod de 
VY xavou fv SumAaciwv: €Aacoov dpa 76 éyyeypap- 
peévov oxijua tod VY xdvou: dep advvarov: edeixOn 
yap peilov. otk dpa early peilov 7o Kwvoedes 
vod ‘ Kovou. 

‘Opoiws Sé oddé Edaccov: mdAw yap éyye- 
YP papas TO OXnUa Kal mepyeypagdun, aware 
Urrepexew [Exaorov]" éAdooon, 7 aAlKw direpexet 
6 W Kavos Tob Kwvoeddos, Kat ta dANa 7a adra 
Tots mporepov kareoxevdab. eel ov éAacody 
éore TO éyyeypapytevov oxja Tod Tudparos, Kal 
76 eyypagev Tob TrEplypagevTos éAdocovt Acimerat 
7 7o Thana TOO Y Kwvov, Sijhov, ws éAacacv € €ore 
TO meptypadev oxjua Too VY xwvov. madw dé 6 


1 éxacrov om. Heiberg, éxacrov éxdorov Torelli (for éxdrepov 
éxarépou). 








i First cylinder in whole cylinder _ AA 
“First cylinder in inscribed figure ~ EE’ 
Second cylinder in whole cylinder _ EIT 
Second cylinder in inscribed figure ZO 

and so on. 








’ 


Whole cylinder  AA+ETI+... 
Inscribed figure EZ+ZO+... 
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the radii of the circles, which are the bases of the 
aforesaid cylinders, bears to the sum of the straight 
lines cut off from them between AB, BA.* But the 
sum of the aforesaid straight lines is greater than 
double of the aforesaid straight lines without AA®; 
so that the sum of the cylinders in the cylinder whose 
axis is AI is greater than double of the inscribed 
figure; therefore the whole cylinder, whose axis is 
AB, is greater by far than double of the inscribed 
figure. But it was double of the cone WY; there- 
fore the inscribed figure is less than the cone WV; 
which is impossible, for it was proved to be greater. 
Therefore the conoid is not greater than the cone W. 

Similarly {it can be shown] not to be less ; for let 
the figure be again inscribed and another circum- 
scribed so that the excess is less than that by which 
the cone & exceeds the conoid, and let the rest of 
the construction be as before. Then because the 
inscribed figure is less than the segment, and the in- 
scribed figure is less than the circumscribed by some 
quantity less than the difference between the seg- 
ment and the cone Y,, it is clear that the circumscribed 
figure is less than the cone YW. Again, the first 


This follows from Prop. 1, for 


First cylinder in whole cylinder _ 1 _AA 
Second cylinder in whole cylinder © ~ EII’ 


and so on, and thus the other condition of the theorem is 
satisfied. 

* For AA, ES, ZO... fs a series diminishing in arith- 
metical progression, and AA, EII.. . is a series, equal in 
number, in which each term is equal to the greatest in the - 
eee progression, Therefore, by the Lemma to 

op. 1, : 





AA+EID+.. .>2(BE+ZO+...) 
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~ P ral > a & é ew 
mp@tos KUAwdpos TH ev TH Aw KvalvSpw 6 Exwv 
afova trav AK mozt rov mpdrov KidwSpov rv év 
cx) Tepuyey papperey oxjpware TOV Tov avtov exovra, 
Ww +) A a 3 
afova tav EA ov atrov exer Adyov, dv 76 amd 
lel td A A > , ¢ A + 
Tas AA rerpdywvov roti 76 abtd, 6 dé Sevrepos 
, ~ > ~ oe f ec Ww Ld 
KUAvopos Ta ev TH OAw KvAivSpw 6 Exwv d£ova 
tav EZ roti tov devrepoy Kvdw8Spov rav ev TO 
meptyeypappérvm oxyjpat. tov éxovra afova Trav 
EZ tov atrév éxer Adyov, dv a AA mort trav KE 
duvdper- obros b€ eorw 6 adbtos 74, dv éyen d BA 
moti tTav BE, nal 7@, dv exer d AA worl trav ES: 
A ~ mv t Za ~ > ~ a 
kal Tv dAAwy Kudivdpuv Exactos THY ev TH Aw 
c # > td ” ~ A war 
KurAivdpw d£ova éexdvtwy loov 7G AE mort éxacrov 
Tov KvAWdpww Tav év TH TEeprycypappéerw oxHpare 
afova éxdvtwy tov adrov, ee rodTov tov Adyov, 
ov & juice Tas Siaéetpov tas Bdows atrob worl 
Tav atroAchappevay dm’ abtas perafo rév AB, 
BA edOeéy- Kat mdvres odv of KvAWSpor of ev TH 
Aw Kvdivdpw, od déwv early & BA edOeta, aorti 
mdvras tovs Kudivdpous Tovs ev TH mepryeypap- 
pév oxjpate tov adrov éLoivrr Adyov, dv mGaa 
ai ebfeia: mori mdoas ras edelas. af 8é edbeta 
mécat at ex TaV KévTpwy TOV KUKAWY, of Baarés 
evtt Tav KvAivopwr, Tav edOedv Tacév Tav drro- 
~ > 3 7A aa col > f. , > 
AcAappevay am adbrtav olv 7a AA éAdoooves évru 





® As before, 


First cylinder in whole cylinder _ _AA 
First cylinder in circumscribed figure ~ AA 
Second cylinder in whole cylinder AA_ EII 





Second cylinder in circumscribed figure E= ES” 
and so on. 
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cylinder of those in the whole cylinder, having AE for 
its axis, bears to the first cylinder of those in the 
circumscribed figure, having the same axis EA, the 
ratio AA?: AA?; the second cylinder in the whole 
cylinder, having EZ for its axis, bears to the second 
cylinder in the circumscribed figure, having HZ also 
for its axis, the ratio AA?: KE?; this is the same as 
BA: BE, and this is the same as AA: EZ; and each 
of the other cylinders in the whole cylinder, having 
its axis equal to AK, will bear to the ral Hack 
cylinder in the circumscribed figure, having the same 
axis, the same ratio as half the diameter of the base 
bears to the portion cut off from it between the 
straight lines AB, BA; and therefore the sum of 
the cylinders in the whole cylinder, whose axis is the 
straight line BA, bears to the sum of the cylinders in 
the circumscribed figure the same ratio as the sum 
of the one set of straight lines bears to the sum of the 
other set of straight lines.* But the sum of the radii 
of the circles which are the bases of the cylinders is 
less than double of the sum of the straight lines cut 
off from them together with AA; it is therefore clear 





And 
First cylinder in whole cylinder =1=44 
Second cylinder in whole cylinder = BIT 
and so on. 
Therefore the conditions of Prop. 1 are satisfied and 
Whole cylinder _AA+EII+... 








Circumscribed figure AA+EE +... 
> As before, AA, EZ. . . is a series diminishing in arith- 
metical progression, and AA, EII. . . is a series, equal in 
number, in which each term is equal to the greatest in the 
arithmetica] progression. 
Therefore, by the Lemma to Prop. 1, 
AA+EID +... <@AA+ER+.. .) 
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} SimAdovat- SijAov ody, Stu kal of KvAWSpor mdvTeEs 
of &v TH GAw KvdAWSpw eAdooovds evre  StiAdoror 
~ ‘ ~ > “A fa 4 
Tov KvAiVdpwr TaV ev TH TEpryeypappevw ay7- 
pares 6 dpa KvAwdpos 6 Bdow éxwv tov KvKdov 
Tov tept Sidpetpov trav AT’, déova dé rav BA, 

2 4 5 A nn 8 r / “~ , 
eAdcowv éoriv 7) SimAaciwy Tod Tepryeypappevov 
oxypatos. ovdK éore dé, aAda peilwr 7 SimAdavos: 
rot yap ‘VY xavov SurAaciwy éeari, To 8€ mepuye- 
/ ~ ww > f ~ - 
ypappevov oxjua eXatrov edetxyOn rod LY xevov. 
? ” > ‘ Or wy A a , 
ovx dpa eoriv otdé éXaccov Td Too Kwvoeddos 
tpadpa To6 ‘VY xavov. édelyOn 5d, Stu odde petlov- 
€ , ” > 4 ~ f lol ta mM 
qpwdAvov dpa éariv rod Kwvov tot Bdow éxovros 


‘ 2A a a , \ > + 
TaV GuTaV TW THapaTl KAL a€ova, TOV QUTOV. 


* Archimedes’ proof may be shown to be equivalent to an 
integration, as Heath has done (The Works of Archimedes, 
ex!vii-cxl viii), 

For, ifn be the number of cylinders in the whole cylinder, 
and AA=nk, Archimedes has shown that 











Whole cylinder - nh 
Inscribed figure Th+2Qh+3h+...(n-Dh 
So. {Lemma to Prop. 1 
and 
Whole cylinder _ mh 
Circumseribed figure ~ 2+2h+3h+... +nh 
<2. [ibid. 


In Props. 19 and 20 he has meanwhile shown that, by 
increasing n sufficiently, the inscribed and circumscribed 
figures can be made to differ by less than any assigned 
volume. 
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that the sum of all the cylinders in the whole cylinder 
is less than double of the cylinders in the circum- 
scribed figure ; therefore the cylinder having for its 
base the circle about the diameter AT’ and for axis 
BA is less than double of the circumscribed figure. 
But it is not, for it is greater than double ; for it is 
double of the cone WV, and the circumscribed figure 
was proved to be less than the cone YW. Therefore 
the segment of the conoid is not less than the cone WV. 
But it was proved not to be greater ; therefore it is 
one-and-a-half times the cone having the same base 
as the segment and the same axis.* 


When 1 is increased, h is diminished, but their product 
remains constant ; let nh=c. 

Then the proof is equivalent to an assertion that, when a is 
indefinitely increased, 


limit of Wh+2h+3h+.. 0 +(a-Vh]=de%, 
which, in the notation of the integral calculus reads, 


ci a 
ady= 4c, 
o 


If the paraboloid is formed by the revolution of the para- 
bola y?=a about its axis, we should express the volume of 


a segment as 
# 2, 
ny*dx, 
eh y 


€ 
or ma. xdz. 
0 


The constant does not appear in Archimedes’ proof because 
he merely compares the volume of the segment with the cone, * 
and does not give its absolute value. But his method is seen 
to be equivalent to a genuine integration. 

As in other cases, Archimedes refrains from the final step 
of making the divisions in his circumscribed and inscribed 
figures’ indefinitely large; he proceeds by the orthodox 
method of reductio ad absurdum. 
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(e) THe Sprrat or ARCHIMEDES 


(i.) Definitions 


Archim. De Lin. Spir., Deff., Archim. ed. Heiberg i, 
44, 17-46, 21 ‘ 


a’, Ei xa edbeia émlevxOj ypaypa ev éemmédy 
kal pévovtos Tob érépou mépatos adtas icorayéws 
mepievexOeica doakicoiy droKxatacTalh mddw, 
obev wppacev, dua Sé Ta ypaypad meprayopeva 
dépytat tt capeiov toorayéws ato cav7@ Kara 
Tas edeias dpfdpevov dnd tod pévovros méparos, 
TO Capetov EAika ype ev TH emimddw. ; 

B’. KadetoOw odv to pév mépas tas edbeias 76 
Hévov mreptayouévas abras dpya tas EAuKos. 

? < < , a a >> yw ¢ 
y’. ‘A 8€ Béats Tas ypappds, ad’ ds dptaro 4 
edleia mrepipepecbar, dpya tis teptdopas. 

5’. Evéeta, dv wev ev 7h ampdira wepupopa d:a- 
mopev0f 70 capeiov TO Kata Tas cdOelas depd- 
pevov, mpdta KadeicOw, av 8 ev rh Seurépa 
mepipopG TO ait capeiov Siavdon, Seurépa, Kat 
ai dda spoiws tavrais suwriws rats mepi- 
gopats KadcicOwoar, 

e’, To 8é€ ywpiov 7d mepthadbev ind te ras 
EAtKos Tas ev TA mpwTa Tepipopa ypadeioas Kal 
Tas edOcias, & eoTw mpata, mp@Tov Kadreicbw, 
TO 5é weptdadbev bad te tas EXiKos Tas ev TE 
Sevrdpa mepipopa ypadetoas Kal ras edPeias ras 
Seurépas Sevrepov Kadciobw, Kal 7a dAda é€is 
ovTw Kareicbw. 

>’, Kai ef xa do Tob capeiov, 6 éorw apya Tas 
EXiKos, dxOF9 tis edeta ypappd, tas edbelas Tavras 
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(ce) Tue Serra or ARCHIMEDES 


(i.) Definitions 


Archimedes, On Spirals, Definitions, Archim. ed. 
Heiberg ii. 44. 17-46. 21 


1. If a straight line drawn in a plane revolve uni- 
formly any number of times about a fixed extremity 
until it return to its original position, and if, at the 
same time as the line revolves, a point move uni- 
formly along the straight line, beginning at the 
fixed extremity, the point will describe a spiral in 
the plane. 

2, Let the extremity of the straight line which 
remains fixed while the straight line revolves be 
called the origin of the spiral. 

3. Let the position of the line, from which the 
straight line began to revolve, be called the initial line 
of the revolution. 

4, Let the distance along the straight line which 
the point moving along the straight line traverses in 
the first turn be called the first distance, let the distance 
which the same point traverses in the second turn be 
called the second distance, and in the same way let 
the other distances be called according to the number 
of turns. 

5, Let the area comprised between the first turn 
of the spiral and the first distance be called the first 
area, let the area comprised between the second turn 
of the spiral and the second distance be called the 
second area, and let the remaining areas be so called 
in order. 

6. And if any straight line be drawn from the 
origin, let [points] on the side of this straight line in 
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A 274 A > , >? 
Ta emt 7a avr, ep’ a Ka a mepupopa yevqrar, 
mpoayoupeva Karcicbw, Ta. bé € én Odrepa é émopeva. 

£’. °O re ypadeis KvKdos Kévrpw pev TH capeiw, 
6 €otw apya Tas éAiKos, SiaoTHpaTe b€ 7G evOeia, 
ad éoTw mpwra, mp@tos Kareicbw, 6 dé ypadeis 
Kevrpw pev TH adt@, Siactipare b€ Ta OurrAacia 

> é # - 4 € »” 4 ten 
edbeia SevTepos Karciobw, Kai ot dAdow be éF7s 
TouTols TOY GUTOV TPdTOV. 


(ii.) Fundamental Property 
Ibid., Prop. 14, Archim. ed. Heiberg ii. 50. 9-52. 18 


Ki xa mort tav €dika Tav év TE TpwTA mepipopG 
yeypappevav TOTUTEGVTE bvo edetau amo Tov 
capeiov, 6 €oTw dpxe vas Atos, Kat exPAnDéwvre 
mort Tav tod mpwrov KUKAov mepip€épevav, ov 
adbrov é€otvTe Adyov ai moti Tay EXtKa ToTITIT- 
Tovaat ToT aAAdAas, ov at mepidéperar Too KUKAOU 
at peta€d Tob méparos Tas edtkos Kal TOV wepdtwv 
trav éxBrnOecody ed0edv Ta&v emt Tas Trepipepeias 
ywopévwr, émi ra mpoayotpeva apBavopevay 
Tay mepipeperdy dm6 Tov méparos ras éAiKos. 

“Eorw ENE a ABPAEO ¢ ev 7a mira. mepipopa 
YEYpappeve., apya oe Tas pev Qixos orw 76 
oapetov, a4 6é€@A evdeia ¢ dpxa Tas trepipopas éoTw, 
Kat dtxdos 6 6 OKH é éoTw 6 apa&ros, TorimmTovreay 
Sé¢ dd tod A capeiou moti Tav éXixa af AE, AA 
Kai exminTévTwy moti Tav ToD KUKAOU TeEpipéperay 
emt ta Z, H. Seucréov, dte tov advrov éxovrt 
Adyov & AE wort rav AA, dv a OKZ mepibepera 
moti trav OKH zepidépecav. 

Ileprayouévas yap tas AO ypaypas SHAov, ads 
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the direction of the revolution be called forward, and 
let those on the other side be called rearward. 

7. Let the circle described with the origin as centre 
and the first distance as radius be called the first circle, 
let the circle described with the same centre and 
double of the radius of the first circle 2 be called the 
second circle, and let the remaining circles in order 
be called after the same manner. 


(ii.) Fundamental Property 
Ibid., Prop. 14, Archim. ed. Heiberg ii. 50. 9-52. 15 


If, from the origin of the spiral, two straight lines be 
drawn to meet the first turn of the spiral and produced to 
meet the circumference of the first circle, the lines drann 
to the spiral will have the same ratio one to the other as 
the arcs of the circle between the extremity of the spiral 
and the extremities of the straight lines produced to meet 
the circumference, the arcs being measured in a forward 
direction from the extremity of the spiral. 

Let ABIAEO be the first turn of a spiral, let 
the point A be the origin of the spiral, let OA 
be the initial line, let OKH be the first circle, and 
from the point A let AE, AA be drawn to meet the 
spiral and be produced to meet the circumference of 
the circle at Z, H. It is required to prove that 
AE: AA=are OKZ : are OKH. 

When the line AO revolves it is clear that the point 


* i.e, with radius equal to the sum of the radii of the first 
and second circles, 
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A a a 

7O pev © ocapeiov cata tas ro0 OKH xvxdov 
a A 

Tepipepelas evyveypévov éotiv icotayéws, To b€ 





A Kara, Tas <bfeias depdpevov Tay AO yeaypay 
mopeverat, Kal TO © oap.etov Kata Tas Tot KbKAov 
mepupepeias pepdpevov tav OKZ repidepevav, 7d 
dé A ray AE eddciav, kal maAw 7d te A capelov 
tav AA ypaypay kal 76 © trav OKH zepidépecay, 
exdtepov looraxyews ato éavTd hepdpevov: dijAov 
ovv, ott Tov adrov éxyovTe Adyov & AE mori rav 
AA, év & OKZ wepidepeca wort tav OKH zepi- 
pepevav [Sddeunras yap tobro Ew ev rots mpwrois].* 

‘Opoiws 8€é SerxOrjoerar, Kal et ka ad érépa tay 

peoiws xOjoera, p 

noTinimTouady emi TO mépas Tas EAtKos ToTiTinTH, 
67t 76 adTO oupBaiver. 


(iii.) A Verging 
Ibid., Prop. 7, Archim. ed. Heiberg ii. 22. 14-24, 7 


Tédv aitdv Sedopdvwv Kai tas ev 7Q KdKrw 
2 , > , / > 3 A ~ 
ev0ctas exBeBAnucvas Suvardv eorw dad Tod 
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© moves uniformly round the circumference OKH of 
the circle while the point A, which moves along the 
straight line, traverses the line AQ; the point 0 
which moves round the circumference of the circle 
traverses the are OKZ while A traverses the straight 
line AE; and furthermore the point A traverses the 
line AA in the same time as 6 traverses the are OKH, 
each moving uniformly ; it is clear, therefore, that 
AE : AA=are OKZ : are OKI [Prop. 2]. 

Similarly it may be shown that if one of the straight 
lines be drawn to the extremity of the spiral the 
same conclusion follows.* 


(iii.) A Verging ® 
Ibid., Prop. 7, Archim. ed. Heiberg ii. 22. 14-94. 7 


With the same data and the chord in the circle pro- 
duced,’ it is possible to draw a line from the centre to meet 


* In Prop. 15 Archimedes shows (using different letters, 
however) that if AE, AA are drawn to meet the second turn 
of the spiral, while AZ, AH are drawn, as before, to meet the 
circumference of the jirst circle, then 


AE: AA=are @©KZ+circumference of first circle: are 
OKH + circumference of first circle, 


and so on for higher turns, 
In general, if E, A lie on the mth turn of the spiral, and the 
circumference of the first circle is ¢, then 


AE; AA=are OKZ+n-1e: are OKH +n- Ie. 


These theorems correspond to the equation of the curve 
+ =a in polar co-ordinates, 
* This theorem is essential to the one that follows. 
* See n. a on this page. 
ee ee 
1 SéBanrar. . . mpdéros om. Heiberg. 
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, a ‘ A > ‘2 @ 
Kevtpov toTiBaNely aoTl Tav éxBeBAnpévav, dare 
Tav peTatd Tas mepupepeias Kal Tas exBeBAnpevas 
moti trav emlevyfeioavy amd tot mépatos tas 
> , 1 1 t ~ > , 
évarrorapbeicas mort 7o mépas Tas éxBeBAnyevas 
tov taxlevra Adyov éxew, ed Ka 6 Sofeis Adyos 
peilov Fj Tod, év éxyer a. Huicea tas ev TO Kindy 
dedopévas trott trav amd rod Kévtpov Kdberov én’ 
avrav dypevav. 

Acddc8w 7a attra, Kai éorw a ev TO KUKAW 

, 39 > ! © Se Sodels Ad “y a 
ypopda exBeBAnueva, 6 S€ Soels Adyos earw, Sv 
ww e . a f “ a my e 
exes &@ Z mort trav H, petlwv rod, dv dyer a TO 
mort Tav OK: peilwv odv eooeirar Kal tod, dv exe 
& KI wort TA. év 8% Adyov éye a Z mori H 

~ 7, e ‘ > 4 lod > - 
tobrov &e ad KT mori eAdooova tas TA. éeyéra 
mott IN vevovoav emi rao [—Suvarov 8é dorw 
otrws Téuvew—xat treceirat évros tas TA, ered) 
eAdoowy é€ott tas TA. émel otv rov adrov eye 
Aoyov 4 KT mori IN, ov a Z mori H, wai & EY 

\ ‘ > A ef ‘4 a ¢ 4 A 
moti IP tov adrov e€er Adyov, dv a Z wort rav H. 





¢ AT is a chord in a circle of centre K, and BN is the 
diameter drawn parallel to AT’ and produced. From K, 
K® is drawn perpendicular to AT, and TA is drawn per- 
pendicular to KT so as to meet the diameter in A. Archimedes 
asserts that it is possible to draw KE to meet the circle in I 
and AI’ produced in E so that El: IT=Z:H, an assigned 
ratio, provided that Z: H>T@: OK. The straight line Tl 
meets BA in N. In Prop. 5 Archimedes has proved a similar 
proposition when AT is a tangent, and in Prop. 6 he has 
proved the proposition for the case where the positions of I, 
I are reversed. . 

> For triangle IE is similar to triangle KIN, and therefore 
KI: IN=EI: IT [Eucl. vi. 4]; and KI=KT. 3 

° The type of problem known as vedoeis, vergings, has 
already been encountered (vol. i. p. 244 n. a). In this pro- 
positiongas in Props. 5 and 6, Archimedes gives no hint fore 
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the produced chord so that the distance between the circum- 
ference and the produced chord shall bear to the distance 
between the extremity of the line intercepted [by the circle] 
and the extremity of the produced chord an assigned 
ratio, provided that the given ratio is greater than that 
which half of the given chord in the circle bears to the 
perpendicular dravn to it from the centre. 





Let the same things be given,* and let the chord 
in the circle be produced, and let the given ratio 
be Z: H, and let it be greater than IQ : OK ; there- 
fore it will be greater than KI’:T'A [Eucl. vi. 4). 
Then Z:H is equal to the ratio of KI’ to some line 
less than T'A [Eucl. v. 10]. Let it be to IN verging 
upon I'—for it is possible to make such an intercept— 
and IN will fall within [’A, since it is less than T'A. 
Then since KT :IN=Z:H, 
therefore > EI:1F =Z:H. 
the construction is to be accomplished, though he was pre- 


sumably familiar with a solution. 
In the figure of the text, let T be the foot of the perpen- 
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Ibid., Prop. 20, Archim. ed. Heiberg ii, 72. 4-74. 26 


Hi ka rés EAuKos tas ev 74 mpwdita mepipopa 
yeypappevas ed0eia ypaypa exupavy pa) Kata Td 
mépas Tas EdtKos, amd 8 Tas adds emt Tav dpyav 
Tas Edukos edOeia emilevyO9, Kal Kévtpw pev Ta 
apxG ras Edixos, StaorHpare Sé 7a emilevybelog 
KuKdos ypagh, amd &€ tas apyds tas Eduxos axO7 
tis mor’ dplas Ta dnd tas adds emi ray dpydy tas 
edtkos émilevxbelog, oupmeceiras atta mort tay 
enupavovoav, Kat éeoocitas & perakd edbeia tas 
TE GuTTw@oLos Kai Tas apyds Tas EAtKos toa TE 
mepipepeia Tot ypagévtos KdKdov 7h peratd ras 
a¢ads kal 7rés Topas, nal? dv réuver 6 ypadels 
KuKdos Tav apxav Tas wepupopas, éni ta mpoayov- 
peva AapBavopevas tas mepipepetas dad Tod 
capetov Tod ev Ta apyd Tas wepidopas. 

"Eotw édf, éf? ds a ABI'A, &y 7G mpadra 
mrepipopa yeypappéva, Kat emupavérw tis adras 
evdeta & EZ xara 76 A, amd 8 tod ‘A mort trav 





dicular from T to BA, and let A be the other extremity of the 
diameter through B. Let the unknown length KN=a, let 
T'T=a, KT=6, BA=2e, and Iet IN=k, a given length, 


Then NI. NP=NA. NB, 


te, ki/a? + (@ — by? = (a — c)(x +0), 
which, after rationalization, is an equation of the fourth 
degree in a. 
Alternatively, if we denote NY’ by y, we can determine 
a and y by the two equations 
yi=a? +(a—- 5), 
ky=2?- ci, 
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(iv.) Property of the Subtangent 
Ibid., Prop. 20, Archim. ed. Heiberg ii. 72. 4-74. 26 


If a straight line touch the first turn of the spiral other 
than at the extremity of the spiral, and from the point of 
contact a straight line be drawn to the origin, and mith 
the origin as centre and this connecting line as radius a 
circle be drawn, and from the origin a straight line be 
drawn at right angles to the straight line joining the point 
of contact to the origin, it will meet the tangent, and the 
straight line between the point of meeting and the origin 
will be equal to the are of the circle between the point of 
contact and the point in which the circle cuts the initial 
line, the arc being measured in the forward direction from 
the point on the initial line. 

Let ABI'A lie on the first turn of a spiral, and let 





the straight line EZ touch it at A, and from A let AA 


so that values of 2 and y satisfying the conditions of the 
problem are given by the points of intersection of a certain 
parabola and a certain hyperbola. 

The whole question of vergings, including this problem, is 
admirably discussed by Heath, The lVorks of Archimedes, 
c-exxii. 
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dpyay Tas é€AiKos emelevx Ow a AA, Kai Kévrpw 
pev 7 A, Siaorpare dé TO AA dbichos yeypaddw 
6 AMN, Tepverw © obros Tay dpyav Tas mepupopas 
Kata 70 K, axBu dé d ZA ort Tay AA 6pOd. 
om pev otv avra oupminrer, d7Aov: Gru Sé Kal ica, 
éo7l a ZA <d6eta 7a KMNA mepupepeia, Seucréov. 

Ei yap px, roe petlwv é éotiv 4 éAdoowr. éorw, 
ei Suvarov, mpdorepov peilev, Acddgbu d€¢ tis a 
AA ras pev ZA eddeias éXdoowv, tas 8€ KMNA 
mepipepeias prcifwv. mdAw 67 KUKAos éoTly 6 

MN kai & 7r@ KUKAw ypappa eAdcowy Tas 
diaperpov ad AN kat Adyos, dv exer & AA mori 
AA, peifwy rod, dv éyer a auioeia tas AN mori 
Tav ano Tob A Kdéeroy én’ adrav dypévay: Suvatov 
oty éotw amo Tod A moriPaneiv Tay AE mort Tov 
NA éxBeBrnpevar, aore Tay EP mort Tay AP 
Tov avdTov exew Adyov, ov a AA ott Tay AA: 
Sébeuxrat yap totro Suvatrov éedv: eeu obty Kal a 
EP zori trav AP tov adtrov Adyov, év & AP wort 
Tay AA. a dé AP mori trav AA eAdooova Adyov 
éyee GY a AP mepipépera moTt Tav KMA TEpt- 
eperav, eves ad pev AP eAdcowy éort tas AP 
mepipepeias, d b€ AA peilwy tas KMA aepi- 
epeias: éAdacova otv Adyov éyen & EP cdOecia 
mott PA 4 a4 AP wepidbdpera mort trav KMA zepi- 
dépeav' wore kai d AE mori AP éAdocova Adyov 


eyes 7) &@ KMP aepiddpera woti trav KMA aepi- 





* For in Prop. 16 the angle AAZ was shown to be acute. 

> For AN touches the spiral and so can have no part 
within the spiral, and therefore cannot pass through A; 
therefore it is a chord of the circle and less than the diameter. 

¢ For, if a perpendicular be drawn from A to AN, it bisects 
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be drawn to the origin, and with centre A and radius 
AA let the circle AMN be described, and let this 
circle cut the initial line at K, and let ZA be drawn at 
right angles to AA. That it will meet [ZA] is clear; 
it is required to prove that the straight line ZA is 
equal to the arc KMNA. 

If not, it is either greater or less. Let it first be, 
if possible, greater, and let AA be taken less than the 
straight line ZA, but greater than the are KMNA 
[Prop. 4]. Again, KMN is a circle, and in this circle 
AN is a line less than the diameter,’ and the ratio 
AA: AA is greater than the ratio of half AN to the 
perpendicular drawn to it from A‘°; it is therefore 
possible to draw from A a straight line AE meeting 
NA produced in such a way that 


EP:AP=AA: AA; 
for this has been proved possible [Prop. 7] ; therefore 
EP: AP=AP:AA.4 
But AP: AA <are AP: arc KMA, 
since AP is less than the arc AP, and AA is greater 
than the are KMA; 
EP ; PA <arc AP: arc KMA; 
ats AE : AP <arc KMP: are KMA. 
(Eucl. v. 18 


AN [Eucl. iii. 3] and divides triangle AAZ into two triangles 
of which one is similar to triangle AAZ [Eucl. vi. 8]; therefore 


AA: AZ=4NA: (perpendicular from A to NA). 


[Euel. vi. 4 
But AZ>AA; 
. AA: AA>4$NA: (perpendicular from A to NA). 


4 For AA=AP, being a radius of the same circle; and 
the proportion follows permutando, 
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dépecav. dv Sé Adyov éyer d KMP ori rev 
KMA epidépesav, roirov eyes ad XA aori AA: 
éAdooova dpa Adyov éyee d HA ori AP 7 a AX 
mott AA: émep eativ ddvvatov. odKk dpa peilwy 
& ZA ras KMA aepidepelas. dpoiws 5é tots 
f4 F. 4 > 4 > 4 > 2 
mpdétepov SeryOycerat, Ste oddé eAdoowv éoriv: 
ioa. dpa. 


(f) Semi-Recutar Sorips 
Papp. Coll. v. 19, ed. Hultsch i. 352. 7-354. 10 


TloAAa yap émvofoat Suvaréyv oteped oy7jpara 

a > . 

mavrotas éemudaveias éyovra, paddov 8 dv rs 

afidoee Adyou Ta TeTraxOas Soxoivra [kal rovTwv 

TOAD Agov Tovs Te KwVOUS Kal KvAWSpous Kai Ta 
, ? 1 a > > 4 ’ s 

kadovpeva. moAveSpa].' raira §& early od pdvov 

Ta Tapa TO Oeoratw IAdtww weve oyrpara, 

TouTéotw TeTpdcdpdov te Kal éfdedpov, dxrdedpdv 

\ 4 f > ? é > A 

Te Kal Swdexdedpov, téumrov 0 eixoadedpov, dAAa 

Kai ta bao “Apyiyndovs edpeOévra tproKxaidexa 

Tov apiOuov tad ioomAcvpwy pev Kal icoywriwy 

otx dpolwy S€ modvydvwy Teprexopeva. 


1 nat... wodveSpa om. Hultsch. 


* This part of the pice involves a verging assumed in 
Prop. 8, just as the earlier part assumed the rerging of Prop. 
7%. The verging of Prop. 8 has already been described 
(vol. i. p. 350 n. 6) in connexion with Pappus’s comments 
on it. 

> Archimedes goes on to show that the theorem is true 
even if the tangent touches the spiral in its second or some 
higher turn, not at the extremity of the turn; and in Props. 
18 and 19 he has shown that the theorem is true if the tangent 
should touch at an extremity of a turn, 
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Now arc KMP:are KMA=XA: AA; [Prop. 14 
Be EA:AP<AX:AA; 


which is impossible. Therefore ZA is not greater 
than the arc KMA. In the same way as above it 
may be shown to be not less*; therefore it is equal.? 


(f) Semi-Recutar Soxips 
Pappus, Collection v. 19, ed. Hultsch i. 352. 7-354. 10 


Although many solid figures having all kinds of 
surfaces can be conceived, those which appear to be 
regularly formed are most deserving of attention. 
Those include not only the five figures found in 
the godlike Plato, that is, the tetrahedron and the 
cube, the octahedron and the dodecahedron, and 
fifthly the icosahedron,° but also the solids, thirteen 
in number, which were discovered by Archimedes 4 
and are contained by equilateral and equiangular, but 
not similar, polygons. 


As Pappus fed. Hultsch 302. 14-18) notes, the theorem can 
be established without recourse to propositions involving 
solid loci (for the meaning of which see vol. i. pp. 348-349), 
and proofs involving only ‘“‘ plane” methods have been 
developed by Tannery, Mémoires scientifiques, i., 1912, 
pp. 300-316 and Heath, H.G.M. ii. 556-561. It must remain 
a puzzle why Archimedes chose his particular method of 
proof, especially as Heath’s proof is suggested by the figures 
of Props. 6 and 9; Heath (loc. cit., p. 557) says “ it is searcely 
possible to assign any reason except his definite predilection 
for the form of proof by reductio ad absurdum based ulti- 
mately on his famous ‘ Lemma’ or Axiom.” 

¢ For the five regular solids, see vol. i. pp. 216-225. 

4 Heron (Definitions 104, ed. Heiberg 66. 1-9) asserts that 
two were known to Plato. One is that described as P, 
below, but the other, said to be bounded by eight squares 
and six triangles, is wrongly given. 
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To pev yap mp&rov dxrdeSpdv corw meprexd= 
fLevov b16 Tpry@vwv 6 Kal eEaydvwy 6. * 

Tpia 8€ peta tobro Teaoapeokaidexdedpa, dv 
TO pev mp@rov meprexerat Tprywvows 7 Kal TeTpa- 
ydvos €, TO 8€ Sevrepov teTpaydvos F Kai é£a- 
yovows 7, 76 8€ Tpirov Tpryavots 7 Kat dKTaydvots $F. 

Mera 8€ sadra éxxarecxoodedpd eorw Svo, dv 
TO pev mp&rov mepiexerar Tprywvows 7 Kai TeTpa~ 
ydvos i, To dé Sedrepov rerpaywdvors 6B, éEa~ 
yeévows H Kal dxraydvols =. 

Mera S€ rabra dvoKattpraxovrdedpa eorw pia, 
dv TO per mp@tov meptéxerar Tprywvois K Kal 
mevraydvots uP, To dé devTEepov mevraywrois UB 
Kab éEaywvous K, Td S€ rpirov tprydvois K Kal 
dexayevois of. 

Mera 5€ radra év éorw éxTwKaitpraxovrdedpov 
meprexdpevov bd Tprywvwv AP Kal TeTpaydvuv $. 

Mera 5€ robro dSvoKareEnkovTdedpa éa7t Svo, 
@v 76 pev mpa@rov mepiéyeras tprywvos K Kal 
retpaydvos A Kal mevraydvois oB, 76 5é Sedrepov 
retpaywvots A Kai éEaydvors K Kal Sexaydvors oP: 

eva S€ Taira teAevtaidy éorw SvoKaceveryn- 
Kovrdedpov, 6 mepiexeTa Tprywvois T Kal qTevra~ 
yaévots uf. 








® For the purposes of n. 6, the thirteen polyhedra will be 
designated as P), Pp. . « Pyy 

® Kepler, in his /armonice nundi (Opera, 1864, v. 123- 
126), appears to have been the first to examine these figures 
systematically, though a method of obtaining some is given 
in a scholium to the Vatican ms. of Pappus. If a solid angle 
of a regular solid be cut by a plane so that the same length 
is cut off from each of the edges meeting at the solid angle, 
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The first is a figure of eight bases, being contained 
by four triangles and four hexagons [P,].* 

After this come three figures of fourteen bases, the 
first contained by eight triangles and six squares [P9], 
the second by six squares and eight hexagons [P,], 
and the third by eight triangles and six octagons 
[Py 
After these come two figures of twenty-six bases, 
the first contained by eight triangles and eighteen 
squares [P,], the second by twelve squares, eight 
hexagons and six octagons [P,]. 

After these come three figures of thirty-two bases, 
the first contained by twenty triangles and twelve 
pentagons [P,], the second by twelve pentagons and 
twenty hexagons [P,], and the third by twenty 
triangles and twelve decagons [Pg]. 

After these comes one figure of thirty-eight bases, 
being contained by thirty-two triangles and six 
squares [Pp]. 

After this come two figures of sixty-two bases, 
the first contained by twenty triangles, thirty squares 
and twelve pentagons [P,,], the second by thirty 
squares, twenty hexagons and twelve decagons [P,.|. 

After these there comes lastly a figure of ninety- 
two bases, which is contained by eighty triangles 
and twelve pentagons [P,,].° 
the section is a regular polygon which is a triangle, square or 
pentagon according as the solid angle is composed of three, 
four or five plane angles. If certain equal lengths be cut off 
in this way from all the solid angles, regular polygons will 
also be left in the faces of the solid. This happens (i) 
obviously when the cutting planes bisect the edges of the 
solid, and (ii) when the cutting planes cut off a amatiee length 
from each edge in such a way that a regular polygon is 
left in each face with double the number of sides. This 
method gives (1) from the tetrahedron, P,; (2) from the 
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(g) SysTem or expressina Lance Numsers 
Archim. Aren. 3, Archim. ed. Heiberg ii. 236. 17-240. 1 


SA A ss ¢€ (a. a a f be 
pev odv trorifepat, tadra: ypyoysov 5é 
eluev drodapBavw trav Karovopakw trav apiOpav 
pyfipev, Smws Kai Tdv dAwv of TH BiPrAlw wh 
mepitetevyotes TH oti Levéirmov yeypaypevp 
pt tAavdvrat Sia 7d pndev elwev baep adras é&v 
TOHde TH PrBriw wpocipypevov. cvpPaiver $7) ta 
ovopata Ta&v dpipdv és To pev THY pupiwv 
brdpxew aptvy mapadsedoudva, Kal taép Td TeV 
jupiwv [per] drroxypedvTws yryvwmoKopes prupiddwy 
apiOucv Adyovres ore moti Tas pupias pupiddas. 
eoTwr obv apiy ot pev viv etpnuévor aptOpoi és Tas 
Lupias pupiddas mp&ro. Kadoupevor, THv Sé mpw- 
Twv apiudy ai pipiar pupiddes povas KadeicOw 
Sevtépwv apiudr, Kat dpiucicdwy trav Sevrépwv 
poovddes Kal ex Tav povdduyv Sexddes Kai €xa- 
TovTdses Kal yiAtades Kai pupiddes és ras pupias 
pupiadas, madw 8€é Kal ai pvpiar pupiddes trav 
devtépwv apd povas Kadciobw tpitwv apiOudr, 
Kal dpiOpeicbwy trav tpitwy dpiluav povddes Kat 
amo Tav povddwy Sexddes xal éxatovrades kal 
xrduddes Kal pupiddes es tas pupias pupiddas. 
Tov aprov 8€ tpdémov Kal tdv tpitwv apiOpav 
pvpiar pupiddes povas KadeicOw TeTdptwv appar, 
1 név om. Heiberg. 
cube, P, and P,; (3) from the octahedron, P, and Ps; (4) 
from the icosahedron, P,; and P,; (5) from the dodecahedron, 
P,and P,. It was probably the method used by Plato. 
Four more of the semi-regular solids are obtained by first 


cutting all the edges symmetrically and equally by planes 
parallel to the edges, and then cutting off angles. This 
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(g) System or expressive Lance Numners 


Archimedes, Sand-Reekoner 3, Archim. ed. 
Heiberg ii. 236. 17-240. 1 

Such are then the assumptions I make; but I 
think it would be useful to explain the naming of 
the numbers, in order that, as in other matters, 
those who have not come across the book sent to 
Zeuxippus may not find themselves in difficulty 
through the fact that there had been no preliminary 
discussion of it in this book. Now we already have 
names for the numbers up to a myriad [10*], and 
beyond a myriad we can count in myriads up to a 
myriad myriads [108]. Therefore, let the aforesaid 
numbers up to a myriad myriads be called numbers 
of the first order [numbers from 1 to 10°], and let a 
myriad myriads of numbers of the first order be called 
a unit of numbers of the second order [numbers from 
108 to 1018], and let units of the numbers of the second 
order be enumerable, and out of the units let there 
be formed tens and hundreds and thousands and 
myriads up toa myriad myriads. Again, let a myriad 
myriads of numbers of the second order be called a 
unit of numbers of the third order [numbers from 101° 
to 10%], and let units of numbers of the third order 
be enumerable, and from the units let there be formed 
tens and hundreds and thousands and myriads up 
to a myriad myriads. In the same manner, let a 
myriad myriads of numbers of the third order be 
ives (1) from the cube, P; and P, ; (2) from the icosahedron, 

3 (3) from the dodecahedron, Pq. f ‘ 
The two -remaining solids are more difficult to obtain ; 
Pp is the snub cube in which each solid angle is formed by 
the angles of four equilateral triangles and one square ; 


P,, is the snub dodecahedron in which each solid angle is 
formed by the angles of four equilateral triangles and one 
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Kal ai T&v rerdprwr apiludv puvprar pupiddes 
povas KaAreiobw méuntwv apibpav, Kai del ovrws 
mpodyovtes of dpOpol ra dvépata eydvrwy és Tas 
puptaktopuptooTdv apipadv pupias pupiddas. 

*Atroxpéovte pev ody Kal émt tooofrov of apiOyot 
yryvmoKopevor, eEeote Sé Kal emi mAéov mpodyew. 
coTwy yap of pev viv eipnucvor apiOuot mpwras 
mepddov Kadoupévor, 6 d€ eaxaTos apiOucs Tas 
mpdtas mepiddov povas Kadcicbw Seutépas mepi- 
dou mpdrwv apiudv. mddw 8 Kal al pvpvas 
pupiddes ras Sevrépas mepiddou mpwrwy apiOpadv 
povas KadeicOw tas Sevrépas mepiddov Sevtépwv 
apiuadv. opotiws Sé Kal trodrwy 6 éayatos povas 
KaArciobw Sevtépas tepiddou tpirwv apibudv, Kai 
dei otrws of dpiWpol mpodyovres ta dvdpara 
exdvrwy tas Sevrépas mepiddou és Tas pupiaKio~ 
pupioot@v apiludv puptas puprddas. 

IIdAw 5 Kai 6 éoyaros apiOuds tas Seurépas 
mrepiddov povas Kadelobw tpitas mepiddov mpwrwy 
apOpdv, kat det odrws mpoaydvTwy és Tas pupta- 
Ktopuptooras mepiddov pupiaxropupiooT&yv apiOuadv 
peupias pupiddas. 








* Expressed in full, the last number would be 1 followed 
by 80,000 million millions of ciphers. Archimedes uses this 
system to show that it is more than sufficient to express the 
number of grains of sand which it would take to fill the 
universe, basing his argument on estimates by astronomers 
of the sizes and distances of the sun and moon and their 
relation to the size of the universe and allowing a wide margin 
for safety. Assuming that a poppy-head (for so pjxwy is here 
to be understood, not ‘‘ poppy-seed,” v. D’ Arey W. Thompson, 
The Classical Review, li. (1942), p. 75) would contain not 
more than 10,000 grains of sand, and that its diameter is 
not less than a finger’s breadth, and having proved that the 
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called a unit of numbers of the fourth order [numbers 
from 1074 to hee and let a myriad myriads of 
numbers of the fourth order be called a unit of 
numbers of the fifth order [numbers from 10% to 10%], 
and let the process continue in this way until the 
designations reach a myriad myriads taken a myriad 
myriad times [108- 10°], 

It is sufficient to know the numbers up to this point, 
but we may go beyond it. For let the numbers now 
mentioned be called numbers of the first period [1 to 
108 - 10°], and let the last number of the first period be 
called a unit of numbers of the first order of the second 
period [108-10 to 108: 10° | 108]. And again, let a 
myriad myriads of numbers of the first order of the 
second period be called a unit of numbers of the second 
order of the second period [108 « 1°, 108 to 108 - 10°, 10!°], 
Similarly let the last of these numbers be called a 
unit of numbers of the third order of the second period 
[108 - 10° , 1026 to 108 0°, 1024], and let the process 
continue in this way until the designations of numbers 
in the second period reach a myriad myriads taken a 
myriad myriad times [108 - 10° , 108 - 10°, or (108- 10°"), 

Again, let the last number of the second period 
be called a unit of numbers of the first order of the 
third period [(108- ®*)” to (108: 10°)? 108], and let the 
process continue in this way up to a myriad myriad 
units of numbers of the myriad myriadth order of the 


myriad myriadth period [(108 108) 0° or 108: 101°] 4 


sphere of the fixed stars is less than 10? times the sphere in 
which the sun’s orbit is a great circle, Archimedes shows that 
the number of grains of sand which would fill the universe is 
less than “ 10,900,000 units of the eighth order of numbers,” 
or 10°. The work contains several references important for 
the history of astronomy. 
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(A) InpeTerminate Anatysis: THe CatrLe 
Prosiem 


Archim. (?) Prob. Bov., Archim, ed. Heiberg 
ji. 528. 1-532. 9 


IpofprAnua 
orrep “Apxyundys ev emvypdupacw edpdy trois ev 
’AreEavdpeia wept TabTa mpaypatevopevos Cyteiv 
améoretAev ev ri mpos “Epatoobévny rév Kupy- 
vatov émortoAy. 


TAn@dv *Heriovo Body, & Fetve, wérpynoov 
dpovrid’ emorjaas, el peréxers coins, 

méaon dp’ év medio LexeAs wot’ éBdoKeto vijcou 
Opwaxins TETPAXT orien. saccapnevn 

xXpoujv aMdooovra: ae) pev Aeuxoio ydAaKTos, 
Kvavew S €Tepov xpopare Aapmdpevor, 

dAdo ye pev favOev, 70 b€ Tokidov. év dé éxdaTe 
ariper € éoav tatpo. mAiPeow BorOduevor 4 

oupwerpins TOUROSE TeTEVXOTES" dpydrpixas pev 
Kvavewy Tapes Tyioe. 78e_ tpitw 

kat EavOots odpracw toous, @ Eeive, vdnoov, 
atrap Kvavéous TH TeTpdtw TE pepe 

puxroxpowy Kal méumtw, ért EavOotal re maow. 
tous 8 trodermopevous mouxiAdypwras aBper 

dpyevvav Tavpwv extm peper éBdoudtw Te 
kal avOots adtods maw icalopevous. 

Onretaror be Bovoi Tad emAeto: AevKdtpiyes pev 
jjoav oupmdons skvavens dyéhns 

TH tpurdrey TE péper Kal rerpdrw azpexes Toas 
atrap xudveat Th Tetpdry Te made 

puKToxpdcov Kal meumry Gpod péper iadlovro 
adv tavpois mdcats els vopov epyouévats. 
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(A) InpeTerminaTe Anatysis: THe CatTTLe 
Pros_em 


Archimedes (?), Cattle Problem,* Archim. ed. Heiberg 
ii. 528. 1-532. 9 


A ProsieM 


which Archimedes solved in epigrams, and which he 
communicated to students of such matters at Alex- 
andria in a letter to Eratosthenes of Cyrene. 


If thou art diligent and wise, O stranger, compute 
the number of cattle of the Sun, who once upon a time 
grazed on the fields of the Thrinacian isle of Sicily, 
divided into four herds of different colours, one milk 
white, another a glossy black, the third yellow and 
the last dappled. In each herd were bulls, mighty 
in number according to these proportions : Under- 
stand, stranger, that the white bulls were equal to a 
half and a third of the black together with the whole 
of the yellow, while the black were equal to the fourth 
part of the dappled and a fifth, together with, once 
more, the whole of the yellow. Observe further that 
the remaining bulls, the dappled, were equal to a 
sixth part of the white and a seventh, together with 
all the yellow. These were the proportions of the 
cows: The white were precisely equal to the third 
part and a fourth of the whole herd of the black ; 
while the black were equal to the fourth part once 
more of the dappled and with it a fifth part, when 
all, including the bulls, went to pasture together. Now 

° It is unlikely that the epigram itself, first edited by 
G. E. Lessing in 1773, is the work of Archimedes, but there 
is ample evidence from antiquity that he studied the actual 
problem. The most important papers bearing on the subject 


have already been mentioned (vol. i. p. 16 n. c), and further 
references to the literature are given by Heiberg ad loc. 
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y / , f PQr \e¢ 
EavOorpixwy 8 ayéAns méuntw pwéper HSE Kal ExTw 
mrouxtAar tadpiOuov mARVos Exov TeTpayy. 
£avOai 8° jpiOpebvro pépous tpirov juice toate 
dpyewhs ayéAns éBdopdrw re pépet. 
~ AY > > Fe ae ey > A > , 
£etve, ad 8’, “Hedloro Boes mécar, arperés eimrewv, 
xwpis pev tavpwv Carpedéwv dpfusv, 
xwpis 8 ad, O7jAevat doar Kata xpoudy Exaocrat, 
ob dudpis Ke déyou’ 088’ dpiudy adajs, 
od py mw ye aodpois evapiOusos. GAN thr dpdtev 
Kat rade mavra Body ’HeAtoto mé8y. : 
apydtptyes Tabpot pev éeret pEaiato mAnOov 
Kvaveols, toravr’ eumedov lodperpoe 
td é > Sas * ? - , , 
eis Babos eis edpds Te, Ta 8 ad mepyenKea mavTH 
mipmAavro 7AjnGous’ Opwaxins media. 
g. \ §’ a? > a 4 ir 10 bé 
favboi § abr’ eis &v Kat motxidor abporobévres 
a ig 3 i, > eon 2 f 
ioravr’ apBodddnv e& évds dpxdpevor 
oX fa TeAcobytes 76 Tpixpdomedov obTe mpocevT@W 
aAAoxpswv Tatpwr ovr’ emtAeopevwy. « 
tadra ovvetevpav Kal evi mpamidecaw dOpoicas 
Kal mAnbéwv amodous, Eeive, TA TravTA péTpA 
épxeo Kvdwwv vixnddpos toft te mavrws 
Kexpylevos TavTn yy Opmvios ev codin. 


1 ahjovs Krumbiegel, aAivfou cod. 





* j.¢, a fifth and a sixth both of the males and of the females. 

> Ata first glance this would appear to mean that the sum 
of the number of white and black bulls is a square, but this 
makes the solution of the problem intolerably difficult. There 
is, however, an easier interpretation. If the bulls are packed 
together so as to form a square figure, their number need not 
be a square, since each bull is longer than it is broad. The 
simplified condition is that the sum of the number of white 
and black bulls shall be a rectangle. 
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the dappled in four parts* were equal in number toa 
fifth part and a sixth of the yellow herd. Finally the 
yellow were in number equal to a sixth part and a 
seventh of the white herd. If thou canst accurately 
tell, O stranger, the number of cattle of the Sun, giving 
separately the number of well-fed bulls and again 
the number of females according to each colour, thou 
wouldst not be called unskilled or ignorant of num- 
bers, but not yet shalt thou be numbered among the 
wise. But come, understand also all these conditions 
regarding the cows of the Sun. When the white 
bulls mingled their number with the black, they stood 
firm, equal in depth and breadth,’ and the plains of 
Thrinacia, stretching far in all ways, were filled with 
their multitude. Again, when the yellow and the 
dappled bulls were gathered into one herd they stood 
in such a manner that their number, beginning from 
one, grew slowly greater till it completed a triangular 
figure, there being no bulls of other colours in their 
midst nor none of them lacking. If thou art able, 
O stranger, to find out all these things and gather 
them together in your mind, giving all the relations, 
thou shalt depart crowned with glory and knowing 
that thou hast been adjudged perfect in this species 
of wisdom.° 


¢ If 
X, x are the numbers of white bulls and cows respectively, 
Y, y ory 8 ory black ” 9 ” 
Zyz ” ” ” yellow ” .” ” 
W, w ” ” ” dappled os ” ” 
the first part of the epigram states that 
(a) X=(F4+))V+Z ran ¢ 0) 


Y=(44+H)W4+Z Sc ate. as 9 eeelQ) 
WH=(44)X4Z wo" wale. tees» Comets): 
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() Mecnanics: Centres or Gravity 


(i.) Postulates 


Archim. De Plan. Aequil., Deff., Archim. ed. 
Heiberg ii. 124. 3-126. 3 


- > , oe. | , 3 som he 
a’. Airodpefa ta ica Bdpea amd iowv paxéwv 
icopporety, 7a S€ toa Bdpea and trav dvicwy 
fa A > a LAAG cer bee A , 
pakewy pa) icopporeiv, GAAG pérew emi to Bdpos 
TO amd Tob peilovos pdKeos. 


(bd) w=(A4+i)(VY+y) «© « © © (4) 
y=(44+iIVtw) 2. 2. 6 . 
w=() + I(Z +2) o 8 «6 « (6) 
z= $4+3)(X +e) . . . . (7) 


The second part of the epigram states that 


X+ Y=a rectangular number » « (8) 
£+Wea triangular number... (9) 


This was solved by J. F. Wurm, and the solution is given by 
A. Amthor, Zeitschrift fiir Math. u. Physik. (List.-litt, 
Abtheilung), xxv. (1880), pp. 153-171, and by Heath, The 
Works of Archimedes, pp. 319-326. For reasons of space, 
only the results can be noted here. 

Equations (1) to (7) give the following as the values of 
the unknowns in terms of an unknown integer 2; 


X = 103664822 a = 72063600 
Y= 746051l4n y =4893246n0 
Z= 4149387n 2=54139213n 
W= 73580600 w =3515820n, 


We have now to find a value of n such that equation (9) 
is also satisfied—equation (8) will then be simultaneously 
satisfied. Equation (9) means that 


+1 
z+waKP td, 
where p is some positive integer, or 
1 
(4149387 +7358060)n = / pe ay 
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(}) Mecuanics: Centres or Gravity 
(i.) Postulates 


Archimedes, On Plane Equilibriums,* Definitions, 
Archim. ed. Heiberg ii. 124, 3-126. 3 


1. I postulate that equal weights at equal distances 
balance, and equal weights at unequal distances do 
not balance, but incline towards the weight which is 
at the greater distance. 


1 
ie, 2471. s65tn= 22S), 
This is found to be satisfied by 
nm =35, 4349, 
and the final solution is 
X = 1217263415886 ¢ = 846192410280 
Y= 876035935422 y = 574579625058 
Z= 487233469701 z= 638688708099 
We= 864005479380 w = 412838131860 


and the total is 5916837175686. 

If equation (8) is taken to be that X + Y=a square number, 
the solution is much more arduous; Amthor found that in 
this case, 

W=1598 (206541), 


where (206541) means that there are 206541 more digits to 
follow, and the whole number of cattle=7766 (206541). 


Merely to write out the eight numbers, Amthor calculates, 
would require a volume of 660 pages, so we may reasonably 
doubt whether the problem was really framed in this more 
difficult form, or, if it were, whether Archimedes solved it. 

@ This is the earliest surviving treatise on mechanics; 
it presumably had predecessors, but we may doubt whether 
mechanics had previously been developed by rigorous geo- 
metrical principles from a small number of assumptions. 
References to the principle of the lever and the parallelogram 
of velocities in the Aristotelian Mechanics have already been 
given (vol. i. pp. 430-433). 
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B’. et Ka, Bapéwy tooppotedvrwy amd Tovey 
parce moTt Td ere pov TOV Bapéwy mottreb fj, ta) 
tooppo7reiv, GAAd perrew emi to Bdpos éexeivo, @ 
moteTeOn. 

y’. ‘Opotiws 8é ms et Ka amd Tob ETEpOU TOV 
Bapéwy apaipeOh + » BT) isopporeiy, GANA pérew 
éml 70 Bdpos, ag’ ob ovK cb pee q 

8’. Tév towv kat opotwy oxnudroy emimédwv 
éedappolopevwy ez’ dada Kat Ta KevTpa TOV 
Bapéwy epapudter € én dAaha. 

e’. Tév be dviowy, _Spotay bé, Ta KevT pa. TOV 
Bapéwv oproiws éooeiras Keipeva.. opolws dé 
Aéyoues capeta. KéecBau mort Ta. opoia OXnpATE, 
ag’ av én Tas toas yevias dydpevar ed0etar 
movéovTt ywrias toas more Tas Sporsyous meupas. 

o’. Et Ka peyeDea and Two paxéay tooppo- 
méwvre, kat 7a, loa abtois amd THv altdy paxewy 
iooppoTycet. 

o. Tlavrds oXTMarTOS, ob Ka Go TEpijLeTpos én 
7a aura kotha , TO Kévtpov Tob Bdpeos évros elev 
Sef Tod oyrparos. 


(ii.) Principle of the Lever 
Ibid., Props. 6 et 7, Archim. ed. Heiberg ii. 132. 13-138. 8 
s’ 

Ta ovpperpa peyeDea t tooppoméovre dard paxéwy 
avriteTovOdTws tov adrov Adyov exdvTwy Tois 
Bapeow. 

“Eorw ovppeTpa peyéDea 7a A, B, dy KevT pa. 
ra. A, B, xal paxos €orw Ti TO EA, Kab éorw, ws 


70 A moti To B, ovtws 76 AT paxos mori ro TE 
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2. If weights at certain distances balance, and 
something is added to one of the weights, they will 
not remain in equilibrium, but will incline towards 
that weight to which the addition was made. 

3. Similarly, if anything be taken away from one 
of the weights, they will not remain in equilibrium, 
but will incline towards the weight from which 
nothing was subtracted. 

4. When equal and similar plane figures are ap- 
plied one to the other, their centres of gravity also 
coincide. 

5. In unequal but similar figures, the centres of 
gravity will be similarly situated. By points similarly 
situated in relation to similar figures, I mean points 
such that, if straight lines be drawn from them to 
the equal angles, they make equal angles with the 
corresponding sides. 

6. If magnitudes at certain distances balance, 
magnitudes equal to them will also balance at the 
same distances. 

7. In any figure whose perimeter is concave in the 
same direction, the centre of gravity must be within 
the figure. 


(ii.) Principle of the Lever 
Ibid., Props. 6 and 7, Archim. ed. Heiberg 
ii, 182, 13-138. 8 
Prop. 6 


Commensurable magnitudes balance at distances re- 
ciprocally proportional to their weights. 

Let A, B be commensurable magnitudes with 
centres [of gravity] A, B, and let KA be any distance, 


and let A:B=Ar:TE; 
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pakos: Sexréov, ote Tob €€ audorépwv tov A, B 
ovyKkeyevov peyebcos Kévtpov ort tod Bdpeos 

A im 
ro I’. 

*Emet yap éory, wos 70 A moti 70 B, ovtws 76 
Ar mort 7o TH, 70 bé A 7ré B oupiweTpor, Kab 
vo VA dpa TH TE oULpETpor, Touréotw <beta 
7a ed0cia: wore THv EV, TA eore xowdv pérpov. 
yt $3 * bi A i cal A Fe ww © f 
éatw 67) 70 N, kal xetoOw 7G pev ED toa éxarépa 


wav AH, AK, 7a 5¢ AV toa G EA. kai éevet ica 
i a 


N 





a AH 7a VE, toa nat d AT 7a EH- Gare Kal o 
AE 7% ia 7a EH. SimAacia dpa ad pev AH vas 
AT, & 3¢ HK ras TE: dore 76 N xal éxaTépav 
ray AH, HK perpet, éveudimep kai 7a tyicea 
avrav. Kat évet é€otw, ws to A zori 76 B, otrws 
a AD wort TE, ws 8 a AT wort TE, otrws & 
AH wort HK—éirdacia yap éxarépa éxarépas 
—kat Ws dpa to A mori 76 B, odrws & AH aor 
HK. doandaciwy &€ éorw & AH cas N, rocav- 
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it is required to prove that the centre of gravity of 
the magnitude composed of both A, B is I’. 
Since A;:B=AI': TE, 
and A is commensurate with B, thercfore 'A is com- 
mensurate with TE, that is, a straight line with a 
straight line [Eucl. x. 11]; so that EI’, TA have a 
common measure. Let it be N, and let AH, AK be 
each equal to EI, and let EA be equal to AT. Then 
since AH=TE, it follows that AT=EH; so that 
AEE=H. Therefore AH=2AT and HK=2TE;3 so 
that N measures both AH and HK, since it measures 


their halves [Eucl. x. 12]. And since 
A:B=AIr: TE, 
while AT: TE=AH: HK— 
for each {s double of the other— 
therefore A;:B=AH: HK, 


Now let Z be the same part of A as N is of AH; 
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tatAaciny éotw kai to A tod Z: gorw apa, ws 
a AH wort N, otrws 76 A wort Z. éore 6€é Kai, 

a KH zwori AH, otrws 76 B mori A: 80 tcov 
dpa éotiv, ws &d KH moti N, otrws 76 B mori Z: 
tadKes dpa moAAamAactwy éotiv a KH ras N kai 
70 B rot Z. edeixOn S€ Tob Z Kai 76 A moAAa- 
mAdawv édv: wore 76 Z tv A, B xowdv éore 
pérpov. SvatpeOeioas odv tas pev AH eis tas 7G 
N ioas, rod d¢ A cis TA TH LZ toa, 7a ev 7a AW 
THGpaTa icopeyebea Te Ni toa éooeirat TO miffeu 
Tots ev 7 A _ THaparecow toous éotow TQ Z. 
ore, av eg eKaoTov TOV THaparoov Tay ev 7G 
Au émereO yj béyebos i toov 7@ Z 70 KevTpov rob 
Pdpeos & éxov emt _éaov Tob THapaTos, Td Té TAVTA 
peyeBea b toa evrt 7H A, xal Tob ék mdyroy ovyKet- 
pevou KEVTpOV éooeirar Tob Bapeos 76 E: dprud 
TE yap €or Ta TavTAa TH TA 70er, Kal Ta éd” éxdrepa 
rot E toa 7@ Aber “Sia 76 toov eluev trav AE 
7a HE. 

“Opotws be detxOijoerar, ore kav, eb xa ep? 
ExaoTov TOV ev 7é Ki THOparov emureOh péyeBos 
igov TO Z KevTpov Too Bapeos € éyov ert Tob pécov 
Tou THdparos, 74 Te TavTa. peyea i tga éoocirau 
we B, Kal Too €k mayreay ovyicey.evou KevTpov 08 
Pdpcos é éooeirar 70 A: éooeirar oy To pev A émt- 
KelpLevov Kard, To Ih, To 8€ B Kara To A. éaoetras 
by) peyeDea b ioa adAddous én’ ed0eias Keipeva, av 
7a Kévtpa tod Bdpeos toa an’ dAdaAwy buéoraxer, 
[ovyxetpeva]* dpria TH TANnDEL- dijAov oby, ov Tob 
€k mdvrev ouyKeyLevou peyebeos KévTpov €otl Too 
Bépeos a Sixoropia Tas edlelas Tas exovoas 7a 
Kévtpa Tv péowy peyeOéwy. eet 8° toast évri 
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then AH :N=A:Z. (Eucl. v., Def. 5 
And KH:AH=B:A; — [Eucl. v. 7, coroll. 
therefore, ex aequo, 

KH :N=B:Z; [Eucl. v. 22 


therefore Z is the same part of B as Nis of KH. Now 
A was proved to be a multiple of Z; therefore Z is 
a common measure of A, B. Therefore, if AH is 
divided into segments equal to N and A into seg- 
ments equal to Z, the segments in AH equal in magni- 
tude to N will be equal in number to the segments of 
A equal to Z. It follows that, if there be placed on 
each of the segments in AH a magnitude equal to Z, 
having its centre of gravity at the middle of the 
segment, the sum of the magnitudes will be equal 
to A, and the centre of gravity of the figure com- 
pounded of them all will be E ; for they are even in 
number, and the numbers on either side of EF will be 
equal because AE=HE, [Prop. 5, coroll. 2.] 
Similarly it may be proved that, if a magnitude 
equal to Z be placed on each of the segments [equal 
to N] in KH, having its centre of gravity at the middle 
of the segment, the sum of the magnitudes will be 
equal to B, and the centre of gravity of the figure 
compounded of them all will be A [Prop. 5, coroll. 2]. 
Therefore A may be regarded as placed at E, and B 
at A. But they will be a set of magnitudes lying ona 
straight line, equal one to another, with their centres 
of gravity at equal intervals, and even in number ; 
it is therefore clear that the centre of gravity of the 
magnitude compounded of them all is the point of 
bisection of the line containing the centres [of gravity] 
of the middle magnitudes [from Prop. 5, coroll. 2]. 


1 ovyxeizeva om. Heiberg, 
VOL, 1 H 213 


GREEK MATHEMATICS 
a pev Ali va TA, a 5¢ ET rE AK, Kal 6a dpa 


a AD toa ra T K« dore Tod ék mdvrwv peyébeos 
KeVTpov 08 Bépeos 76 T capietov. Too pev dpa. 
A KeuyLevov KATO TO E, tot S€ B xara zo A, 


igoppotnoobyrt Kata TO r. 


c’ 

Kai Tolvuy, ef Ka dovpperpa €wvrt Ta peyebea, 
Gpotws tooppommoodyre ano paKéov dvrutretrov06- 
Tws TOV adrov Adyov éxdvTwy Tots peyebeow. 

"Korw dovppetpa peyélea ra AB, T, parea 
dé Ta AE, EZ, exerw dé 70 AB mort 76 T rov 
avrov Adyov, év kat to EA mort ro EZ paxos- 
dey, 6 ore 708 é€ dudorépwv tév AB, T xévtpov 
Too Bapeds core vo E. 

Ei yap py iooppomijces 76 AB reOev émi 7) Z 
7a TP rebévee esi 7 A, row pettdv dort 76 AB 


A E Zz 
i 


n 


rot T dare toopporretv [ro TP} 7 ov. €orw 
peilov, Kal sheared ano rob AB éAacaov {Tas 
trepoxas, d peiloy éort TO AB rod T my) bore 
icopponeiv, Gore [ro]? Aowwdv ro A oUppeTpov 
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And since AE=T'A and ET =AK, therefore AT=IK; 
so that the centre of gravity of the magnitude com- 
pounded of them allis the point. Therefore if A is 
placed at E and B at A, they will balance about I, 


Prop. 7 


And now, if the magnitudes be incommensurable, they 
will likewise balance at distances reciprocally proportional 
to the magnitudes. 

Let (A+B), I be incommensurable magnitudes,* 
and let AE, EZ be distances, and let 

(A+B):ISEA:EZ; 
I say that the centre of gravity of the magnitude 
composed of both (A +B), T is E. 

For if (A+B) placed at Z do not balance T° placed 
at A, either (A+B) is too much greater than I’ to 
balance or less. Let it [first] be too much greater, 
and let there be subtracted from (A + B) a magnitude 
less than the excess by which (A+B) is too much 
greater than I’ to balance, so that the remainder A is 


* As becomes clear later in the proof, the first magnitude 
is regarded as made up of two parts—A, which is commen- 
surate with I’ and B, which is not commensurate ; if (A +B) 
is too big for equilibrium with I, then B is so chosen that, 
when it is taken away, the remainder A is still too big for 
equilibrium with I. Similarly if (A+B) is too small for 
equilibrium. 


1+6T om. Eutocius. 
2 +6 om. Eutocius. 
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eluev TH T'. evel odv ctupetpd éore va A, T 
/ Ns > , , wy ‘ 4 4 
peyéOea, Kal éAdccova Adyov exes Ta A moti rd 
T 4 4 AE mori EZ, odk lcoppomnaotyn 7a A, T 
amo tov Al, EZ paxéwv, reBvros tod péev A 
emt tO Z, rod 8€ T emi 7G A. bea radra 8’, otd° 
’ ‘ a / 3 bal 4 ? ~ ~ 
el 70 TI petl ov dotw 7 date icopporeiv tH AB. 


(iii.) Centre af Gravity of a Parallelogram 


Ibid., Props. 9 et 10, Archim. ed. Heiberg ii. 140. 16-144. 4 
0’ 

Ilavros mapadAndoypaypov 7d Kévrpov rod 
Bapeds eorw emi tas edOctas tas éemlevyvvovoas 
tas Styotopias Tay Kat’ evavtiov to} mapadAn- 
Aoypapyptov mAevpav. 

“Eorw mapaddndrAdypappov 7ro ABTA, émi &€ 
trav diyotopiay Tév AB, TA a EZ- dapt 84, dre 
rod ABL'A mapadAndoypdppov 7d Kévtpov rob 
Bdpeos eaoetra: ent tas EZ. 

My) yap, Gd’, ef Suvardv, Eorw 7d ©, Kal dybw 
napa trav AB a OF. és [Se] 6) EB diyoropov- 
pévas aiet eocetral moKa & KataAeiTopeva eAdcowy 


1 $2 om. Heiberg. 


« The 1 is incomplete and obscure; it may be thus 
completed. 
Since A:T<AE: EZ, 


A will be depressed, which is impossible, since there has been 
taken away from (A+B) a magnitude less than the deduc- 
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commensurate with I. Then, since A, I’ are com- 
mensurable magnitudes, and 


A:T <AE: EZ, 


A,T will not balance at the distances AE, EZ, A being 
placed at ZandI'atA. By the same reasoning, they 
will not do so if Tis greater than the magnitude 
necessary to balance (A + B).¢ 


(iii.) Centre of Gravity of a Parallelogram ® 


Ibid., Props. 9 and 10, Archim. ed. Heiberg 
ii. 140, 16-144, 4 


Prop. 9 


The centre of gravity of any parallelogram is on the 
straight line joining the points of bisection of opposite 
sides of the parallelogram. 

Let ABI'A be a parallelogram, and let EZ be the 
straight line joining the mid-points of AB, TA; then 
I say that the centre of gravity of the parallelogram 
ABI'A will be on EZ. 

For if it be not, let it, if possible, be 8, and let OI be 
drawn parallel to AB. Now if EB be bisected, and 
the half be bisected, and so on continually, there will 
be left some line less than I; [let EK be less than 


tion necessary to produce equilibrium, so that Z remains 
depressed. Therefore (A+B) is not greater than the magni- 
tude necessary to produce equilibrium; in the same way it 
can be Siered. not to be less ; therefore it is equal. 

> The centres of gravity of a triangle and a trapezium are 
also found by Archimedes in the first book ; the second book 
is wholly devoted to finding the centres of gravity of a para- 
bolic segment and of a portion of it cut off by a parallel 
to the base. 
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ras 10+ nat SinpycOw éxatépa trav AE, EB ets 
ras 74 EK ioas, kal awd ra&v Kara Tas Staipéovas 
A E_K B 


r 4 


Gayretwr axOwoav napa Tov EZ: SuatpeOyjoerar 51) 
To d)ov TapadAnrdy papyiov els mapadAnAdsypapjia 
Ta toa Kat Spot TO KZ. Ta&v obv tapaAAn\o- 
ypdppueoy T&v towv Kat opotwv t@ KZ epappolo- 
pevasy ém dAAada. Kat Ta, Kévtpa tod Papeos adTaev 
én” GAAaAa mecodvrat. éoootvTat L8H peyebed Twa, 
mapahdnAdypappa is ioa TH KZ, dpria 76 mAnbe, 
Kad 7a KévTpa Too Bdpeos adray én eveias 
Keipeva, Kal Td peo. ioa, Kat mdvra Ta ef 
éxdrepa Ta&Y péowy atrd re tga evr aut ai erage 
Tov Kévrpay edbetar t tou 70d ex mdvroo adr av 
dpa ouyKeyLevov peyéJeos 7d KévTpov eooeirar 
Too Bapeos € émt Tas evdetas Tas embevyvuotocas. 7a. 
KevT pa Tob Bdpeos rev péow xwplov. ovK éo74 
8€- 76 yap © exrds core Tay _ Héow TrapadAAnro- 
ypdppwv. davepoy odv, Ore emt tas EZ edOelas 
TO Kevtpov corl Tod Bdpeos Tob ABTA wapadAnro- 
ypdppov. 


’ 
t 


Tavrés Tapahrnroypdpiov TO Kevtpov Tob 
Bdpeds €oTt TO captor, Kal’ 6 ai Svapérpo. oup- 
mimTovTt. 
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I6,] and let each of AE, EB be divided into parts 
equal to EK, and from the points of division let 
straight lines be drawn parallel to EZ; then the 
whole parallelogram will be divided into parallelo- 
grams equal and similar to KZ. Therefore, if these 
parallelograms equal and similar to KZ be applied to 
each other, their centres of gravity will also coincide 
[Post. 4]. Thus there will be a set of magnitudes, 
being parallelograms equal to KZ, which are even in 
number and whose centres of gravity lie on a straight 
line, and the middle magnitudes will be equal, and 
the magnitudes on either side of the middle magni- 
tudes will also be equal, and the straight lines between 
their centres [of gravity] will be equal ; therefore the 
centre of gravity of the magnitude compounded of 
them all will be on the straight line joining the centres 
of gravity of the middle areas [Prop. 5, coroll. 2]. 
But it is not ; for © lies without the middle parallelo- 
grams. It is therefore manifest that the centre of 
gravity of the parallelogram ABI'A will be on the 
straight line EZ. 


Prop. 10 


The centre of gravity of any parallelogram is the point 


in which the diagonals meet. 
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"Eorw mapaddAndAdypaypov to ABTA kat & 
aira & EZ bixa réuvovoa ras AB, TA, a d€ KA 


A E B 
+ 
r Zz A 


vas AT, BA: éorw 8) rod ABTA zapaddAndo- 
ypdpprov Td Kévtpov Tob Pdpeos emi tas EZ: 
déSerxrar yap Tobro. Sia ravra dé Kai émi ras 
KA-76 © dpa oapetov Kévrpov Tob Bdpeos. Kara 
Sé 76 O at Stapérpor tod mapadAnAoypdppov 


, LA i ‘ f 
oupminrovtt: wate Sédexrat TO mpoTebev. 


(j) Mecuantcan Meruop in GeoMETRY 


Archim. Meth., Praef., Archim. ed. Heiberg 
ji, 426. 3-430. 22 


*"Apyyrjdns *“Eparoobéver <b mpdrrew . . « 
‘Opav 8é ce, Kabarep A€yw, oTovdaiov Kat 


t ~ > , a x 2 a 
pirocodpias mpocotdra afiordyws Kai Thy év tots 





* According to Heath (H.G.M. ii. 21), Wallis has observed 
that Archimedes might seem, “ as it were of set purpose to 
have covered up the traces of his investigation, as if he had 
grudged posterity the secret of his method of inquiry, while 
he wached to extort from them assent to his results.” A 
comparison of the Method with other treatises now reveals to 
us how Archimedes found the areas and volumes of certain 
figures. His method was to balance elements of the figure 
against elements of another figure whose mensuration was 
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For let ABI'A be a parallelogram, and in it let EZ 
bisect AB, TA and let KA bisect AT, BA; now the 
centre of gravity of the parallelogram ABTA is on 
EZ—for this has been proved. By the same reason- 
ing it lies on KA ; therefore the point 0 is the centre 
of gravity. And the diagonals of the parallelogram 
meet at 0; so that the proposition has been proved. 


(7) Mecuanica, Merion 1n Geometry 4 


Archimedes, The Method,” Preface, Archim. ed. Heiberg 
ii. 426. 3-430, 22 


Archimedes to Eratosthenes ° greeting .. . 
Moreover, seeing in you, as I say, a zealous student 
and a man of considerable eminence in philosophy, 


known. This gave him the result, and then he proved it 
by rigorous geometrical methods based on the principle of 
reductio ad absurdum. 

The case of the parabola is particularly instructive. In 
the Method, Prop. 1, Archimedes conceives a segment of a 
parabola as made up of straight lines, and by his mechanical 
method he proves that the segment is four-thirds of the 
triangle having the same base and equal height. In his Quad- 
rature of a Parabola, Prop. 14, he conceives the parabola as 
made up of a large number of trapezia, and by mechanical 
methods again reaches the same result. This is more satis- 
factory, but still not completely rigorous, so in Prop. 24 he 
proves the theorem without any help from mechanics by 
reductio ad absurdum, 

> The Method had to be classed among the lost works of 
Archimedes until 1906, when it was discovered at Con- 
stantinople by Heiberg in the ms. which he has termed C. 
Unfortunately the ms. is often difficult to decipher, and 
students of the text should consult Heiberg’s edition. More- 
over, the diagrams have to be supplied as they are un- 
decipherable in the ms. 

¢ For Eratosthenes, v. infra, pp. 260-273 and vol. i. pp. 
100-103, 256-261, and 290-299. 
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uabjpaow Kara 76 drontmrov Oewpiay TeTYnKdTa 
édoxiaca ypayar oor Kal els To adbto PiBAtov 
efopicat tpdmov twos ididryTa, Kal’ év aot 
mapexspevov €oTra. AapBdve ddopyas els TO 
dvvacbai twa tov ev Tots pabijyaor Gewpetv Sid 
Tov pyyavKdy. totro 6€ mémevopae xpropov 
elvas oddev Hooov Kal els Ty amddegw attdv TOV 
Jewpnudtwv. Kal ydp twa Tdv mpdtepov poe 
pavévtwy pnyavkds vorepov yewpeTpixOs am- 
edelxOn Sia TO xwpis dmodei~ews elvar rv did 
toUtou Tob Tpomou Gewpiay éroudtepov ydp ere 
mpodafdvra Sia To tpémov yrdow Twa Tay 
Cnrnudrev mropiaaabau Thy amodeéw paddov a 
pndevos eypwopievov (ynreiv. ww. ypdpopev ovv 
mpéitov TO Kai mp@rov davev dia Tov bnxavixay, 
dru may TpAa oploywviou KavOU Tops emitpirov 
éoTw tprywvouv Tob Bdow éxovtos tHY adbtTiV Kal 
tisos toov. 


Ibid., Prop. 1, Archim. ed. Heiberg ii. 434. 14-438, 21 


*Eotw THRO vo ABT TEpLEXOMEVOV bio evbelas 
Tijs AT kai dpfoywviou Kavov Tops THs ABr, 
Kal Tetpnobw dixa 9 AT TO A, Kal mapa HY 
didzetpov YOw 74 ABE, kai érreLety Surcav at 

Aéyw, ore énitpirev éorw to ABI’ tyHpa rod 
AB. Tpeycbvov. 

"Hx Pwoar amd tov A, T onpuetw 2 pev AZ 
Tra,pa anv ABE, 7 dé PZ emupatovoa THs TOMAS, 
kal ex BePA}obus 4 TB emt vo K, xal KetoBw Th 
TK ton 7% KO. voeicbw fvyos 6 TO kai pécov 
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who gives due honour to mathematical inquiries 
when they arise, I have thought fit to write out for 
you and explain in detail in the same book the 
peculiarity of a certain method, with which furnished 
you will be able to make a beginning in the investiga- 
tion by mechanics of some of the problems in mathe- 
matics. I am persuaded that this method is no less 
useful even for the proof of the theorems themselves. 
For some things first became clear to me by 
mechanics, though they had later to be proved geo- 
metrically owing to the fact that investigation by this 
method does not amount to actual proof; but it is, 
of course, easicr to provide the proof when some 
knowledge of the things sought has been acquired by 
this method rather than to seek it with no prior 
knowledge. . . . At the outset therefore I will write 
out the very first theorem that became clear to me 
through mechanics, that any segment of a section of 
a right-angled cone is four-thirds of the triangle having 
the same base and equal height. 


Ibid., Prop. 1, Archim. ed. Heiberg ii. 434. 14-438. 91 


Let ABI’ be a segment bounded by the straight 
line AT and the section ABI of a right-angled cone, 
and let AT be bisected at A, and let ABE be drawn 
parallel to the axis, and let AB, BI be joined. 

I say that the segment ABI is four-thirds of the 
triangle ABI. 

From the points A, I let AZ be drawn parallel to 
ABE, and let ['Z be drawn to touch the section, 
and let 'B be produced to K, and let K@ be placed 
equal to 'K. Let IO be imagined to be a balance 
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atrod ro K xal rH EA mapdAdndos tuyotoa F 
ME. 
Eel obv rapaBoAy éorw 4 TBA, Kai épdareras 
T 





4 UZ, nat TeTaypevens 4 DA, @ ion eotiy » EB ri 
BA: tobro yap ev tots oTouxelous Setxvuran: bia x 
robro, Kal Side mrapdAnAot elow at ZA, M&S TH 
EA, ton éorly xal 7 bey MN TH NE, 9 7 Se ZK Th 
KA. Kat eet ear, ws 7, TA mpds AS, otrws 
4 ME mpos =O [robro yap ev Ajypepare Seixvurar], y 
is be uh PA mpos AG » ovTews a TK 7 os KN, Kal 
ion eoriy » TK 7H KO, ws dpa 4 bk ™pos KN, 
odTws % ME apes EO. kal eet 76 N onpetov 
KEVTpOV rob Bdpous Tis Me edbetas € coriv, erretrep 
ton eorty uP MN 7h N&, éav dpa TH =O i tony Odpev 
THY TH Kal Kévrpov Tob Bdpous auras To ©, Omws 
ion HI] 7 TO 7H OH, Zé Looppomijoet 4 TOH 77 ME 
avrod pevoton dia TO dvytimerovidtws TeTHAGOaL 
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with mid-point K, and let ME be drawn parallel 
to EA. 

Then since 'BA is a parabola,* and ['Z touches it, 
and PA is a semi-ordinate, EB = BA—for this is proved 
in the elements ®; for this reason, and because ZA, 
ME are parallel to EA, MN=N& and ZK=KA [Eucl. 
vi. 4, v. 9]. And since 


TA:AZ=ME:20, ([Quad. parab. 5, 
Eucl. v, 18 
and TA: ABZ=IK:KN, [Eucl. vi. 2, v. 18 
while TK =K0, 
therefore OK : KN=Mz: 80. 


And since the point N is the centre of gravity of 
the straight line MZ, inasmuch as MN = N= [Lemma 
4], if we place TH=HZO, with © for its centre of 
gravity, so that TO=OH [Lemma 4}, then TOH will 
balance MZ in its present position, because ON is cut 


* Archimedes would have said “ section of a right-angled 
cone "’—sdpboywriov xavov ropd. 

> The reference will be to the Elements of Conics by Euclid 
and Aristaeus for which v. vol. i. pp. 486-491 and infra, 
p. 280 n. a; of. similar expressions in On Conoids and 
Spheroids, Prop. 3 and Quadrature of a Parabola, Prop. 3 ; 
the theorem is Quadrature of a Parabola, Prop. 2. 


1 totro . . . Sefxvvrae om. Heiberg. It is probably an 
interpolator’s reference to a marginal lemma. 
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riv ON rots TH, ME Bdpeow, kai ds riv OK 
mpos KN, odtws tv ME mpds rHv HT: wore rob 
cE dudorépwv Bdpous Kxévtpov éativ rod Bdpous 
to K. dpoiws 8€ Kal, doar adv ax@dow & 7h 
ZAD tprydvm mapdAdnAo 7H EA, icoppomjcovow 
abrob pévovoa tais amoAapBavopevars an’ adbrav 
bd Tis Touys perevexPeicas emi 7do O, wore 
a ? > / f a“ 4 a 
elvar rob && dudotépwv Kévrpov to Bdpous 76 K. 
od seas 4 ~ > an , ‘ 
Kat émet ex pev Tov ev TH TZA tpryovm to ZA 
tpiywvov auvéornker, ex b€ TOV ev TH TOUF Cpolws 
ae! 2 4 ‘ a 
7H =O AapBavopdrvwv ovvéornxe ro ABI tpfpa, 
iaoppomjoe. dpa tO ZAY tpiywvov adrod pévov 
7G Tphpare Tis Topys teOevTe wept Kévtpov Tod 
Bépous 76 © Kata ro K onuetov, dore rob && 
dudorépwrv Kévtpov elvat tod Bdpous ro K. te- 
, bi € ~ oe f 
tpnodw 84 4) TK 7r@ X, wore tpimAaciav elvat 
Me! “~ ww wv A a) ta 
viv TK tis KX: dora dpa ro X onpetov Kévrpov 
Bdpovs tod AZT tprydvou- Sédexrar yap év Tos 
*Icoppomucots. émet obv icdppomov 76 ZAT' rpi- 
ywvov atrod pévov T@ BAT tyjpare xara 76 K 
tebévre mepi TO © Kévtpov Tod Bdpous, Kat éorw 
~ i Ea z A uw 
zrob ZAI stpvydvou xévtpov Bdpous to X, eorw 
dpa, ws 76 AZT tpiywvov mpos 7o ABI tpAjpa 
keiuevov mept 76 © Kévtpov, otrws 7 OK ampéds 
XK. tpimdacia 5é eorw 4 OK ris KX: rpi- 
mAdotov dpa kal to AZT zpiywvov ro} ABT 
, a 4 4 ‘ 4 4 
tprypatos. éot 8¢ kal 76 ZAL tpiywvov rerparrAd- 
ovov Tob ABI tprywvov dia 76 tony elvac rHY pev 
ZK 79 KA, tiv 8é AA 7H AT: éxizperov dpa éoriv 
76 ABT cpio trod ABT tpeydvov. [rodro obv 
davepov éotw]. 
1 soi7o . . . €oTw om. Heiberg. 
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in the inverse proportion of the weights TH, MZ, 
and OK:KN=M&:HT; 


therefore the centre of gravity of both [TH, M3] 
taken together is K. In the same way, as often as 
parallels to EA are drawn in the triangle ZAT, 
these parallels, remaining in the same position, 
will balance the parts cut off from them by the 
section and transferred to @, so that the centre 
of gravity of both together is K. And since the 
triangle ZA is composed of the [straight lines 
drawn] in ZA, and the segment ABI is composed 
of the lines in the section formed in the same way 
as HO, therefore the triangle ZAI‘ in its present 
position will be balanced about K by the segment 
of the section placed with © for its centre of gravity, 
so that the centre of gravity of both combined 
is K. Now let IK be cut at X so that TK=3KX; 
then the point X will be the centre of gravity of the 
triangle AZT’; for this has been proved in the books 
On Equilibriums.* Then since the triangle ZAT in its 
present position is balanced about K by the segment 
BAT placed so as to have © for its centre of gravity, 
and since the centre of gravity of the triangle ZAT is 
X, therefore the ratio of the triangle AZI to the 
segment ABI placed about 0 as its centre [of gravity] 
is equal to OK: XK. But OK=8KX ; therefore 


triangle AZI'=3. segment ABI’. 
And triangle ZAT' =4. triangle ABT, 
because ZK=KA and AA=AT; 
therefore segment ABI'=4 triangle ABI’, 


© Of. De Plan. Equil. i. 15. 
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a n fol 3 

*Todro <2) bud pev Tov viv cipnpuévesw ovK drode- 
Secxrat, eudaow Sé twa memoinke 76 ovprrépacna 
dAnbes elva: Sidmrep tpeis dp@vres pev odK a70de- 
Sevypevov, Urovoobvres 5é 76 ovprépacpa aAnbes 

> 
> 

elvar, TaEopev THY yewperpoupevyny amddekw efev- 
povres adrot thy éxdobcicay mpdrepov. 


Archim. Quadr. Parab., Praef., Archim. ed. Heiberg ii, 
262. 2-266. 4 


"Apxyndns Aoabew eb mparrew. 

3 , Ko: 3 r r. a 

Axovoas Kévwva pév teredAcvtnévas, os Fv 

LENS EJ , Coa > 4 4 A , 
obdev émideinwy apiv év didia, tiv 5¢ Kévwvos 
yrepysov yeyevabat Kai yewperpias oiKetov elwev 
Tob pev TeTeAeuTHKdTOS elvekev eAvTHAOnpLES cbs 
Kal gidov roi avipos yevapévov Kal ev tots waby- 
pdtecot Oavpacrot twos, eénpoxeipilducba 8é 
dmooteiAal tor ypdibavres, ais Kévwr ypddew 
eyvuKdtes Tues, yewperpudv Oewpnudrwv, 6 
mpotepov pev odK Hv reewpnuevov, viv $é bd’ 
dpdv telewpytrar, mpdrepov perv bid pnyavicdy 
edpebdy, Emerra dé Kal Sid TOV yewperpixdv éze- 
Sexfev. trav pev obv mpdrepov Tept yewperpiav 
mpayparevbevtwy émexeipnody twes ypadew dds 
duvarov ov KiKAw TO S0OvTt Kal KUKAOU ThdpaTe 

~ f f e a -. , w .} 
TH Sobevrt ywpiov edpety edOvypaypov toov, Kal 
peTa tabdta TO Tepiexdpevov ywpiov bd te Tas 

1 roGto . . . mpérepore In the ms. the whole paragraph 


from toiro to mpdérepov comes at the beginning of Prop. 2; 
it is more appropriate at the end of Prop. 1. 
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This, indeed, has not been actually demonstrated by 
the arguments now used, but they have given some 
indication that the conclusion is true ; seeing, there- 
fore, that the theorem is not demonstrated, but 
suspecting that the conclusion is true, we shall have 
recourse * to the geometrical proof which I myself 
discovered and have already published.’ 


Archimedes, Quadrature of a Parabola, Preface, Archim, 
ed. Heiberg ii. 262. 2-266. 4 

Archimedes to Dositheus greeting. 

On hearing that Conon, who fulfilled in the highest 
degree the obligations of friendship, was dead, but 
that you were an acquaintance of Conon and also 
versed in geometry, while I grieved for the death of 
a friend and an excellent mathematician, I set myself 
the task of communicating to you, as I had deter- 
mined to communicate to Conon, a certain geo- 
metrical theorem, which had not been investigated 
before, but has now been investigated by me, and 
which I first discovered by means of mechanics and 
later proved by means of geometry. Now some of 
those who in former times engaged in mathematics 
tried to find a rectilineal area equal to a given circle ¢ 
and to a given segment of a circle, and afterwards 
they tried to square the area bounded by the section 


* TI have followed Heath’s rendering of rdfopev, which 
seems more probable than Heiberg’s ‘‘ suo loco proponemus,” 
though it is a difficult meaning to extract from ra£opev. 

> Presumably Quadr. Parab. 24, the second of the proofs 
now to be given. The theorem has not been demonstrated, 
of course, because the triangle and the segment may not be 
supposed to be composed of straight lines. 

¢ This seems to indicate that Archimedes had not at this 
time written his own book On the Measurement of a Circle. 
For attempts to square the circle, v. vol. i. pp. 308-347. 
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dhov Tob Kwvov Topas Kat evdetas Terpayavilew 
ereip@vTO Aap Bavovres ovK edrapaxapyta Ape 
para, Sudmep atrots bd THY wAcloTwy obK cdpt- 
oxdpeva, Tabra Kateyvwobev. 7d Sé ba’ edfeias 
re Kal dpfoywviov Kwvov Toads TuGua Tepiexd- 
pevov oddéva Tay mporépwy eyyeipioavTa TeTpa- 
yovilew emordpeba, 6 dy) viv od? dyiddv evpynrat* 
deikvuTat yap, ome may Tape. Te plex opevov bard 
evdetas Kal dpBoywviov kdbvov Touas émizpurov 
€or. 700 tprywvov Tot Bdow éxovros trav adray 
Kat vitos tcov 7H TydpaT. AapBavopevov rodde 
Tob Ajpuparos: és Tov drddeckwv adroo- TOY avicwy 
xwpiwv trav dbrepoxdv, & Urrepexer TO peilov rob 
eAdoooves, Suvardv eluev abrdy éaurg ovvrTe- 
pévay mravros vrepéxyewy TOO mpoteDévtos meTEpa- 
apéevou xwplov.* Kéxpnvras 8é Kai of mpdrepov 
yewperpar THde TH Ajppare: tods Te yap KUKAovS 
SumAaciova Adyov éxew mor’ aAdAdAous Tay Sia- 
pérpwv amodedeiyacw att@ tovtw TH Ajppate 
Xpwpevot, Kal ras aodaipas dru tpimAaciova Adyov 
eXovTe ToT” dAAdAas Tay Sidpetpuv, ere be Kal 
ort maoa Tupapis Tptrov pépos_ eort Tob mplopatos 
Tob Tav adray Badow €: éxovros 7 mrupapide Kat dios 
iaov: Kat Side mas Kavos Tpirov pépos éorl Tob 
KvAwdpov rob Tov avbrav Baow € EXovTOS TH Kovw 
kai typos tcov, dpotov TO mpoerpnuevyp Afjupd te 
Aap Bavovres eypagpov. ovpBaiver d€ TOV mpoeupn= 
pevwy Dewpnpatev éxaorov pndevds Hocov TeV 
dvev rovrov Tot Ajpparos amodeSerypevwy memt- 
orevkévar apkel b€ és Tav dpolay mioTtw TovToLS 
dvaypévuv tdv tf adv éexdopevwy. dva- 
ypaipayres odv adtot Tas dmodeifias amooréANopes 
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of the whole cone and a straight line,* assuming 
lemmas far from obvious, so that it was recognized by 
most people that the problem had not been solved. 
But I do not know that any of my predecessors has 
attempted to square the area bounded by a straight 
line and a section of a right-angled cone, the solution 
of which problem I have now discovered ; for it is 
shown that any segment bounded by a straight line and 
a section of a right-angled cone is four-thirds of the 
triangle which has the same base and height equal to the 
segment, and for the proof this lemma is assumed : 
given [two] unequal areas, the excess by which the greater 
exceeds the less can, by being added to itself, be made to 
exceed any given finite area. arlier geometers have 
also used this lemma : for, by using this same lemma, 
they proved that circles are to one another in the 
duplicate ratio of their diameters, and that spheres 
are to one another in the triplicate ratio of their 
diameters, and also that any pyramid is a third part 
of the prism having the same base as the pyramid and 
equal height ; and, further, by assuming a lemma 
similar to that aforesaid, they proved that any cone 
is a third part of the cylinder having the same base 
as the cone and equal height.’ In the event, each 
of the aforesaid theorems has been accepted, no less 
than those proved without this lemma; and it will 
satisfy me if the theorems now published by me 
obtain the same degree of acceptance. I have there- 
fore written out the proofs, and now send them, first 


* A “section of the whole cone” is probably a section 
cutting right through it, zz., an ellipse, but the expression is 
odd. 

> For this lemma, v. supra, p. 46 n. a 
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mp@rov pév, ws ba Tv pnyarkdv eewpyOn, 
peta Tatra S€ Kal, ws dia T&v yewperpoupevwy 
dmodeikvuTat. mpoypdderar 5é Kal orouxeia Kw- 
vied xpetay éxovra €s tas amddeéiv. Eppwoo. 


Jbid., Prop. 14, Archim, ed. Heiberg ii. 284, 24-290. 17 


"Eorw tpépa 76 BOT mepseydpevov tro edbetas 
kal dploywviov Kdvouv ropds. éoTrw 81) mpdrov 


A BoE: vo oe Sr 





& BI wor’ dpOds 7G dtaperpw, Kat dyOw dad pev 
rod B capefov a BA mapa rav didpetpov, azo Sé 
rob I da TA eénufatovoa ras rob Kdvou Topas 
N 4 > a Y \ t > 
Kava 76 I‘: éooeirat 87 76 BI'A zpiywvrov dpbo- 
yovov. Sinpjobw 8) & BI és ica tydpara 
6vocaotv ta BE, EZ, ZH, HI, IL, wnat aad rap 
~ ¥ ‘A ‘ , £ 
ropay axQwoav mapa tav Sidperpov ai EX, ZT, 
Y, IS, azo 5€ tv capeiwr, xa? a réuvovre 
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as they were investigated by means of mechanics, 
and also as they may be proved by means of geometry. 
By way of preface are included the elements of conics 


which are needed in the demonstration. Farewell. 


Ibid., Prop. 14, Archim. ed. Heiberg ii. 284. 24-290. 17 


Let BOP be a segment bounded by a straight line 
and a section of a right-angled cone. First let BI 
be at right angles to the axis, and from B let BA 
be drawn parallel to the axis, and from I let TA be 
drawn touching the section of the cone at I; then 
the triangle BIA will be right-angled [Eucl. i. 29). 
Let BI be divided into any number of. equal seg~ 
ments BE, EZ, ZH, HI, I’, and from the points of 
section let EZ, ZT, HY, IE be drawn parallel to the 


axis, and from the points in which these cut the 
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adrat Trav tod Kwvov Topdy, emreCevydwoay ent 
To T kai éxBeBAjobwoar. papi 57) TO Tplywvov 
TO Bar TOY pe TparreCiay Tov KE, AZ, MH, 
NI wai vod SIT tprywvov édacoov elev 7} rpim\de 
ovov, TOV be tpameliow Trav Z®, HO, IIL «ai rod 
Ior Tptydvov petfov [éorw] q ‘rpm ddavoy. 

Ard xe yap evdeia a a ABT, kai dmrorcAdgOe é 
AB i toa 7G BI, kai vociobw Céytov To Ar: péoov 
8é¢ adrod eooctrat 76 B- Kat Kpepdabs ek Tob B, 
kpepdabu dé kat 76 BAT ek Tob fuyod Kara Ta 
B, T, eK 5é¢ rod Barépov Hépeos Too uyob Kpe~ 
pdoBen Ta P, X, ¥, Q, A xwpia kara 70 A, Kal 
tooppomeirw TO bev Pp Xwpiov 7® AE rpamelin 
OvUTWws exovre, ro 8€ X 7H ZU tparelion, ro 0¢ 
7 TH, 73 be O T@ YI, 76 8€ A 7 SIL Tprycvep: 
tooppom7cet 81 Kad TO dAov TO ddw: Ware Tpt- 
mAdavov ay ely 7} BAL Tptycovov Too PXYOA 
xwpiov. Kal ézrei éorw THEA TO Bro, 6 mepuexe- 
Taw ond Te ev0eias Kal dpBoywviov KbVvOU Tones, 
Kal dard bev rob B Tapa tay Siduetpov axrar & 
BA, amd 8€ rod T a TA émupavovaoa ras rod 
rebvou Topas KaTa 70 YT, dcrat bé Ts, Kal dAAa 
Tapa Tav Siduerpov é XE, Tov adrov éxet Adyov 
a Br moti Tav BE, ov a SE mort Tay EO. wore 
wal & BA qori rav BE TOV adrov éxet Adyov, dy 
7o AE Tpameéluov mort TO KE. Spoius 8é SecyO7- 
gerat a AB zozi rav BZ Tov avrov éxovan. Aoyov, 
ov 76 xZ Tpameéluov TOT TO AZ, ToTt 6€ Tay BH, 
év 70 TH wort 76 MH, wort 5é trav BI, dv 76 YI 


mott to NI. ézel ody eort tparéliov 7d AE ras 


+ éorw om. Heiberg. 
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section of the cone let straight lines be drawn to T 
and produced. Then I say that the triangle BAT’ is 
less than three times the trapezia KE, AZ, MH, NI 
and the triangle EIT, but greater than three times 
the trapezia Z%, HO, TH and the triangle IOP. 

For let the straight line ABI be drawn, and let 
AB be cut off equal to BI’, and let AT’ be imagined 
to be a balance ; its middle point will be B; let it 
be suspended from B, and let the triangle BAI’ be 
suspended from the balance at B, I’, and from the 
other part of the balance let the areas P, X, ¥, 0, A 
be suspended at A, and let the area P balance the 
trapezium AE in this position, let X balance the 
trapezium Zz, let VY balance TH, let 2 balance YI, 
and let A halanee the triangle SIT; then the whole 
will balance the whole ; so that the triangle BAT will 
be three times the area P +X +¥ +2+<A [Prop. 6]. 
And since BIO is a segment bounded by a straight 
line and a section of a right-angled cone, and BA has 
been drawn from B parallel to the axis, and I'A has 
been drawn from I’ touching the section of a cone 
at I’, and another straight line ZE has been drawn 
parallel to the axis, 


BY: BE=2E:E®; (Prop. 5 
therefore BA: BE=trapezium AE : trapezium KE.* 
Similarly it may be proved that 

AB: BZ =2Z: AZ, 

AB:BH=TH : MH, 

AB:BI =YI:NI. 

Therefore, since AE is a trapezium with right angles 


* For BA=BI and AE: KE=ZE: E®. 
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pev moti rots B, E oapretous yeovias opbas € eXoV, 
Tas 5é meupas emi vo T vevovoas, toopporet dd 
Tt xwplov avT@ 7} P Kpepdjrevov ex Tob Suyob 
KaTa TO A obrws & exovros Too Tparretiou, as vov 
Keira, Kal €oTw, ws a BA motl TaV BE, ovrus 
To AE Tpametioy more To KE, petlov dipa. éorly 
To KE xwpiov Tod P ywpiov: BeBeurau yap Tobro. 
mdAw 8é Kat ro ZY _Tpaméliov Tas wey moti Tots 
Z, E yawvias dpbas eyov, trav dé XT vevoucay ent 
70 I’, tooppomet 5é adtG ywpiov 7d X ex too Cuyod 
Kpeudpevov Kata 70 A ottTws éxovtos Tod tpare= 
Ciou, as vv Ketrat, Kal €oTw, ws pev a AB mort 
Tay BE, ores To Za Tpamétiov mort 70 ZOD, ds 
dé a AB mort Toy BZ, odrus TO Za rparéluov 
mott to AZ: ein obv ka 76 X ywpiov rod pev AZ 
Tparretiou éAacoor, Tob dé ZO petlov- Sédeucrat 
yap Kal tobro. 8a Ta adra 57 Kal To Y ywpiov 
Tob pev MH Tpametiou édasoov, Tob 5é OH peilov, 
Kal 70 QO. xwpiov Tob pev NOIH Tpasreliou éAacoov, 
Tob de OI peiLov, 6 dpoiws 5é Kal 76 A yupiov rob 
yey EIr Tpuyasvov éAaccov, Tob dé ‘TIO petlov. 
emel ov 70 perv KE Tpasélvov peildv éore Tob P 
xwpiov, Td be AZ tod X, 78 d¢€ MH rot WV, ro 
be NI Tob Q, 78 be SIT Tplywvov rob A, gavepdr, 
ott Kal mavra 76. eipnpeva, xewpla pellovd e éort 708 
PAY. QA yxwpiou. éorw dé TO PXY¥OA Tpirov 
Hépos roo BIA Tpuywvou Sidov a dpa, dr 76 BIA 
Tptywrov édacody €oTw 7 TpuTAdovov vav KE, 
AZ, MH, NI Tpamelion kat rob SIT Tpuydvov. 
ndhuv, émet TO bev ZO Tpameluov éAacody éort 
Tob Xx xwplov, ro d¢ OH rod VY, rd Se III Tob Q, 
70 5€ LOL tpiywvov 70d A, pavepsy, 8 ott Kal mavTa 
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at the points B, E and with sides converging on T, 
and it balances the area P suspended from the 
balance at A, if the trapezium be in its present posi- 
tion, while 

BA : BE=AE: KE, 
therefore KE>P; 


for this has been proved [Prop. 10}. Again, since Z> 
is a trapezium with right angles at the points Z, E 
and with 2T converging on I’, and it balances the 
area X suspended from the balance at A, if the 
trapezium be in its present position, while 


AB : BE=Z> : Zo, 
AB:BZ=Z>: AZ, 
therefore AZ>X>Z® ; 


for this also has been proved [Prop. 12]. By the 
same reasoning 


MH>‘> 0H, 
and NOIH> Q> III, 
and similarly EIP> A>TI0. 


Then, since KE> P, AZ> X, MH> ¥, NI> 2, ZIT> A, 
it is clear that the sum of the aforesaid areas is greater 
than the area P+X 4 +2 +4. But 


P+X+¥4+0+A=] BA; [Prop. 6 
it is therefore plain that 
BIA <3(KE +AZ +MH +NI +311). 
Again, since Zb<X, OH <¥, Ill <Q, 1OT' <A, it is 
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Ta etpnpeva éAdaaovd éort 7ob AQYX ywpiou: 
pavepov otv, 6m Kat vo BAT Tplywvov petlov © 
eorw 7 TpuTAdovov tév OZ, OH, I tpatreliov 
cat vod ITO Tprycivou, Dacor Se 3 7] TputAdovov 


TaY Tmpoyeypappevwr. 


Ibid., Prop. 24, Archim, ed. Heiberg ii. 312. 2-314. 27 


lay THE LO. 70 Teptexdpievov ond edbeias Kat 
dpfoywviov Kebvou Topas emtrpurov éort Tprycvou 
Too Tar adray Baow € exovros abrG kal Byhos ts toov. 
"Eotw yap to AABET tuGpa mreprexdpevor bd 

a is ‘ 3 é QA ~ A bY 
ed0eias Kal dpfoywviov Kévov Ttonds, 76 6€ ABI 
tplywvov €oTw Tay abtav Bdow éxov TH Tudpare 


B 


A r 


Kat wos tcov, rob 5é€ ABI’ tprywvov éorw eéni- 
tpirov 70 K xwpiov. deucréov, ott toov ori 7H 
AABET tpdpare. 

Ei yap py eorw toov, Arot peilov eorw 7 eAacaov. 
éorw mporepov, et bwarer, petlov ro AABET 
THGHA ToD K xwplov. evéyparsa 81) Ta AAB, 
BET zpiywva, ws elpnras, evéypaia be Kal eis 7 
Tepirevopeva, TuapaTa GAAa tpiywra trav adrav 
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clear that the sum of the aforesaid areas is greater 
than the area A+ 044%; 


it is therefore manifest that 
BAT > 3(@Z +0H +1 +ITO),4 
but is less than thrice the aforementioned areas.® 


Ibid., Prop. 24, Archim. ed. Heiberg ii. 312, 2-314, 27 


Any segment bounded by a straight line and a section 
of a right-angled cone 1s four-thirds of the triangle 
having the same base and equal height. 

For let AABET be a segment bounded by a straight 
line and a section of a right-angled cone, and let ABP 
be a triangle having the same base as the segment 
and equal height, and let the area K be four-thirds 
of the triangle ABI’. It is required to prove that it 
is equal to the segment AABELD. 

For if it is not equal, it is either greater or less. 
Let the segment AABET first be, if possible, greater 
than the area K. Now I have inscribed the triangles 
AAB, BET, as aforesaid,° and I have inscribed in the 
remaining segments other triangles having the same 


* For BAT =3 (P+X4+¥P404+A)>3(4+04V +X). 

* In Prop. 15 Archimedes shows that the same theorem 
holds good even if BI is not at right angles to the axis. It 
is then proved in Prop. 16, by the method of exhaustion, that 
the segment is equal to one-third of the triangle BA. This 
is done by showing, on the basis of the “‘ Axiom of Archi- 
medes,” that by taking enough parts the difference between 
the circumscribed and the inscribed figures can be made as 
small as we please. It is equivalent to integration. From 
this it is easily proved that the segment is equal to four-thirds 
of a triangle with the same base and equal height (Prop. 17). 

¢ In earlier propositions Archimedes has used the same 
procedure as he now describes. A, E are the points in which 
the diameter through the mid-points of AB, BI meet the curve. 
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, ” ia , oo ee ae 
Bdow éyovra trois tpapdtecow Kal typos 76 adbtd, 
Kal det eis 7a boTepov yiwopeva tTudpata eyypapw 
dv0 tTpiywvra Ttav abrav Bdow éxovra toils Tuapd~ 

Sd A > £ 2 a“. A AY 
teow Kal tyos 7d adbré: ecoodvra: 8) Ta KaTa- 
Aendpeva tyudpata eAdacova tds drepoyds, & 

a a a 
brepexes T6 AABET tyra Tod K ywpiov. dere 
76 éyypaddpuevov moAvywvov petlov eaceirat tod 

iid > iy > x es > ttn é 

K: dmep addvatov. eémei ydp éorw ffs Ketpeva 
xwpia ev T@ tetparAacion Adyw, mpArov pev Td 
ABI tpiywvov terpanAdawv trév AAB, BET 
Tpry@ve, émeita b€ alta Taira TerpamAdcwa Trav 
> A LJ / , > la ‘ La) 
eis Ta ércueva TydpaTa eyypadevrwy Kal del 
oe ~ ¢ f ‘A re b if ed 
otrw, Sfrov, ws ovpmavrTa Ta ywpia éeAdacova 
> “ > Ff a f A BI K eee f 
coTw 7) emitpita Tot peyiotov, To bé K emirpurdy 
€oTt TOD peyiaTov ywplov. odK dpa eoTiv petlov 
7o AABED tpGpua Tod K ywpiov. 

"Korw dé, e¢ duvatdv, EAacaov. KeioOw 81) 7d 

pev ABY rpiywrov toov 7@ Z, 706 5é Z réraprov 
lol 4 > ~ 

To H, kat dpoiws tot H ro ©, Kai del éffs 
, Sid ‘ A OM” 4 ~ 
TiWWécbw, éws Ka yévntar Td €oxatov édacoov Tas 





* This was proved geometrically in Prop. 23, and is proved 
generally in Eucl. ix. 35. It is equivalent to the summation 


1+(4)+(?+ ~~. G)*=4~40)"4 
alee 


i-? 
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base as the segments and equal height, and so on 
continually I inscribe in the resulting segments two 


a 
| ls 


triangles having the same base as the segments 
and equal height ; then there will be left [at some 
time} segments less than the excess by which the 
segment AABEI' exceeds the area K [Prop. 20, 
coroll.}. Therefore the inscribed polygon will be 
greater than K; which is impossible. For since 
the areas successively formed are each four times 
as great as the next, the triangle ABI’ being four 
times the triangles AAB, BET [Prop. 21], then these 
last triangles four times the triangles inscribed in 
the succeeding segments, and so on continually, it 
is clear that the sum of all the areas is less than 
four-thirds of the greatest [Prop. 23],? and K is equal 
to four-thirds of the greatest area. Therefore the 
segment AABET is not greater than the area K, 
Now let it be, if possible, less. Then let 


Z=ABIl, H=}2Z, O=4H, 
and so on continually, until the last [area] is less than 
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trepoyds, & tbrepéyet TO K ywplov rob tTydparTos, 
aA w A a A. A 
kal €orw édagoov 76 1. eotw 84) 7a Z, H, O, I 
xwpia Kal ro Tpirov Tob | éntrpita tod Z. éorw 
A A x fot - é yw ” ‘ ~ 
dé xat tO K tot Z éxizpitov: toov dpa 76 K rots 
Z, H, @, I kai 7 rpirw péper rob I. eset odv 
‘ é ~ x if e é 
76 K ywpiov r&v pev Z, H, ©, I xwpiwy drrepeyer 
eAdogou Tob I, rob 5€ tTpdpatos peilou rob I, 
Sfjdov, ws peilova evr. Ta Z, H, O, I ywpia tos 
td a > ¥ > , La e > 
Tudpatos: Omep ddvvarov: édeixOn ydp, O71, éav 
7 oTocaoty ywpia ébs Kelpeva ev TeTparAacion 
oye, TO (be péyeoTov toov a T@ eis 78 TEGO. 
eyypadopevmw tprywvm, Ta ovpTavTa xwpia éAag- 
3 n n / 2 » AY a 
cova €oceirat Tob Tudyatos. otk apa To AABET 
fod Lia ra > =~ , ? - t 
tpdpa €dacadv eats tot K ywpiov. éetyOy 8é, 
Ld 9 i. a w » ? ‘ ~ A « 
OTe ovde pelo icov dpa eoTly 7H K. 7o dé K 
xwptov éniztpiréy éor. toO tpvywvov rob ABT: 
‘ A ” ~ 5 a / > ~ 
kat To AABED dpa tpGpa enizpirév eare tot 


ABT tptydvov. 
(k) Hyprosratics 
(i.) Postulates 


Archim. De Corpor. Fluit. i., Archim. ed. Heiberg 
li, 318. 2-8 


€ - 1. # ‘ , Mw. ‘, ¢ 
Yroxeicbw 76 dypov dvow eyov rovavrav, Wore 
7&v pepéwr attob Tov €€ icov Keyéevwy Kal ouv- 


* The Greek text of the book On Floating Bodies, the 
earliest extant treatise on hydrostatics, first became avail- 
able in 1906 when Heiberg discovered at Constantinople the 
ms. which he terms C. Unfortunately many of the readings 
are doubtful, and those who are interested in the text should 
consult the Teubner edition. Still more unfortunately, it is 
incomplete; but, as the whole treatise was translated into 
Latin in 1269 by William of Moerbeke from a Greek ms. 
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the excess by which the area K exceeds the segment 
[Eucl. x. 1], and let I be [the area] less [than this 
excess]. Now 


Z24+H+0414+31=§2, (Prop. 23 
But K=4Z3 
therefore K=Z+H+0414+H. 


Therefore since the area K exceeds the areas Z, H, 
0, I by an excess less than J, and exceeds the segment 
by an excess greater than I, it is clear that the areas 
Z, H, 0, I are greater than the segment; which is 
impossible ; for it was proved that, if there be any 
number of areas in succession such that each is four 
times the next, and the greatest be equal to the 
triangle inscribed in the segment, then the sum of 
the areas will be less than the segment [Prop. 22]. 
Therefore the segment AABET is not less than the 
area K. And it was proved not to be greater ; there- 
fore it is equal to K. But the area K is four-thirds of 
the triangle ABI; and therefore the segment AABET’ 
is four-thirds of the triangle ABI’. 


(4) Hyprostatics 
(i.) Postulates 


Archimedes, On Floating Bodies *i., Archim. ed. 
Heiberg ii. 318. 2-8 


Let the nature of a fluid be assumed to be such 
that, of its parts which lie evenly and are continuous, 


since lost, it is possible to supply the missing parts in Latin, 
as is done for part of Prop. 2. From a comparison with the 
Greek, where it survives, William’s translation is seen to be 
so literal as to be virtually equivalent to the original. In 
each case Heiberg’s figures are taken from William’s transla- 
tion, as they are almost unrecognizable in C ; for convenience 
in reading the Greek, the figures are given the appropriate 
Greek letters in this edition. , 
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exw édvrwy e€wbeiobar 70 Hooov BA.Bopevov 
to TO paMov PA Bopevov, kal Exaorov dé trav 
epee avrod OAiBeoBar TO Umepdver avrod byp@ 
Kara xdBerov é eovtu, ef Ka pL7) TO _dypov } Kabeipy- 
pévov &v tut Kat bd dAAov twos OABopevov. 


Ibid. i., Archim. ed. Heiberg ii. 336. 14-16 


£¥. , 8. ~ - ~ ie. ~ aw f 
moxeic0w, TOV ev TH byp@ dvw depopévwv 
exaotov avadépecbar Kata tay Kdberov tav did 
Tod Kévtpov Tot Bdpeos abroo daypévay. 


(ii.) Surface of Fluid at Rest 
Ibid. i, Prop. 2, Archim. ed. Heiberg ii. 319. 7-320. 30 


Omnis humidi consistentis ita, ut maneat inmotum, 
superticies habebit figuram sperae habentis centrum 
idem cum terra. 

Intelligatur enim humidum consistens ita, ut 
maneat non motum, et secetur ipsius superficies 
plano per centrum terrae, sit autem terrae centrum 
K, superficiei autem sectio linea ABGD. Dico itaque, 








Zz A = K A H 


lineam ABGD circuli esse periferiam, centrum autem 
ipsius K. 

Si enim non est, rectae a K ad lineam ABGD 
244 


ARCHIMEDES 


that which is under the lesser pressure is driven along 
by that under the greater pressure, and each of 
its parts is under pressure from the fluid which is 
perpendicularly above it, except when the fluid is 
enclosed in something and is under pressure from 
something else, 


Ibid. i., Archim. ed. Heiberg ii, 336. 14-16 


Let it be assumed that, of bodies which are borne 
upwards in a fluid, each is borne upwards along the 
perpendicular drawn through its centre of gravity.4 


(ii.) Surface of Fluid at Rest 
Ibid. i., Prop. 2,° Archim. ed. Heiberg ii. 319. 7-320. 30 
The surface of any fluid at rest is the surface of a 


sphere having the same centre as the earth. 

For let there be conceived a fluid at rest, and let 
its surface be cut by a plane through the centre of 
the earth, and let the centre of the earth be K, and 
let the section of the surface be the curve ABI'A. 
Then I say that the curve ABI'A is an arc of a circle 
whose centre is K. 

For if it is not, straight lines drawn from K to the 


s 

« These are the only assumptions, other than the assump- 
tions of Euclidean geometry, made in this book by 
Archimedes; if the object of mathematics be to base the 
conclusions on the fewest and most “self-evident”? axioms, 
Archimedes’ treatise On Floating Bodies must indeed be 
ranked highly. 

+ The earlier part of this proposition has to be given from 
William of Moerbeke’s translation. The diagram is here 
given with the appropriate Greek ietters, 
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occurrentes non erunt aequales, Sumatur itaque 
aliqua recta, quae est quarundam quidem a K occur- 
rentium ad lincam ABGD maior, quarundam autem 
minor, et centro quidem K, distantia autem sumptae 
lineae circulus describatur ; cadet igitur periferia 
circuli habens hoe quidem extra lineam ABGD, hoc 
autem intra, quoniam quae ex centro quarundam 
quidem a K occurrentium ad lineam ABGD est 
maior, quarundam autem minor. Sit igitur descripti 
cireuli periferia quie ZBH, et a B ad K recta ducatur, 
et copulentur quae ZK, KEL aequales facientes 
angulos, describatur autem et centro K_ periferia 
quaedam quae XOP in plano et in humido; partes 
itaque humidi quae secundum XOP periferiam ex 
aequo sunt positae et continuae inuicem. Et pre- 
muntur quae quidem secundum XO _periferiam 
humido quod secundum ZB locum, quae autem 
secundum periferiam OP humido quod secundum 
BE locum; inaequaliter igitur premuntur partes 
humidi quae secundum periferiam XO ei quae 
AL X 4 o > , ) 

[7]' Kara tav OIl- wore eEwOjoorvtra ra Aoocov 
OABopeva bro TaHv paAdov OAiBoudvwv: od péver 
dpa 76 bypdv. dbréxeuro 5€ xabeoraxos eluev ware 
pévew akivyntov: avayKatoy dpa trav ABTA ypap- 
pav KvKAou mepipeperav eluev Kal Kévtpov abras 
76K. 6poiws 87 SeryPjoera Kai, dws Ka GAws 
a émdvera 706 vypod éemimédm tpalA dia Tod 
Kévtpou Tas yds, 67t & Towa éoacira, KUKAoU 
mepipepeia, Kat Kévrpov auras éoocirat, 6 Kai ras 
yds e€oTt Kévtpov. Sdov odv, dri a emiddvera 
tot bypod Kafeotakdétos aKwihrov opaipas éxet 
70 Oxf Td ato Kévtpov éxovoas TE yG, emetdy 

1 5 om. Heiberg. 
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curve ABA will not be equal. Let there be taken, 
therefore, any straight line which is greater than 
some of the straight lines drawn from K to the curve 
ABTA, but less than others, and with centre K and 
radius equal to the straight line so taken let a circle 
be described ; the circumference of the circle will 
fall partly outside the curve ABI'A, partly inside, 
inasmuch as its radii are greater than some of the 
straight lines drawn from K to the curve ABPA, but 
less than others, Let the arc of the circle so described 
be ZBH, and from B let a straight line be drawn to K, 
and let ZK, KEA be drawn making equal angles 
[with KB}, and with centre K let there be described, 
in the plane and in the fluid, an are ROIL; then the 
parts of the fluid along ZOII lie evenly and are con- 
tinuous [v. supra, p. 243]. And the parts along the 
arc EO are under pressure from the portion of the 
fluid between it and ZB, while the parts along the are 
OIL are under pressure from the portion of the fluid 
between it and BM; therefore the parts of the fluid 
along ZO and the parts of the fluid along OII are 
under unequal pressures ; so that the parts under 
the lesser pressure are thrust along by the parts 
under the greater pressure [v. supra, p. 245]; there- 
fore the fluid will not remain at rest. But it was 
postulated that the fluid would remain unmoved ; 
therefore the curve AB!’A must be an arc of a circle 
with centre K. Similarly it may be shown that, in 
whatever other manner the surface be cut by a plane 
through the centre of the earth, the section is an arc 
of a circle and its centre will also be the centre of 
the earth. It is therefore clear that the surface of 
the fluid remaining at rest has the form of a sphere 
with the same centre as the earth, since it is such 
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é ) e A ~ / ~ 
rovaura eoriv, wore dud Tod abrod capetov tpabet- 
gav Tav Topav Tovey mepipeperay KUKAOU KévTpoV 
éxovros TO capetov, 8’ of Téeuverar TH emimédy. 


(iii.) Solid immersed in a Fluid 
Ibid. i., Prop. 7, Archim. ed. Heiberg ii. 8332. 21-386. 18 


Ta Bapdrepa Tob vypod adebévra els 70 dypov 
oicetrau dro, €or av xaraBavre, Kal eooodvrat 
Kougdtepa ev TH byp@ tocobrov, doov exer Td 
Bdpos rod bypot rot raXikodrov SyKov éyovros, 
adikos éotiv 6 Tot atepeot peyébeos dSykos. 

“Ort pev oby olceirat és 76 KdTw, gor” av Kara- 
Bavr, SHAov. ta yap dmoxdtw adrod pépea Tob 
bypod OP Bnoobrra. padov trav €& toou adrois 
Keupevony prepéwy, émetdy) Baptrepov twoKetra TO 
orepedv péyeos Tob vypod: St. Sé Kouddrepa 
écoobrrat, ws elpnrat, decyOrjoeras. 

"Eotw te péyeOos ro A, 6 eote Bapdtepov Tod 
bypot, Bdpos Sé gorw tod pev ev @ A peyébeos 
7o BI, rod 8€é bypod Tod icov SyKov ExovTos TO 
A 70 B. Secxréov, 6tu 7d A péyeDos ev 7d bypd 
éov Bdpos eeu toov ra 1. 

Aeragber yap Tt péyebos TO ev @ To A Koupd- 
Tepov 708 dypod Toi igov SyKov éxovros aire, 
€oTw dé Tob pev ev @ 7d A peyéeos Bdpos i ioov 
7a B Bape, 708 de vypod Tob toov dyKov éxovTos 
7a A peyéle ro Bépos éorw ioov TH BI Bape. 


2 Or, as we should say, “ lighter by the weight of fluid 
displaced. » 
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that, when it is eut [by a plane] always passing 
through the same point, the section is an are of a 
circle having for centre the point through which it is 
cut by the plane [Prop. 1}. 


(iii.) Solid immersed in a Fhad 
Ibid. i., Prop. 7, Archim. ed. Heiberg ii. 332. 21-336. 13 


Solids heavier than a fluid nill, if placed in the fluid, 
sink to the bottom, and they mill be lighter [if weighed] in 
the fluid by the weight of a volume of the fluid equal to 
the volume of the solid.* 

That they will sink to the bottom is manifest ; for 
the parts of the fluid under them are under greater 
pressure than the parts lying evenly with them, since 
it is postulated that the solid is heavier than water ; 
that they will be lighter, as aforesaid will be [thus] 
proved. 

Let A be any magnitude heavier than the fluid, let 
the weight of the magnitude A be B +T’, and let the 
weight of fluid having the same volume as A be B. 
It is required to prove that in the fluid the magnitude 
A will have a weight equal to I’. 


B 


For let there be taken any magnitude A lighter 
than the same volume of the fluid such that the 
weight of the magnitude A is equal to the weight b, 
while the weight of the fluid having the same volume 
as the magnitude A is equal to the weight B +I. 
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, A > ‘ 3 ‘ ~ 4 J 
ouvrefevrwy 89 és Td alto TOV peyebwr, év ols 
A A ~ 
ta A, A, 76 trav cuvapdordpwv péyebos iaoBapés 
€ooetrar 7H byp@: ~otr yap T&v peyeOéwy ovv- 
oA a 
apdotépwv 16 Bdpos taov suvaudorépots tots 
~ ‘ “ an ~ a 
Bépeow 7G te BY cal 7 B, rob 8 dypob rod 
itoov Gyxov éxovtos dpdotépas tots peyéecr 7d 
ey > nn a 
Bépos isov éati tots adtois Bdpeow. adebevrwv 
an 3 ~ 
obv 7Ov peyeléwy és 1d bypdv looppomyaobvrat 
T® byp@ Kal ovre eis TO dvw olcotvras ore eis 
A , ry A A A > a 4 3 ~ > 
To KaTw* 606 TO pev ev ® A péyelos oiceira és 
70 KaTw Kat TooadTa Bia bro Tob ev & A peyébeos 
2 , > ‘ ” A A > ka rg 2 ‘ 
avéAkerat €s TO dvw, To 8é ev d A péyebos, éemet 
> _ a a 
Koupdtepov eat Tod bypod, dvowcetrar eis 76 dvw 
Y f oe > a] A Ld t4 4 
tooaura Bia, dcov éori 76 I Bdpos: Sédeuxras yap, 
, “a ~ 
6Tt Td, Koupdrepa Tod bypod peyélea oreped. Bia~ 
‘ , 
abevra és To bypdov dvaghepovtar Ttooavra Bia és 7d 
dvw, Goov éati to Bdpos, & Baptrepdv éort rob 
wa ~ 
peyéleos 70 bypov 76 tooyKkov TO peyOer. ere 
4 “~ / - lol / ‘ € bf 
dé 7H V Bdper Papdrepov rob A peyebeos 76 bypdv 
70 taov dyKov éxyov TH A> SHAov obv, Gre Kal 76 ev 
- , in 
@ A péyefos és 70 Kdtw oicetrar Tooovrw Bdpet, 
cy A 
doov éoti 76 FT. 





* This proposition suggests a method, alternative to that 
given by Vitruvius (v. supra, pp. 36-39, especially p. 38 n. a), 
whereby Archimedes may have discovered the proportions of 
gold and silver in King Hiero’s crown. 

Let w be the weight of the crown, and let w, and w, be the 
weights of gold and silver in it respectively, so that w= 
WU, + We. 

“Take a weight w of gold and weigh it in a fluid, and let 
the loss of weight be P,. Then the loss of weight when a 
weight w, of gold is weighed in the fluid, and consequently 


the weight of fluid displaced, will be se Py 
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Then if we combine the magnitudes A, A, the com- 
bined magnitude will be equal to the weight of the 
same volume of the fluid ; for the weight of the com- 
bined magnitudes is equal to the weight (B +I) +B, 
while the weight of the fluid having the same 
volume as both the magnitudes is equal to the same 
weight. Therefore. if the [combined] magnitudes 
are placed in the fluid, they will balance the fluid, 
and will move neither upwards nor downwards 
[Prop. 3]; for this reason the magnitude A will move 
downwards, and will be subject to the same force as 
that by which the magnitude 4 is thrust upwards, 
and since A is lighter than the fluid it will be thrust 
upwards by a force equal to the weight [; for it has 
been proved that when solid magnitudes lighter than 
the fluid are forcibly immersed in the fluid, they will 
be thrust upwards by a force equal to the difference 
in weight between the magnitude and an equal 
volume of the fluid [Prop. 6]. But the fluid having 
the same volume as A is heavier than the magni- 
tude A by the weight I; it is therefore plain that 
the magnitude A will be borne upwards by a force 
equal to Ie 


Now take a weight w of silver and weigh it in the fluid, 
and let the loss of weight be P,. Then the loss of weight 
when a weight w, of silver is weighed in the fluid, and con- 


sequently the weight of fluid displaced, will be = Py 
Finally, weigh the crown itself in the fluid, and let the loss 
of ec and consequently the weight of fluid displaced, 
be P. 
It follows that “2. P,+“2, P,=P, 
*) w 


. w,_ P,-P 
whence age SPs 
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(iv.) Stability of a Paraboloid of Revolution 
Ibid. ii., Prop. 2, Archim. ed. Heiberg ti. 348. 10-352. 19 


To 6pOov THGpa Tob dpboyaviou Kwvoeidéos, 
érav Tov aéove. xn pe} petlova 7 Tyeddrov Tas 
HEXpL tod afovos, mdvra. Adyov € éxov mort 76 bypov 
TD Baper, apebev els TO dypov oUTws, woTe TAY 
Bdow abrod pi) drrecbar Tod bypod, TeOev KeKAt- 
pévov od pevel KexAyevov, dAAA aroKaTacraceiTaL 
dpOev. dpbdv b€ rA€yw KabeoTaKxéva. 7d ToLodTO 
TuGNa, omeTay TO amoTeTUaKds atTd émimeSov 
Tapa Tav emupaverav 7} TOR vypod. 

“Eorw tyuGpa dpfoywviov Kwvoedéos, olov etpn- 
Tat, Kal KeioOw KekAyévov. Setxréov, drt od pevel, 
GAN’ dnoKxaraotaceirat dpbov. 

Tyabevros 87) adrod emumedq) bua TOO d£ovos 
8pIO_ mort 70 émimedov TO ent Tas émdaveias Tod 
vy pod THdpaTos éorw Top d ATIOA dpboywviov 
Kwvov Topa, a€wy dé Too Tuduatos Kal Siduerpos 
rds Topas a NO, tas 8€ rod dypod éemdaveias 
ropa &@ 1X. eet oby TO TuGya ovK éariv dpOdv, 
ovK av ein tapadAndos a AA 7a@ IX: wore od 
moujaer dplav ywriay d NO wort trav IX. dyOw 





* Writing of the treatise On Floating Bodies, Heath 
(IL.G. M. ii. 94-95) justly says: “* Book ii., which investigates 
fully the conditions of stability of a right segment of a para- 
boloid of revolution floating in a fluid for different values of 
the specific gravity and different ratios between the axis or 
height of the segment and the principal parameter of the 
generating parabola, is a veritable tour de foree which must 
be read in full to be appreciated.” 


‘ 


>’ In this technical term the “axis” is the axis of the 
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(iv.) Stability of a Paraboloid of Revolution 
Ibid. ii., Prop. 2, Archim. ed. Heiberg ii. 348. 10-352. 19 


If there be a right segment of a right-angled conoid, 
whose axis is not greater than one-and-a-half times 
the line drawn as far as the axis,® and whose weight 
relative to the fluid may have any ratio, and if it be 
placed in the fluid in an inclined position in such a 
manner that its base do not touch the fluid, it rill not 
remain inclined but nill return to the upright position. 
Imean by returning to the upright position the figure 
formed when the plane cutting off the segment is 
parallel to the surface of the fluid. 

Let there be a segment of a right-angled conoid, 
such as has been stated, and let it be placed in an 
inclined position. It is required to prove that it will 
not remain there but will return to the upright 
position. 

Let the segment be cut by a plane through the 
axis perpendicular to the plane which forms the 
surface of the fluid, and let AITOA be the section of 
the segment, being a section of a right-angled cone 
{De Con. et Sphaer. 11], and let NO be the axis of the 
segment and the axis of the section, and let IZ be 
the section of the surface of the liquid. Then since 
the segment is not upright, AA will not be parallel 
to 12; and therefore NO will not make a right angle 


right-angled cone from which the generating parabola is 
derived. The latus rectum is ‘‘ the line which is double of 
the line drawn as far as the axis” (d SimAacla ras péxps 10d 
&£ovos); and so the condition laid down by Archimedes is 
that the axis of the segment of the paraboloid of revolution 
shall not be greater than three-quarters of the latus rectum 
or principal parameter of the generating parabola. 
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, < LI ~ 
obv mapdAdAndros a édanropeva a KQ rés rot 
~ A A ~ 
Kwvov Topas Kata TO II, Kal ao rob I] mapa trav 


A 





NO dyéw 6 T®: zéuver 8 & TIO diya ray [D- 
déexrar yap év toils KwviKois. teTpacbw a 
II®, wore efuev SirAactay trav IIB ras BO, Kat 
& NO xara 76 P retpdoOw, Gore nat tav OP ras 
PN derdAaciay elwev: eoceirar 8) tod petlovos 
atoTdpatos Tov atTepeod Kévtpov tod Bdpeos 7d 
P, tod 5€ xara trav ITIOX 76 B- 8dSeucrar yap 
év tats “looppomias, Gri mavTos dpboywriov 
Kwvoetdéos TUapatos TO Kévtpov Tod Bdpeds eoTw 
emit Tob a€ovos Sinpnyévov ovtws, woTe TO ToTt 
TE KopuPa rot doves tpdpa SerAdaiov elnev Tob 
Aoirrod. adawpebévtros 8 tod Kata rev WLOX 
TUALATOS OTEpEOD am Tod dXov Tod AowTOD KévTpoV 
€occtrat Tob Bdpeos emi tds BI’ edOetas: déderxrar 
yap totro év trois Lrovxeious tev pnyaviKdr, Ste, 
et Ka péyefos adaipeOA yx) TO adro KévTpov Exov 
tod Bdpeos TH GAw peyéber, rob AowroG 7d KevTpov 
€oceirat toi Bdpeos emi rds edetas tas émelev- 
yvuovous Ta KevTpa Tov Te SAov peyeleos Kal TOD 
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with IZ. Therefore let KQ be drawn parallel [to 12] 


and touching the section of the cone at II, and from 
II let II® be drawn parallel to NO; then II® bisects 

2—for this is proved in the [Elements of | Conics.* 
Let [I® be cut so that IIB=2B®, and let NO be cut 
at P so that OP =2PN ; then P will be the centre of 
gravity of the greater segment of the solid, and B 
that of ITIOZ; for it is proved in the books On 
Equilibriums that the centre of gravity of any seg- 
ment of a right-angled conoid is at the point dividing 
the axis in such a manner that the segment towards 
the vertex of the axis is double of the remainder.® 
Now if the solid segment ITIOZ be taken away from 
the whole, the centre of gravity of the remainder will 
lie upon the straight line BI’; for it has been proved 
in the Elements of Mechanics that if any magnitude be 
taken away not having the same centre of gravity as 
the whole magnitude, the centre of gravity of the re- 
mainder will be on the straight line joining the centres 
{of gravity] of the whole magnitude and of the part 


© Presumably in the works of Aristaeus or Euclid, but it 
is also Quad. Parab. 1. 


> The proof is not in any extant work by Archimedes. 
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> ¥ 
adnpnpevov exBeBanuevas ent ta adr, éf’ & 7d 
Kévtpov Tod dAou peydleds eotw.  éxBeBdAyjobw 
39 a4 BP éxi ro T, kai €orw 76 T 76 xévrpov roo 
, ~ ~ ~ 
Bdpeos tod Aourod peyébeos. éerei odv & NO ras 
A OP ¢ Ai ~ oe - ~ MN ? 4 
pev podria, Tas be pweype rob G£ovos od petlwv 
nn € , ~ 4 e ~ ra ~ OM 
7 jyuoria, SHAov, Ste a PO ras pexps tod d£ovos 
2 > A f e 2) ” A * f 
ovK €ort peilwy: 4 IIP dpa moti trav KQ ywvias 
Lee a x e € \ ~ f > a“ 
aviaous Trovet, Kai a& bro THY PITQ yivera ofeia: 
€ > 1 lot my La eee A > ie 
a amo Tob P dpa Ka8eros emi trav HQ dyopeva 
perakd weceirar Tév TI, Q. mardérw ws & PO: 
e ” > aa) ‘ 5) > Val 
a PO dpa dp0a eorw mori ro (amoreTpaKds) 
> ‘ > e + Cy ae > 1 | Lod > 
enimedov, ev @ eoTw a LI, 6 eorw emt tas ém- 
pavetas rob vypod. dyOwoav $4 tTiwWes amd TOV 
B, I’ rapa trav PO- eveyOjoeras 8) 70 prev exrds 
Tob bypob Tob ueyebeos eis TO KaTW Kara TaV did 
tod I’ dyoudvay Kaberov broxeitat yap Exaorov 
tv Bapéwy cis 70 Kdtw d$épecbar Kata Tar 
Kdberov tav Sia tod Kévtpov ayopévav: TO Sé ev 
TH byp@ péyebos, eet xoupdtepov yiverar Tob 
bypod, evexOyjoerar eis TO dvw Kata Tav KaOeTov 
Tav dia Tob B ayoudvay. eet Sé od Kara Tay 
: ee / > La 3 4 ‘ a ‘ 
abrav Kdberov adAdAots avTiOAcBovrar, od pevel TO 
~ > A A \ A + ? 1. > la 
oxfjua, add 7a pev Kara 76 A els TO ave evexOy- 
~ 4 
oeTat, Ta O€ KaTa TO A els TO KAaTW, Kal TOOTO del 
€aceirat, éws dv dplov amoxaracraby. 
1 drorerpaxos, ef. supra, p. 252 line 8; Heiberg prints 
ee ee wee Ke eg OSs 





@ Tf the normal at II meets the axis in M, then OM is greater 
than “‘ the line drawn as far as the axis” except in the case 
where IT coincides with the vertex, which case is excluded by 
the conditions of this proposition. Hence OM is always 
greater than OP; and because the angle QIIM is right, the 
angle QIIP must be acute. 
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taken away, produccd from the extremity which is 
the centre of gravity of the whole magnitude [De 
Plan. Aequil. i. 8]. Let BP then be produced to I’, 
and let I’ be the centre of gravity of the remain- 
ing magnitude. Then, since NO=3- OP, and NO+ 
8+ (the line drawn as far as the axis), it is clear that 
PO+(the line drawn as far as the axis); therefore 
IIP makes unequal angles with KQ, and the angle . 
PIIQ is acute*; therefore the perpendicular drawn 
from P to JJQ will fall between H, 9. Let it fall as 
PO; then P@ is perpendicular to the cutting plane 
containing ZI, which is on the surface of the fluid. 
Now let lines be drawn from B, I’ parallel to PO ; then 
the portion of the magnitude outside the fluid will 
be subject to a downward force along the line drawn 
through '—for it is postulated that each weight is 
subject to a downward force along the perpendicular 
drawn through its centre of gravity ®; and since the 
magnitude in the fluid is lighter than the fluid,* it 
will be subject to an upward force along the perpen- 
dicular drawn through B.4 But, since they are not 
subject to contrary forces along the same perpen- 
dicular, the figure will not remain at rest but the 
portion on the side of A will move upwards and the 
portion on the side of A will move downwards, and 
this will go on continually until it is restored to the 
upright position. 


> Cf. supra, p. 245; possibly a similar assumption to this 
effect has fallen out of the text. 

¢ A tacit assumption, which limits the generality of the 
opening statement of the proposition that the segment may 
have any weight relative to the fluid. 

4 y. supra, p. 251. 
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XVIII. ERATOSTHENES 


(a) GENERAL 


Suidas, s.v. "Eparocbévys 


*Epatoobévys, “AyAaoé, ot Sé€ "ApBpoaiov: 
Kupnvaios, palais didooddov ’Aptarwvos Xiov, 
ypappartcod S€ Avaaviov rod Kupnvaiov «al 
Kadudyouv tod mountod. peteréudbn Sé e€ 
’"AOnvav bad rob tpirov THroAdcuaiov Kat Srérpupe 
péxpe Tob méunrov. Sia Sé ro Sevrepevew ev 
mavti ede. maidetas Tois aKpots éyyicavra’ Byra* 
emeKaAnOn. ot dé Kal Sedrepov H véov THAdrwva, 
dAdo. Wevrabaov éxddeoav. éréxOn 8 prs’ ’OAvp- 


1 éyyicavra Meursius, éyyicaat Adler. 
* Bra Gloss. in Psalmos, Hesych. Mil., 74 Bypara codd. 





* Several of Eratosthenes’ achievements have already 
been described—his solution of the Delian problem (vol. i. 
pp. 290-297), and his sieve for finding successive odd numbers 
(vol. i. pp. 100-103). Archimedes, as we have seen, dedicated 
the Method to him, and the Cattle Problem, as we have also 
seen, is said to have been sent through him to the Alexandrian 
mathematicians. It is generally supposed that Ptolemy 
credits him with having calculated the distance between the 
tropics (or twice the obliquity of the ecliptic) at 11/83rds. of 
a complete circle or 47° 29’ 39”, but Ptolemy’s meaning is not 
clear. Eratosthenes also calculated the distances of the sun 
and moon from the earth and the size of the sun. Fragments 
of an astronomical poem which he wrote under the title 
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(a) GENERAL 


Suidas, s.v. E'ratosthenes 


Eratosruenes, son of Aglaus, others say of 
Ambrosius; a Cyrenean, a pupil of the philosopher 
Ariston of Chios, of the grammarian Lysanias of 
Cyrene and of the poet Callimachus?; he was sent 
for from Athens by the third Ptolemy ° and stayed 
till the fifth.¢ Owing to taking second place in all 
branches of learning, though approaching the highest 
excellence, he was called Beta. Others called him a 
Second or New Plato, and yet others Pentathlon. He 
was born in the 126th Olympiad ¢ and died at the age 


Hermes have survived. He was the first person to attempt a 
scientific chronology from the siege of Troy in two separate 
works, and he wrote a geographical work in three books. 
His writings are critically discussed in Bernhardy’s Hratos- 
thenica (Berlin, 1822). 

> Callimachus, the famous poet and grammarian, was 
also a Cyrenean. He opened a school in the suburbs of 
Alexandria and was appointed by Ptolemy Philadelphus 
chief librarian of the Alexandrian library, a post which he 
held till his death c. 240 3.c. Eratosthenes later held the 
same post. 

¢ Euergetes I (reigned 246-221 n.c.), who sent for him to 
be tutor to his son and successor Philopator (v. vol. i. pp. 
256, 296). 

4 Epiphanes (reigned 204-181 8.c.). * 276-273 B.c. 
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made kal éreAcdryoev a er@v yeyovwds, amo- | 
oXe}Lev0s tpopis dia 76 duBruebrrew, pabyriy 
emlonpov katakizav ’Aptoropavny tov Buldyriov- 
od wdAw "Apiorapxos pabyrns. pabyrat dé adroo 
Mvacéas rat Mevavdpos Kat “Aptotis. éyparbe Se 
pirsooga. kal woujuara Kal loropias, “Aotpovopiay 
7, Karacrepiopous,” Tlept r&v Kara purocopiay 
alpéoewv, Tlepi ddumias, duaAdyous moANods Kai 
ypapparixd avyva. 


(6) On Means 


Papp. Coll. vii. 3, ed, Hultsch 636, 18-25 


Tay dé mpoeipnpevwy ert] "Avadvopévov BuBAleov 
4 rages €otly rovatTy . . . Epatoabdvous epi 
pecornTwv dvo. 


Papp. Coll. vii. 21, ed. Hultsch 660. 18-662. 18 


aan TOTO Kabdrov of py elow epexrixol, ws 
"ArroMdivwos mpo Tav iSiwv orouxetwy Adyee 
onpuetov pev ToTrov aneiov, ypayphs Sé rdzov 
YPapBHY, éemoavetas dé émpavevay, orepeod be 
orepedy, of 5€ Sre€odiKol, ws onuetou pev YPappnY, 
ypaupyns 8 émipdverav, emidpaveias dé orepedv, 


1 Karaorepiopovs coni. Portus, Karaornptypous codd, 





* Not, of course, Aristarchus of Samos, the mathematician, 
but the celebrated Samothracian grammarian. 

> Mnaseas was the author of a work entitled IepfaAous, 
whose three sections dealt with Europe, Asia and Africa, 
and a collection of oracles given at Delphi. 

* This work is extant, but is not thought to be genuine in 
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of eighty of voluntary starvation, having lost his 
sight; he left. a distinguished pupil, Aristophanes 
of Byzantium ; of whom in turn Aristarchus® was a 
pupil. Among his pupils were Mnaseas,? Menander 
and Aristis. He wrote philosophical works, poems 
and histories, Astronomy or Placings Among the 
Stars,¢ On Philosophical Divisions, On Freedom from 
Pain, many dialogues and numerous grammatical 
works. 


(b) On Means 
Pappus, Collection vii. 3, ed. Hultsch 636. 18-25 


The order of the aforesaid books in the Treasury of 
Analysis is as follows. . . the two books of Eratos- 
thenes On Means.4 


Pappus, Collection vii. 21, ed. Hultsch 660. 18-662. 18 


Loci in general are termed fixed, as when Apollonius 
at the beginning of his own Elements says the locus of 
a point is a point, the locus of a line is a line, the locus 
of a surface is a surface and the locus of a solid is a 
solid ; or progressive, as when it is said that the locus 
of a point is a line, the locus of a line is a surface and 
the locus of a surface is a solid; or circumambient as 


its extant form; it contains a mythology and description of 
the constellations under forty-four heads The general title 
*Acrpovonia may be a mistake for ’Aorpofecia; elsewhere 
it is alluded to under the title KardAoyor. 

@ The inclusion of this work in the Treasury of Analysis, 
along with such works as those of Euclid, Aristaeus and 
Apollonius, shows that it was a standard treatise. It is not 
otherwise mentioned, but the loci with reference to means 
referred to in the passage from Pappus next cited were pre- 
sumably discussed in it. 
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oi 8é dvacrpogixol, as onpetov pev empdveray, 
ypaypys 5€ orepedy. feu of dé dnd "Eparoode- 
vous emuypapevtes Té7r0t POS, peodrntas éx tev 
mpoeipnuevuy clay T@ yévet, amd dé Tis iSidTyTos 
Tov wnobdcewy . . . exetvors.]* 


(c) Tue “ Pratontcus ” 
Theon Smyr., ed. Hiller 81. 17-82. 5 


"Eparoodévys dé ev TO TTAatwured  dyor, par} 
Tabrov elvar didornua Kal Adyov. ened Adyos 
pev eo. Svo  beyeDav q mpos aAAnAa Trou. oxéats, 
yivera 8° abrn kal év Staddpous xa év ddvagpd- 
pous)." olov ev @ Adyw ori 76 aicdyrov mpos 
TO vontov, ev Toure dga _Tpos emorneny, kat 
Siagdper kat Td vonrov tod emorntod @ Kal % 
Sdfa Tot alc@nTot.  Ssedornpa S€ ev Sdiaddpovar 
pdvor, } Kata TO péyebos 7) KaTa ToLTNTA } KaTa 
Oéow % dAAws drwootv. d7jdov 5é Kal éevredbev, 

1 The passage of which this forms the concluding sentence 
is attributed by Hultsch to an interpolator. o fill the 
lacuna before éxeivors he suggests dy dprovoe exetvous, following 


Halley’ s rendering, “ diversa sunt ab illis.” 
2 xal ev ddiaddpors add. Hiller. 





¢ Tannery conjectured that these were the loci of points 
such that their distances from three fixed lines provided a 
“ médiété,” i.¢., loci (straight lines and conics) which can be 
represented in trilinear co-ordinates by such equations as 


Qy=a+z, yY=asz, y(w +z) =2wz, oa - y)=2(y-2z), 
x(a —y)=yy - 2) 5 
these represent respectively the arithmetic, geometric and 
harmonic means, and the means subcontrary to the harmonic 
and geometric means (v. vol. i. pp. 122-125), Zeuthen has 
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when it is said that the locus of a point is a surface and 
the locus of a line isa solid. [. . . the loci described 
by Eratosthenes as having reference to means belong 
to one of the aforesaid classes, but from a peculiarity 
in the assumptions are unlike them.]4 


(c) Tus “ Pratonicus 
Theon of Smyrna, ed. Hiller 81. 17-82. 5 


Eratosthenes in the Platonicus > says that interval 
and ratio are not the same. Inasmuch as a ratio is a 
sort of relationship of two magnitudes one towards 
the other,® there exists a ratio both between terms 
that are different and also between terms that are not 
different. For example, the ratio of the perceptible 
to the intelligible is the same as the ratio of opinion 
to knowledge, and the difference between the intel- 
ligible and the known is the same as the difference of 
opinion from the perceptible.¢ But there can be an 
interval only between terms that are different, 
according to magnitude or quality or position or in 
some other way. It is thence clear that ratio is 


an alternative conjecture on similar lines (Die Lehre von den 
Kegelschnitten im Altertum, pp. 320-321). 

> Theon cites this work in one other passage (ed. Hiller 2. 
3-12) telling how Plato was consulted about the doubling of 
the cube; it has already been cited (vol. i. p. 256). Eratos- 
thenes’ own solution of the problem has already been given 
in vol. i. pp. 290-297, and a letter purporting to be from 
Eratosthenes to Ptolemy Euergetes is given in vol. i. pp. 256- 
261. Whether the Platonicus was a commentary on Plato 
or a dialogue in which Plato was an interlocutor cannot be 
decided. 

© Cf. Eucl. v. Def. 3, cited in vol. i. p. 444, 

@ A reference to Plato, Rep. vi. 509 p—511 x, vii. 517 a— 
518 3. 
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or Adyos Siaoripatos é erepov" TO yap Tov 70s 
TO SutAdavov (Kat 78 SumAdovov ™mpos 70 Ho)" 
Adyov uev od Tov adrov exer, SudoTnpa Sé TO atTo. 


(d@) MeasureMENT or THE Eartu 
Cleom. De motu circ. i, 10, 52, ed. Ziegler 94. 23-100. 23 


Kai 4 perv tof Tlocetdwviov efodos mepi rob 
Kata Thy yhy peyeBovs rovatry, 7 Sé Tod "Epa- 
toabévous yewperpixiis epddou exopevn, Kal do- 
Kotod 7 aoadéotepov exew. rorjoes S€ cadh 
Ta Aeyopeva tr’ atrot rdde mpotimoriepévwr 
hav. doKxeicOw yytv mpdrov pév xavraiéa, 
b70 TH adT@ peonuBpw@ KetoPar Luyvynv Kat 
"AreEavopevav, Kai Sevrepov, ro SidoTnya 0d 
peerage Tov Toews TMevraKLaxiAteoy aradicv elvar, 
Kal TpiTov, Tas Kararepmouevas dxrivas dao 
Svadcpev pepav Too Alou | émi Siddopa. Tis yis 
pépn mapadAnrous etvas: ores yap exew adras 
oi yewperpat dtroTievra. réraptov éexelvo dtr0- 
keioOw, Serxviuevov mapa Tols yewpéerpats, Tas 
eis mapadAnjAous eumimrovoas edOetas Tas évadAak 
yuwvias toas Tovey, wéuTrTov, Tas emt towy ywridy 
BeBynxvias mepipepetas opotas elvar, Tovréote rHV 
attny avadoyiay Kai tov atrov Adyov Exew mpos 
tots olketous KUKAoUS, SetKvupevov Kal TovToU 
mapa Tots yewperpais. omdray yap mepidéperat 
emt towy ywurdv do. BePyxviat, av pia nrioodv 


1 kal... qyuov add. Hiller. 





* The difference between ratio and interval is explained a 
little more neatly by Theon himself (ed. Hiller 81. 6-9): 
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different from interval; for the relationship of the 
half to the double and of the double to the half does 
not furnish the same ratio, but it does furnish the 
same interval. 


(d@) Measurement or THE Eartu 


Cleomedes,*’ On the Circular Motion of the Heavenly 
Bodies i. 10. 52, ed. Ziegler 94. 23-100. 23 


Such then is Posidonius’s method of investigating 
the size of the earth, but Eratosthenes’ method 
depends on a geometrical argument, and gives the 
impression of being more obscure. What he says 
will, however, become clear if the following assump- 
tions are made. Let us suppose, in this case also, 
first that Syene and Alexandria lie under the same 
meridian circle ; secondly, that the distance between 
the two cities is 5000 stades ; and thirdly, that the 
rays sent down from different parts of the sun upon 
different parts of the earth are parallel; for the 
geometers proceed on this assumption. Fourthly, 
let us assume that, as is proved by the geometers, 
straight lines falling on parallel straight Hines make 
the alternate angles equal, and fifthly, that the arcs 
subtended by equal angles are similar, that is, have 
the same proportion and the same ratio to their 
proper circles—this also being proved by the geo- 
meters. For whenever arcs of circles are subtended 
by equal angles, if any one of these is (say) one-tenth 
Siaddper S€ Sidornua Kal Adyos, emeidy) Sidornpa pév ore rd 
perald rdv dpoyevav re Kai dvicwr dpwvr, Adyos 8 amas 4 
Tdév Opoyeradv Gpuw mpds dAAjAous oxéats. 

> Cleomedes probably wrote about the middle of the first 


century B.c. is handbook De motu circulari corporum 
caelestium is largely based on Posidonius, 
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avtav Séxatov % pépos Too olkeiov KUKAov, Kal 
Aowral maoat 8exaTa pépn yevycovra Tay 
oikeiwy KUKAWY. 

Tovrwy 6 Karaxparjoas ovK av yadends Ti 
épodov Tob "Eparoodevous Karopdavo. €yovcav 
ovTws. ond TH avr ketobat pean Bpw® ono 
Lonny Kat "AdefdvSpevay. ézrel obv PE YLaTOL - TOV 
ev TO Koop ot peonpBpwot, det Kat Tovs dzo- 
Kelevous ToUToUs Tis yas KuKhous peyiorous elvou 
dvayKaius. wore YAtkov av tov dia Lugs kat 
"ArdefarSpeias qyKovTa KUKAOV ris vis 4 epodos 
amobci~es avrn, TIAukobros Kat 6 péyiatos eorat 
Ths yas KUKos. d¢not toivuv, Kai exer oUTwWS, THY 
Luyyny bare TO Gepup TpoTUKG xetobau KUKAy. 
OnoTav obv év KapKivep yevdpevos 6 uos Kat 
Bepwas mroudby Tpomas axpiBas peoouparijon, doxvou 
yivovrat of Tay cdpodoytey yrdpoves dvayKais, 
Kata Kderov axpiph Tod aAiou trepKeyevou: Kal 
rotiro yiveoOou Adyos emt orabdious Tpiaxogious 
tiv Sidpetpov. év "AdcEavdpeta dé 7h avrh cepa 
dmoBdAAovaw ot TOV copohoyloy yrapoves oxudy, 
dre mpos dpkrw paMov rijs Lunvys TavTHS THs 
ToAews Keuevns. t1o TH adrd Peon Bp 
Totvuy Kal jheyiorw KUKAW Tov méAewn Keypeveny, 
ay _TEpuaydywpev mepupépevay amo Tob dxpou Tis 
Tob yrepovos oxuds emt tiv Bdow adbriy too 
yvaprovos Tod év *AdefavBpela cipodoyiou, airy 
7 mepupé pera, TERA yevjoerau Tob peylorou tay 
€v TH oxddn KUKAwY, eel preyiorw Kindy b70- 
KeuTau q 70d eporoyiov oxdgn. et otv é&ijs 
vorjoauey ev0elas Sua Ths yas éxBaMopevas ip 
ExaTépov THY yrwpdovwy, Tpos TH KevTpw THS yhs 
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of its proper circle, all the remaining arcs will be 
tenth parts of their proper circles. 

Anyone who has mastered these facts will have 
no difficulty in understanding the method of 
Eratosthenes, which is as follows. Syene and Alex- 
andria, he asserts, are under the same meridian. 
Since meridian circles are great circles in the universe, 
the circles on the earth which lie under them are 
necessarily great circles also. Therefore, of whatever 
size this method shows the circle on the earth through 
Syene and Alexandria to be, this will be the size of 
the great circle on the earth. He then asserts, as is 
indeed the case, that Syene lies under the summer 
tropic. Therefore, whenever the sun, being in the 
Crab at the summer solstice, is exactly in the middle 
of the heavens, the pointers of the sundials necessarily 
throw no shadows, the sun being in the exact vertical 
line above them ; and this is said to be true over a 
space 300 stades in diameter. But in Alexandria at 
the same hour the pointers of the sundials throw 
shadows, because this city lies farther to the north 
than Syene. As the two cities lie under the same 
meridian great circle, if we draw an arc from the 
extremity of the shadow of the pointer to the base of 
the pointer of the sundial in Alexandria, the arc will 
be a segment of a great circle in the bow] of the sun- 
dial, since the bowl lies under the great circle. If 
then we conceive straight lines produced in order 
from each of the pointers through the earth, they 
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oupmecobyrat, émet obv 76 év Lujy cspoAdyrov 
Kara KaBerov bmoKertat TO HAlw, av _ emWOnCWpLEV 
evdeiav amd Tob jAiov jjKoveay én’ dxpov tov rob 
cbpodoyiov yrapova, pia yevijoerat evbeia q dao 
Tob WAtov péxpe Tob KEVTpoU Tis yijs Kove. éay 
obv érépav evetav vorjocpey amo Tob akpov Tis 
ands Tob yudipoves 80 (dKpou_ Tob yvedpovos emi 
Tov 7Avov _dvayoperny dro rijs ev *AdAcEavdpeta 
oxadns, adry Kat 4 mpoepnpevyn evOeta mapdMn- 
Aow yevijoovran amo Siaddpuv ye Tod iAtou Hepav 
emi duddopa pépn Tis vis Sujcoveat. eis Tavras 
Toivuv mrapadnAous ovoas eprinres ev0cia 7) amo 
Tob KévTpou Tis yijs emt Tov év "AdrcEavdpeta. 
yvepova jovea, ware Tas evadrdg yeovias ioas 
moveiv: cy ) pev dor. mpos TH KevTpY Tis vis 
Kara ovpmreow | Tey evdeay, al dno T&v copo- 
Aoyiwy HxOjoar é emt 70 kévTpov Tis yiis, ywopern, 
9 Sé Kata oupmrwow dpou Tob ep "AdeLavdpeig 
yvesLovos Kal Tijs din’ dixpov Ths oKxas adrod én 
TOV Tpuov dua Tis mpos aurov pavcews avayJetons 
yeyevnievn. Kat emt _bev raurns BeBnre Tept- 
fpépera 4 an” _axpov Tis oxds rob yvcpovos emt 
Ty Baow avrod mrepiaxSeioa., emit d€ tris mpos 
TH KevTpw THs yijs 7 dard Luyvns Sujkovea els 
"Adefdvdperay. Gmotat Toivuy ai mepupepevat etow 
aAr pas € én’ towv ye yevedy BeByxvias. év dpa 
éyov € exet ev wh oxddy mpos - Tov olxeiov KuKov, 
Totrov éxeu Tov Adyov Kal 9 amd Luyvys eis 
"AdcEdvSperay qKovaa. q Oe ye ev wh oxagdy 
TrEVTNKOOTOV Hépos evploxerar Too olicevou KUKAov. 
def ody avayKaiws Kal Td amo Luyvyns ets "Adcg- 
dvdperay Sudoryua mevrnkoordy elvar pépos Tob 
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will meet at the centre of the earth. Now since the 
sundial at Syene is vertically under the sun, if we 
conceive a straight line drawn from the sun to the 
top of the pointer of the sundial, the line stretching 
from the sun to the centre of the earth will be one 
straight line. If now we conceive another straight 
line drawn upwards from the extremity of the shadow 
of the pointer of the sundial in Alexandria, through 
the top of the pointer to the sun, this straight line 
and the aforesaid straight line will be parallel, being 
straight lines drawn through from different parts of 
the sun to different parts of the earth. Now on these 
parallel straight lines there falls the straight line 
drawn from the centre of the earth to the pointer at 
Alexandria, so that it makes the alternate angles 
equal; one of these is formed at the centre of the 
earth by the intersection of the straight lines drawn 
from the sundials to the centre of the earth; the 
other is at the intersection of the top of the pointer 
in Alexandria and the straight line drawn from the 
extremity of its shadow to the sun through the point 
where it meets the pointer. Now this latter angle 
subtends the arc carried round from the extremity of 
the shadow of the pointer to its base, while the angle 
at the centre of the earth subtends the arc stretching 
from Syene to Alexandria. But the ares are similar 
since they are subtended by equal angles. Whatever 
ratio, therefore, the arc in the bow] of the sundial has 
to its proper circle, the arc rcaching from Syene to 
Alexandria has the same ratio. But the arc in the 
bowl is found to be the fiftieth part of its proper 
circle. Therefore the distance from Syene to Alex- 
andria must necessarily be a fiftieth part of the great 
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peylotou ris yijs KUKAoU: Kai €or. TobTO oTadiwy 
mevrakiaxiriwy. 6 apa avpmas KUKAos yiverat 
pupiddewr eixoot wévTe. Kal 4 ev "Eparoafévous 
éfodos To.avrn. 


Heron, Dioptra 36, ed. H. Schine 302. 10-17 


ae dé dorw, ef TUX, THY peTa€d ’AXeEavbpetas 
ai _ Pans dd0v expeTphaae THY én eddeias, Thy 
te emt KUKAoU mepupepetas peylorou Tod év TH YD 
mpoaopohoyoupevou Tod 6t Tepiperpos Tis vis 
oradiwv éo7t fi Kal ere 8B, ws 6 pddwora Tav 
drwv daxpiBeorepov tempayparevpevos °*Epato- 
abéuns Seixvuow év (r@>' érvypadopéevy Tepi ris 
dvapetphoews Tis ys. : 
1 +6 add. H. Schone. 





* The attached figure will help to elucidate Cleomedes. 
S is Syene and A Alexandria; the 
: | centre of the earth is O. The sun’s 
¥ ays at the two places are represented 
by the broken straight lines. If a be 
Ci the angle made by the sun’s rays with 
the pointer of the sundial at Alexandria 
(OA produced), the angle SOA is also 
equal to a, or one-fiftieth of four right 
angles. The arc SA is known to be 
5000 studes and it follows that the 
whole cirenmference of the earth must 
be 250000 stades. 
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circle of the earth. And this distance is 5000 stades. 
Therefore the whole great circle is 250000 stades. 
Such is the method of Eratosthenes.* 


Heron, Dioptra 36, ed. H. Schine 302. 10-17 


Let it be required, perchance, to measure the 
distance between Alexandria and Rome along the are 
of a great circle,’ on the assumption that the peri- 
meter of the earth is 252000 stades, as Eratosthenes, 
who investigated this question more accurately than 
others, shows in the book which he wrote On the 
Measurement of the Earth.¢ 


> Lit. ‘‘ along the circumference of the greatest circle on 
the earth.” 

¢ Strabo (ii. 5. 7) and Theon of Smyrna (ed. Hiller 124, 
10-12) also give Eratosthenes’ measurement as 252000 
stades against the 250000 of Cleomedes. ‘‘ The reason of 
the discrepancy is not known ; it is possible that Eratosthenes 
corrected 250000 to 252000 for some reason, perhaps in 
order to get a figure devisible by 60 and, incidentally, a 
round number (700) of stades for one degree. If Pliny (V.H. 
xii. 13. 53) is right in saying that Eratosthenes made 40 stades 
equal to the Egyptian oyotvos, then, taking the cyoivos at 
12000 Royal cubits of 0-525 metres, we get 300 such cubits, 
or 157-5 metres, i.e., 516-73 feet, as the length of the stade. 
On this basis 252000 stades works out to 24662 miles, and 
the diameter of the earth to about 7850 miles, only 50 miles 
shorter than the true polar diameter, a surprisingly close 
approximation, however much it owes to happy accidents in 
the calculation ” (Heath, H.G.M. ii. 107). 
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XIX. APOLLONIUS OF PERGA 


(a) Tue Conic Sections 


(i.) Relation to Previous Works 


Eutoc. Comm. in Con., Apoll. Perg. ed. Heiberg ii. 
168. 5-170. 26 


’"AmroAdvios 6 yewuerpns, & pire ératpe ’Av- 
Odme, yéyove pev ex Iepyns ris ev Mapdudla 
é€v xpdvas to6 Evepyérov IroAcuatou, ds toropet 
“HpdxAevos 6 tov Biov "Apyiprdovs ypddwv, és 
kai dno. ta Kwrikd Ocwpnpata emivofoa pev 

~ A] > f * ae 3 cA bh 
mp@rov tov “Apyysydn, tov dé "AmoAAd@vov adra 

c 4 € ae ta A > tf > , 
evpovra 70 “Apxiuydous pty éxdo0évra iSvoTrowy- 
cacba, ok dAnGedwy Kata ye rH cui. 6 TE 
yap “Apyiu7ndns ev moddots daiverar ws madato- 
Tépas Tis oToLyewboews TOY KwWYLKaY pepyypEevos, 

A «3 - 2. € 27 > ie 7 
Kat 6 ’Arro\Aw@nos ody ws iSias éemuwotas ypdder: 

> ‘ bal yw ee 3 rAd \ AGA ~ 
od yap av édn “ émi mAdov Kal xabdrAov paAdov 





* Scarcely anything more is known of the life of one of the 
greatest geometers of all time than is stated in this brief 
reference. I‘rom Pappus, Coll. vii., ed. Hultsch 67 (quoted in 
vol, i. p. 488), it is known that he spent much time at Alex- 
andria with Kuclid’s successors. Ptolemy Euergetes reigned 
246-221 B.c., and as Ptolemaeus Chennus (apud Photii 
Bibl., cod. cxe., ed. Bekker 151 b 18) mentions an astro- 
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(a) THe Conic SEcrions 
(i.) Relation to Previous Works 


Eutocius, Commentary on Apollonius’s Conict, 
Apoll. Perg. ed. Heiberg ii. 168. 5-170. 26 


Apottonius the geometer, my dear Anthemius, 
flourished at Perga in Pamphylia during the time of 
Ptolemy Euergetes,? as is related in the life of Archi- 
medes written by Heraclius,? who also says that 
Archimedes first conceived the theorems in conics 
and that Apollonius, finding they had been discovered 
by Archimedes but not published, appropriated them 
for himself, but in my opinion he errs. For in many 
places Archimedes appears to refer to the elements of 
conics as an older work, and moreover Apollonius 
does not claim to be giving his own discoveries ; 
otherwise he would not have described his purpose as 
“ to investigate these properties more fully and more 


nomer named Apollonius who flourished in the time of 
Ptolemy Philopator (221-204 8.c.), the great geometer is 

Fobably meant. This fits in with Apollonius’s dedication of 

ooks iv.-viii. of his Conics to King Attalus I (247-197 n.c.). 
From the preface to Book i., quoted infra (p. 281), we gather 
that Apollonius visited Eudemus at Pergamum, and to 
Eudemus he dedicated the first two books of the second 
edition of his work. 

> More probably Heraclides, v. supra, p. 18 n. a. 
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eLerpydobat TavTa mapa Ta bm0 Tov dAAwy ye- 
Ypappera., Gar’ drep gnow 6 Téuwos adn bes 
€or, 6Tt ob mahavol K@vov optlopevor THY TOD 
dpboywviov Tprydvou mepupopav pevovons pods 
ray mept THY OpOny «ikdTws Kal Tods Kebvous 
mdvtas opbods tmeAduBavoy yivecBar Kai pilav 
Tony €v éxdoTm, ev pev To ophoywview Thy viv 
KaAoupevyny mapaporsy, ev Se 7) dp Brvyevicn my 
dmepBoryy, ev dé 7 dévywviey Thy eden: Kad 
éort map’ abrots evpetv oTws dvopalouevas tas 
Touds. a@orep obv Tay apyaiwy emt évos éxdoTou 
etdous Tpuydvou Dewpynodvrwy Tas dvo opAas 
TpoTE pov év TO toomAevpap Kal mddw é ev 78 too- 
oxeAet Kal vorepov ev 7H cKadynv@ ot perayevé- 
orepor KaloAuKkov Bedbpnua dmédeEav tovodro: 
TavrTos Tprywvov at évros Tpeis ywviar dvaiv dpPais 
toa eloiv? ovTws Kal emt Ta&v Too Kadbvov Topdy: 
THY peev yap Aeyonevny opboyuvion Kabvov Topay 
ev dpboywriw pdvov Kevyp eBechpovv Tepvoperay 
émimédw op0@ mpds piay m™eupay Tod Kwvov, THY 
be 708 “duBrvyevion Kobvou TOpTY év duBrvyevion 
yeoneny Kava dmedetxvucay, THY de rod ofv- 
yeoviou ev dtvyewicn, Opoiws ent mdvrov Tov 
Kv _dyovres Ta emtrreda. 3pba. mpos piay meupay 
Too KwvoU- Sot, dé kal atta ra dpyaia dvopara 
Tov ypayav. vorepoyv dé "AmroMavios 6 Ilep- 
yatos Kabdrov Th eGedbpnaey, ore éy mavrt Kebvep 
kal dp0@ Kat oxadnva moat at Topat elot Kara 
Sisco Tob émumédou mpos Tov Kavov mpooBoArjy: 
év kal Oavudoarres of kar’ adrov yevouevor dia 
76 Oavpdovov t&v tn’ adrod Sederypevww Kwrikav 
Gewpnydtwrv péyay yewpéerpny éexddouvv. Taira 
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generally than is done in the works of others.” * But 
what Geminus says is correct : defining a cone as the 
figure formed by the revolution of a right-angled 
triangle about one of the sides containing the right 
angle, the ancients naturally took all cones to be right 
with one section in each—in the right-angled cone the 
section now called the parabola, in the obtuse-angled 
the hyperbola, and in the acute-angled the ellipse ; 
and in this may be found the reason for the names 
they gave to the sections. Just as the ancients, 
investigating each species of triangle separately, 
proved that there were two right angles first in the 
equilateral triangle, then in the isosceles, and finally 
in the sealene, whereas the more recent geometers 
have proved the general theorem, that in any triangle 
the three internal angles are equal to two right angles, so 
it has been with the sections of the cone; for the 
ancients investigated the so-called section of a right- 
angled cone in a right-angled cone only, cutting it by 
a plane perpendicular to one side of the cone, and they 
demonstrated the section of an obtuse-angled cone in an 
obtuse-angled cone and the section of an acute-angled 
cone in the acute-angled cone, in the cases of all the 
cones drawing the planes in the same way perpen- 
dicularly to one side of the cone; hence, it is clear, 
the ancient names of the curves. But later Apollonius 
of Perga proved generally that all the sections can be 
obtained in any cone, whether right or scalene, 
according to different relations of the plane to the 
cone. In admiration for this, and on account of the 
remarkable nature of the theorems in conics proved 
by him, his contemporaries called him the “ Great 


s This comes from the preface to Book i., v. infra, p. 283. 
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pev odv 6 Teuwos ev tO Exrm dyoi ths Tar 
pabnpatrwr Oewpias. 


(ii.) Scope of the Work 


Apoll, Conic. i., Baer poll Perg. ed, Heiberg 
i. 2. 2-4, 2 

*AmoAAdvios Eddrpwp xatpew. 

Ei 76 Te odpare ed émravdyets cal 7a, dAda Kare 
yapeny éort go, Karas a av eXOt, petpius 5é Eyouev 
kat aprot, Kal? -oy-Se Kaipoy 7unv peta gou év 
Hepyduw, Bedpovr ce omevoovra petacyeiy tav 
TeTIpaypLevanv Hputy KwuiKkdv tétoppa odv cot TO 

~ , , ‘ be r 4 e 
ampatov PiBrLov Swopfwadpevos, Ta S€ AoiTa, Grav 
evapeoTicwpev, eLarrooteAotper> odk duvnuoveiv 
yap olopal ge map’ euob axnkodta, didte THY Tept 

lod ” bd , = 6 4,5 e A N , 
Taira éhodov éezounodunv afuwleis imo Navepd- 
Tous Tot yewpuerpov, Kal? dv Kaipov eayddale 








® Menaechmus, as shown in vol. i. pp. 278-283, and more 
particularly p. 283 n. a, solved the problem of the doubling 
of the cube by means of the intersection of a parabola with a 
hyperbola, and also by means of the intersection of two para- 
bolas. This is the earliest mention of the conic sections 
in Greek literature, and therefore Menaechmus (fl. 360-350 
B.c.) is generally credited with their discovery; and as 
Eratosthenes’ epigram (vol. i. p. 296) speaks of “ cutting the 
cone in the triads of Menaechmus,” he is given credit for 
discovering the ellipse as well. He may have obtained them 
all by the method suggested by Geminus, but Heath (H.G. M. 
ii. 111-116) gives cogent reasons for thinking that he may 
have obtained his rectangular hyperbola by a section of a 
right-angled cone parallel to the axis. 

A passage already quoted (vol. i. pp. 486-489) from Pappus 
(ed. Hultsch 672. 18-678. 2) informs us that treatises on the 
conic sections were written by Aristaeus and Euclid. Aris- 
taeus’ work, in five books, was entitled Solid Loci; Euclid’s 
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Geometer.”’ Geminus relates these details in the 
sixth book of his Theory of Mathematics.* 


(ii.) Scope of the Work 


Apollonius, Conics i., Preface, Apoll. Perg. ed. Heiberg 
i. 2. 2-4, 28 


Apollonius to Eudemus ® greeting. 

If you are in good health and matters are in other 
respects as you wish, it is well; I am pretty well too. 
During the time I spent with you at Pergamum, 
I noticed how eager you were to make acquaint- 
ance with my work in conics; I have therefore 
sent to you the first book, which I have revised, and 
I will send the remaining books when I am satis- 
fied with them. J suppose you have not forgotten 
hearing me say that I took up this study at the request 
of Naucrates the geometer, at the time when he came 


Conics was in four books. The work of Aristaeus was 
obviously more original and more specialized ; that of Euclid 
was admittedly a compilation largely based on Aristaeus. 
Euclid flourished about 300 8.c. As noted in vol. i. p. 495 
n. a, the focus-directrix property must have been known to 
Euclid, and probably to Aristaeus; curiously, it does not 
appear in Apollonius’s treatise. 

Many properties of conics are assumed in the works of 
Avohtinades without proof and several have been encountered 
in this work; they were no doubt taken from the works of 
Aristaeus or Euclid. As the reader will notice, Archimedes’ 
terminology differs in several respects from that of Apollonius, 
apart from the fundamental difference on which Geminus 
laid stress. 

The history of the conic sections in antiquity is admirably 
treated by Zeuthen, Die Lehre von den Kegelschnitten im 
Altertum (1886) and Heath, Apollonius of Perga, xvii-clvi. 

> Not, of course, the pupil of Aristotle who wrote the 
famous History of Geometry, unhappily lost. 
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map wiv mapayevnbels eis *’AdeédvSperav, Kal 
dudte mpayparevoavres atbra ev dxrd BiBrlous e& 
atrijs petadedudxapev atta eis 76 omrovdaidrepov 
dia 70 mpos éxrrAw adrov elvar od Siaxabdparres, 
adAdka amdvra, Ta brominrovta iv Oevtes chs 
éoyarov éredevaduevor. S0ev Kaipdv viv AaBdvres 
del TO TUyxavoy diopOuwcews exdiSomev. Kal émel 
ouppeBynxe Kat addous twas TOv ouppemydtwv 
npiv pereAngévas 7d mp&rov Kal 76 detrepov 
BiBriov mpiv 7% Si0p0wOAva, pr) Oavpdons, édv 
mepiminrns adtots érépws €xovaw. 

"Amo 0€ T&v dxrd PiBrAlwy ta mpdra récoapa 
ménTwKeV eis aywyny oToryenbdyn, mepieéyer Sé 7d 
fev mpdrov tas yevéceis T&Y Tpiav Toudv Kab 
TOV avrixemmevey Kal Ta ev adrais dpyuKa cupmrd= 
para emi mA€ov Kat xabddou paAdov éFeipyacpéva 
mapa 7a tro TOV ddAwy yeypappeéva, Td be Sev- 
TEpov Ta Tept Tas Staperpous Kal rods dfovas TOV 
Topav ovpBaivovra Kai tas douumrdrous Kal 
aMa yevixyy Kal dvayxaiay ypelay mapeydspeva 
mpos tous S.optoptods: tivas b€ Svayérpovs Kat 
tivas a€ovas KaAd, eidrjoets ex TovTov Tob PiBAlov. 
To d€ tpitov moa Kal mapddoéa Bewprara 
xprjoyza. mpds Te Tas owbéoes Tay _orepedv 
témwv Kal rods Siopiopods, dv ra wAciora kal 
eddkota §éva, & Kal Katavoroavtes ouve(Souev 
py ovvriéuevov tad EvxdeiSou rov emi rpets Kal 
técoapas ypaypas té7ov, ddAd pdpiov ro TUYv 
atroo Kat tobro odk edtuxds: od yap Hv Suvardv 
dvev T&v mpocevpnidvwy juiv redcwOfvar ri 





* A necessary observation, because Archimedes had used 
the terms in a different sense, 
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to Alexandria and stayed with me, and that, when I 
had completed the investigation in eight books, I gave 
them to him at once, a little too hastily, because he 
was on the point of sailing, and so I was not able to 
correct them, but put down everything as it occurred 
to me, intending to make a revision at the end. 
Accordingly, as opportunity permits, I now publish 
on each occasion as much of the work as I have been 
able to correct. As certain other persons whom I 
have met have happened to get hold of the first and 
second books before they were corrected, do not be 
surprised if you come across them in a different form. 

Of the eight books the first four form an elementary 
introduction. The first includes the methods of pro- 
ducing the three sections and the opposite branches 
{of the hyperbola] and their fundamental properties, 
which are investigated more fully and more generally 
than in the works of others. The second book in- 
cludes the properties of the diameters and the axes 
of the sections as well as the asymptotes, with other 
things generally and necessarily used in determining 
limits of possibility ; and what I call diameters and 
axes you will learn from this book.t The third book 
includes many remarkable theorems useful for the 
syntheses of solid loci and for determining limits of 
possibility ; most of these theorems, and the most 
elegant, are new, and it was their discovery which 
made me realize that Euclid had not worked out the 
synthesis of the locus with respect to three and four 
lines, but only a chance portion of it, and that not 
successfully ; for the synthesis could not be com- 
pleted without the theorems discovered by me.? 


> For this locus, and Pappus’s comments on Apollonius’s 
claims, v. vol. i. pp. 486-489. 
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ovvdeau. TO 6€ Téraprov, mooaxas ai Tay Kove 
Topal dAAnjAats Te Kal Th Tod KbKAov mepipepeia. 
oupBddMovor, Kat ddAa é ex mepioood, dy ovdérepov 
imo TOV mpd Hav yéeypamrat, Kwvov Topy 7} 
KUKAov trepipepera Kara méca onpeta ovpBdd- 
Aovot. 

Ta dé Aowd ore teprovoracTiKwTepa oTL 
yap TO pev wept dAaxlorwy Kal peyiorwy ent 
mAréov, To Sé Epi laowy Kal duolwy Kwvou TOUdY, 
76 8€ mepi StopioTinay Cewpnudrwv, rd 5é apo- 
BAnpdrwv KwuKkdy Siwpiopévwv. od pay ddda 
Kai mavrwv exdobdvtwy eEeare Tots Tmepitvyxdvovat 
kpivev avrd, ws av attdv exaoros aiphrat. 
EvTUYEL. 


(iii.) Definetions 
Ibid., Deff., Apoll. Perg. ed. Heiberg i. 6. 2-8. 20 


"Ed > é / A , / 

av and Tivos onpelov mpos KUKAOV TrEpidépetay, 
6s obx €oTw ev TH adT@ emrumedep TO onpeig, 
ty. es 3 a 24° 

evfeta émlevyBeioa eg éxdrepa mpocexBrn On, 
Kal _Hévovros TOO onpeiou % evdeia meptevexOeioa 
mepl THY TOD KUKAOV TrEpipeperay eis TO avro mddw 
dmoxaraoraby, é0ev jptaro pépeoOan, Tv ypa- 
petoav dno ris edbeias emddveav, } odyKertat 
ék dvo émipaverdv Kara Kopudyy aGAAjAais Ket- 
pévav, av éxarépa eis dmepov avferar ris 





® Only the first four books survive in Greek. Books v.-vii. 
have survived in Arabic, but Book viii. is wholly lost. Halley 
(Oxford, 1710) edited the first seven books, and his edition is 
still the only source for Books vi. and vii. The first four 
books have since been edited by Heiberg (Leipzig, 1891-1893) 
and Book v. (up to Prop. 7) by L. Nix (Leipzig, 1889). The 
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The fourth book investigates how many times the 
sections of cones can meet one another and the cir- 
cumference of a circle ; in addition it contains other 
things, none of which have been discussed by pre- 
vious writers, namely, in how many points a section 
of a cone or a circumference of a circle can meet 
[the opposite branches of hyperbolas]. 

The remaining books are thrown in by way of 
addition: one of them discusses fully minima and 
maxima, another deals with equal and similar sections 
of cones, another with theorems about the determina- 
tions of limits, and the last with determinate conic 
problems. When they are all published it will be 
possible for anyone who reads them to form his own 
judgement. Farewell. 


(iii.) Definitions 
Ibid., Definitions, Apoll. Perg. ed. Heiberg i. 6. 2-8. 20 


If a straight line be drawn from a point to the cir- 
cumference of a circle, which is not in the same plane 
with the point, and be produced in either direction, 
and if, while the point remains stationary, the straight 
line be made to move round the circumference of the 
circle until it returns to the point whence it set out, 
I call the surface described by the straight line a 
conical surface ; it is composcd of two surfaces lying 
vertically opposite to each other, of which each 
surviving books have been put into mathematical notation 
by T. L. Heath, Apollonius of Perga (Cambridge, 1896) and 
translated into French by Paul Ver Eecke, Les Coniques a’ 
Apollonius de Perga (Bruges, 1923). 

In ancient times Eutocius edited the first four books with 
a commentary which still survives and is published in 
Heiberg’s edition. Serenus and Hypatia also wrote com- 
mentaries, and Pappus a number of lemmas. 
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ypapovons eveias els d7retpov mpoaexPadMopuerys, 
Kara KOVED emupdverar, Kopugny dé adriis 78 
HepevnKos onpetov, akova. dé Thy Oud Tod onpeiov 
Kal Tod KévTpou Tod KUKAoU dyoperny <vfetay. 

Kdévoy be TO TEpLeX[Levov oxnua vd Te Tob 
KUKAov Kal THs peragd THs Te Kopudys Kai Tis 
Tob KvKAov mepupepetas Kwveris emupaveias, Kopu- 
py 5€ Tob Kwvov Td onpietov, 6 xal THis empavetas 
€ort xopudy, dfova Sé€ rHv amo ris Kopudis emi 
TO KevTpov Tob KUKAov dyouévny edOeiav, Bdow 
S€ rov KUKhov. 

Tév dé Kwivwv dpbods pev KaA® tols mpos 
opbas €; exovras Tas Baceo tovs afovas, oKadnvods 
5€ tods 7 mpos dpOas exovtas rais Bdceat rods 
afovas. 

IIdons KaprddAns ypaputs, arts éorly ev evi 
emindun, Sudperpov prev KaAD evdetay, 7 ares Tyee 
dard Tijs KapmdAns ypappis mdgas Tas ayopevas 
ev Th ypappn ed0cias edOeia Twi mrapadArAous 
dixa Svatpet, Kopupyy b€ tis ypappis TO mépas 
Tijs edBeias 70 mpos TH YALA TeTaypEvens be 
emi tiv Sudperpov KariyGa éxdorny tev TapaA- 
AjjAwy. 

‘Opoiws dé Kat S00 KapmiAwy ypappdv ev évi 
emmédw Keysevwy Siduetpov KaA@ mAayiay pev, 
qris ed0eia Téuvovea Tas do ypappds mdoas Tas 
ayopnevas ev éxatépa Tay ypee ae Tapa TLWo, 
cdbeiav Sixa Tépvel, opupas dé THY ypappdv ra 
mos Talis ypaypats mépara THs Svaperpov, opbiav 
b€, i ares KeyLevT petald trav dvo ypaypaev mdoas 
tas ayouevas tapadAnjAous edbetas edOeia Twi Kal 
arrodapBavoyevas petagd trav ypappav diya 
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extends to infinity when the straight line which 
describes them is produced to infinity ; I call the 
fixed point the verter, and the straight line drawn 
through this point and the centre of the circle I call 
the azis. 

The figure bounded by the circle and the conical 
surface between the vertex and the circumference of 
the circle I term a cone, and by the vertex of the cone 
I mean the point which is the vertex of the surface, 
and by the azis I mean the straight line drawn from 
the vertex to the centre of the circle, and by the base 
I mean the circle. 

Of cones, I term those right which have their axes 
at right angles to their bases, and scalene those which 
have their axes not at right angles to their bases. 

In any plane curve I mean by a diameter a 
straight line drawn from the curve which bisects 
all straight lines drawn in the curve parallel to a given 
straight line, and by the vertex of the curve I mean the 
extremity of the straight line on the curve, and I 
describe each of the parallels as being drawn ordinate- 
mise to the diameter. 

Similarly, in a pair of plane curves I mean by a 
transverse diameter a straight line which cuts the two 
curves and bisects all the straight lines drawn in either 
curve parallel to a given straight line, and by the 
vertices of the curves I mean the extremities of the 
diameter on the curves; and by an erect diameter I 
mean a straight line which lies between the two 
curves and bisects the portions cut off between the 
curves of all straight lines drawn parallel to a given 
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Tépuver, TeTaypeves S€é ént THY Sidpetpov KarhyOas 
ExdoTny Tv TapadAjAwy. — ” 

Lulvyels Kad Siapérpous [8vo]' KapervAns 
ypapypns Kal v0 KapriAwy ypappav edbelas, dv 
exarépa Siduerpos oboa tas tH érépa mapad- 
AjAous Siva Srape?. 

"Afova 5€ xadA@ xapmddAns ypaypis Kal dvo 
KapTvAwy ypanpav edbeiav, Aris Suduerpos odca 
THS ypaypis 7 Tay ypappadv mpdos dpbas répver 
Tas TapadAjAous. 

Luluyeis Kad® afovas xapmvAns ypappas Kat 
dvo KapmtAwy ypappay edOelas, aires Sidperpor 
otcat ouluyets mpds dpbas réuvovar tas adAjAwy 
mrapadAjAous. 


(iv.) Construction of the Sections 
Ibid., Props. 7-9, Apoll. Perg. ed. Heiberg i. 22, 26-36. 5 


(a 

"Eav xa@vos emmédm tunbi Sia rod d£ovos, 
THOR S€ Kal érépw emmédw téuvovrt TO éimeSov, 
év @ €atw % Bdows Tod Kwvov, Kar’ edOciay mpds 
op0as obcav row TH Baoe. tod Sia rot d£ovos 
tprydvou 4 7H én’ ed0eias adbrH, at dydpevas 
ev0etar amd Tis yernPelons tomis ev rH TOO Kdbvou 
empaveta, qv emoince TO Téuvov émimedov, wapdr- 
AnAoe rH mpds opbas rH Bdoe Tot tprydvou 
evleta emt Thy KoWw)y TomnY Tecodvrat Tob Téu- 

1 8¥o om. Heiberg. 





* This proposition defines a conic section in the most 
general way with reference to any diameter. It is only much 
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straight line ; and I describe each of the parallels as 
drawn ordinate-nise to the diameter. 

By conjugate diameters in a curve or pair of curves I 
mean straight lines of which each, being a diameter, 
bisects parallels to the other. 

By an azis of a curve or pair of curves I mean a 
straight line which, being a diameter of the curve or 
pair of curves, bisects the parallels at right angles. 

By conjugate axes in a curve or pair of curves I mean 
straight lines which, being conjugate diameters, 
bisect at right angles the parallels to each other. 


(iv.) Construction of the Sections 
Ibvid., Props. 7-9, Apoll. Perg. ed. Heiberg i, 22. 26-86. 5 
Prop. 7 4 


If a cone be cut by a plane through the axis, and if it be 
also cut by another plane cutting the plane containing the 
base of the cone in a straight line perpendicular to the base 
of the axial triangle, or to the base produced, a section 
will be made on the surface of the cone by the cutting 
plane, and straight lines drawn in it parallel to the straight 
dine per pendicidlss to the base of the axial triangle will 
meet the common section of the cutting plane and the axial 


later in the work (i, 52-58) that the principal axes are intro- 
duced as diameters at right angles to their ordinates. The 
proposition is an excellent example of the generality of 
Apollonius’s methods, 

Apollonius followed rigorously the Euclidean form of 
aia In consequence his general enunciations are extremely 
ong and often can be made tolerable in an English rendering 
only by splitting them up; but, though Apollonius seems to 
have taken a malicious pleasure in their length, they are 
formed on a perfect logical pattern without a superfluous 


ord. 
* Lit. “ the triangle through the axis.” 
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vovros émumédou Kal tod Sia rod dfovos tprywvov 
Kat mpocexBadAdpevar ews tot érépov pépous rijs 
Topas Sixa tunOjnoovrar bn’ abris, Kal éav pev 
~ ~ , a 
6pOds } 6 Kavos, ) ev TH Baoe edOcia mpds dpbas 
gota, TH Kowy Tous ToD Téuvovros émumédov Kal 
706 Sa tot dovos tpiywvov, eav S€ oKadnves, 
% 7. 4 > \ 4” 3 > oe A 4 a” 
ovk alel mpos épOas gorar, GAN drav 76 Sid. Tob 
»” 2s ‘ > A s ~ , ~ a, 
d£ovos émimedov mpos épbas 7 TH Bdcer Tot Kadvov. 
“Eorw Kavos, ob Kopudy pev 76 A onpetov, 
, ea , 4 Fd 2 / BS 
Baois 8¢ 6 BI’ kvkdos, Kal tetpjobw emimédyp dia 


A A 





rob déovos, Kal Tmoveitw tou 76 ABT tplywvov. 
retunjobw b€ Kal érépw eémmédw téuvovt. 7d 
énimedov, ev @ coTw 6 BI’ kdkdos, Kar’ edbetav 
aiv AE yrot pds dpfas odcav rH BI 9 rH én’ 
ed0eias abrh, Kal movetrw Toph ev TH émipavela 
708 kavov THY AZE: Kou) 8%) Top) Tod réuvovros 
émmédov Kal to6 ABT tpiyévou 4 ZH. kal 
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triangle and, if produced to the other part of the section, 
will be bisected by its if the cone be right, the straight line 
in the base mill be perpendicular to the common section of 
the cutting plane and the axial triangle ; but if tt be sca- 
lene, it will not in general be perpendicular, but only when 
the plane through the axis is perpendicular to the base of 
the cone. 

Let there be a cone whose vertex is the point A and 
whose base is the circle BI’, and let it be cut by a 





plane through the axis, and let the section so made 
be the triangle ABI. Now let it be cut by another 
plane cutting the plane containing the circle BI in a 
straight line AE which is either perpendicular to BI 
or to BP produced, and let the section made on the 
surface of the cone be AZE*; then the common 
section of the cutting plane and of the triangle ABT. 


* This applies only to the first two of the figures given in 
the mss, 
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eth pu Te onpetov ent ths AZE ropis 76 oO, 
Kal 7x00 dua 700 © 7H AE awapdaddy Aos 4 OK. 
Agyun, 6 ort 7 OK oupBaret 7 ZH Kai éxBado- 
pévn ews tod érépou pepous THs AZE ropis Sixa 
tpn Ojoerar bo THs ZH eveias. 

"Evel yap Ka@vos, ob Kopugy) pev to A onpeiov, 
Baow Sé 6 Br KUKAos, TET PNT AL ermumedy Sud rob 
afovos, Kat 7ovel Topayy vo ABT Tplywvov, 
ethnarau 8€é 7 onpetov ent Tis emipaveias, 6 é pap 
€orw emt mAcupas Tob ABP Tpeydvov, To ©, Kat 
€or, Kaberos 7 AH éeni ri BY, % dpa 8a tod O 
7h AH sapadAdnros dyopevn, rouréorw 4 OK, 
ovpBoaret 7O ABT tprydvm Kai wpocexBaddrAopéevn 
éws Tob érépov pepous Tis emupavelas diya Tp On 
ceta 70 TOU Tprydvov. erel ody 7) did TOD 
7 AE mrapaAdnhos dyopevy oupsBadret 7@ ABI 
TpLyaved Kat €orw ev TO ud, Tis AZE Tops 
emmédm, emi THY Kou apa Toyny meceirar Tod 
TEUVOVTOS émumédov Kal TOU ABr ‘rpuydivou. Kouwn 
Se Top) €or TOV emiméduv 7 4 ZH: 4 dpa Sud. Tob 
© 7H AE maparAnaos dyopevn mecetrat emi Thy 
ZH: Kai mpocexPaMopevn € ews Tob érépou (pépous 
ays AZE ropfs Sixa tunPyoerar bad ris ZH 
evdeias. 

"Hrou 8) 6 Kavos dpOds éotw, } 7d Sid Tod 
afovos tpiywvov 76 ABI’ dpOov éeore zpos tov BLY 
KUKAov, 7) odd€repov. 

“Eotw mpdtepov 6 Kavos dpOds: etn dv odv Kal 
76 ABIL tpiywvrov dpOdv mpos tov BI xvdov. 
érel odv éemimedov ro ABT’ apos éximedov ro BT 
opbdv éori, kal TH KowH adtGv topq rH BI ev 
evi Tay émimédwyv TH BI’ mpos dpOds Hera 4 AE, 
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is ZH. Let any point 0 be taken on AZE, and 
through O let OK be drawn parallel to AE. I say 
that OK intersects ZH and, if produced to the other 
part of the section AZE, it will be bisected by the 
straight line ZH. 

For since the cone, whose vertex is the point A and 
base the circle BI’, is cut by a plane through the axis 
and the section so made is the triangle ABI’, and 
there has been taken any point 9 on the surface, not 
being on a side of the triangle ABI’, and AH is per- 
pendicular to BI, therefore the straight line drawn 
through © parallel to AH, that is OK, will meet the 
triangle ABI and, if produced to the other part of the 
surface, will be bisected by the triangle [Prop. 6]. 
Therefore, since the straight line drawn through 0 
parallel to AE meets the triangle ABI and is in the 
plane containing the section AZE, it will fall upon the 
common section of the cutting plane and the triangle 
ABI’. But the common section of those planes is ZH ; 
therefore the straight line drawn through 6 parallel 
to AE will meet ZH ; and if it be produced to the 
other part of the section AZE it will be bisected by 
the straight line ZH. 

Now the cone is right, or the axial triangle ABI is 
perpendicular to the circle BI’, or neither. 

First, let the cone be right ; then the triangle ABT. 
will be perpendicular to the circle BI (Def. 3; Eucl. 
xi. 18]. Then since the plane ABI is perpendicular 
to the plane BI’, and AE is drawn in one of the planes 
perpendicular to their common section BI’, therefore 
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} AE dpa. T® ABL Tpeyaven éorl mpos opbds: kat 
mpos mdoas dpa Tas dmropévas abriis evbeias 
Kai ovoas ev 7 ABI tpirywvw dp0y éorw. adore 
Kal mpos THV ZH éore mpos dpOds. 
Ms Bd oF « ~ 2 Od > 4 - s 8 A 
4 €oTw 57) 6 Kavos dpds. «i péev obv Td did 
Tod afovosetpliywvov dpbov dart mpds tov BI 
ta £ é 4 id bi ¢ ~ 
KUKAov, dpoiws dei~oper, drt Kal 7 AE rq ZH 
€oTt mpos dpbds. py éotw 51) 7d bia Tob a€ovos 
tpiywvov to ABI opfov apos tov BY kdkdov. 
Aéyw, drt ode 7 AE 7H ZH éore mpds dpbds. 
> A / ” Ly bY ‘ ~ s 
ei yap Suvarov, €oTw: Eort Sé Kal 7H BIT aps 
dpbds: » dpa AE éxarépa trav BI’, ZH éori apos 
tJ , hi ~ A ~ 3 4 » 
oplds. Kal 7@ dia rav BI, ZH emurddm apa 
a™pos opbds éort. TO be bea rev BI, HZ éni- 
medov €or TO ABP. Kal AE dpa TP ABL TPb 
yave orl mpos dpbds. Kat mavra, dpa. Ta Sv 
adris érimeda 7H ABY rpvydivm éeori mpds dpOds. 
a / ~ A a > i > 4 ¢ 
év 6€ m1 ta&v bia tis AE émmdédwy éoriv 6 BL 
, ¢ y ‘, ‘ > , > ~ 
kukaos' 6 BI dpa xuvKAos mpds dpfds éom TO 
ABD rpryjvey. adore kai 76 ABT rpiywvrov dpOdv 
€orat mpos tov BI’ KdKAov: émep ody badKeurat. 
% ” ¢ a ? AY ’ , 
ovx apa 7 AK rH ZH éore wpos dpOas. 


TIdpiopa 

"Ex 87 tovrou davepdy, ori tis AZE ropfs Sid- 
petpds eortw 4 ZH, emeinep tas dyopevas trapad- 
Ajdous edbelg twi rH AE Sixya réuver, kat ore 
Suvardv dor bmd THs Siayérpov THs ZH mapada- 

ta A 4 é ‘ 4 4 > 4 
AjAous twas Siva Téuvecbar Kai pr} mpds dpOas. 

7’ 

*Eav Kavos emimédw rtyunbf Sia rod d£ovos, 
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AE is perpendicular to the triangle ABI’ [Eucl. xi. 
Def. 4]; and therefore it is perpendicular to all 
the straight lines in the triangle ABI’ which meet 
it [Fucl. xi. Def. 3]. Therefore it is perpendicular 
to ZH. - 

Now let the cone be not right. Then, if the axial 
triangle is perpendicular to the circle BI’, we may 
similarly show that AE is perpendicular to ZH. Now 
let the axial triangle ABI’ be not perpendicular to the 
circle BI’. I say that neither is AE perpendicular to 
ZH. For if it is possible, let it be; now it is also 
perpendicular to BI'; therefore AE is perpendicular 
toboth BY, ZH. And therefore it is perpendicular to 
the plane through BI’, ZH [Eucl. xi. 4]. But the 
plane through BI’, HZ is ABI’; and therefore AE is 
perpendicular to the triangle ABI’. Therefore all the 
planes through it are perpendicular to the triangle 
AB? [Eucl. xi. 18]. But one of the planes through 
AE is the circle Bf; therefore the circle BI is per- 
pendicular to the triangle ABI’. Therefore the 
triangle ABI is perpendicular to the circle BF ; which 
is contrary to hypothesis. Therefore AE is not 
perpendicular to ZH. 


Corollary 


From this it is clear that ZH is a diameter of the 
section AZE [Def. 4], inasmuch as it bisects the 
straight lines drawn parallel to the given straight 
line AF, and also that parallels can be bisected by 
the diameter ZH without being perpendicular to it. 


Prop. 8 


Tf a cone be cut by a plane through the axis, and it be 
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TynOf Sé Kal érépw emmédw téuvovte riv Bdow 
Tot Kkwvov Kat’ eddctay mpds dplds otcav 7H Bdcet 
tot Sia Tob aovos tprywrov, % Se Siduetpos ris 
yiwopervns ev TH emipaveia Toys Fro. mapa piav 
% T&v too Tprydvou mrevpdv } ovpnintn abr 
extos Ths Kopudis Tob Kwvov, mpocexBadAnrat 
dé 7 Te Too Kwvou éemddvea Kal 7d Téyvov eni- 
mreSov ets ameipov, Kal 7 Top? els dmeipov av&br,- 
ceTar, Kal dad ris Siapérpov Tijs Topas mpos TH 
Kopudy mdon 7H Sobeion edleiqg tony anoArnperal 
zis ed0eta ayouevyn amo Tis Tob’ Kuvou Tops 
mapa Thy év TH Bdoe: Tod Kwvou edbetav. 

"Eotw x@vos, ob Kkopudy pev 7d A onpeiov, 
Baas S€ 6 BI’ xdkdos, cat retpjobw emaddp 


A 





&ia toG dfovos, kal movettw ropjv ro ABI’ zpi- 
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also cut by another plane cutting the base of the cone in a 
line perpendicular to the base of the axial triangle, and if 
the diameter of the section made on the surface be either 
parallel to one of the sides of the triangle or meet it beyond 
the vertex of the cone, and if the surface of the cone and 
the cutting plane be produced to infinity, the section mill 
also increase to infinity, and a straight line can be drann 
from the section of the cone parallel to the straight line in 
the base of the cone so as to cut off from the diameter 
of the section towards the vertex an intercept equal to any 
given straight line. 

Let there be a cone whose vertex is the point A and 
base the circle BI, and let it be cut by a plane through 


the axis, and let the section so made be the triangle 
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ywvov' retTuHoOw dé Kal érépw éemmédm téuvovte 
tov BI’ xv«dov kar’ edbciav tiv AE mpos opbas 
otoay 7H BY, Kat movetrw rouny ev TH éemdaveta 
thv AZE ypappyv: 4 dé Sidpetpos tis AZE ropiis 
% ZH Aroe wapadAndros €orw 7H AT 7 exBaddo- 
pevy ovpmarérw abi éxtds Tod A onueiov. réyw, 
OTe Kai, edv HY TE TOO KdVOV _emupavera Kat 70 
Téuvov émimedov exBddAnrar cis dzrecpov, Kal % 
AZE op} eds diretpov, adgnOjcerar. 

"ExBeBaAjobw yap 7 Te Tod Kwvov émpdvera 
Kal TO réuvov énimedov: davepov 84, Ott Kal ai 
AB, AT, ZH ouverxBAnOjcovrac. eve » ZH 7H 
AT rou mrapdddnhds €oTw 7} éxBarowevn ou 
mime abrh éxros Tob A onpeiov, at ZH, AT 
dpa éxBadAdpevar ws emi ra T', H pepn ovSénore 
oupmecobvrat. ex BeBXkoOwoar odv, Kai etAndbw 
Te onpuelov emi ris ZH rvyov 7d O, Kai Sid Tod 
© onpetov rH pev BL mapadrndros yOw 4 KOA, 
TH Se AE wapdadndos 4 MON: 76 dpa dia Trav 
KA, MN eémizedov mapadAnddv éott 7TH Sia raV 
BI, AE. xdKdos dpa dort ro KAMN eézizedov. 
Kat eet ta A, E, M, N onpeta ev r@ réuvorti 
éorw emimédy, éott dé kat év TH empaveia Tob 
Kebvou, emi Tijs Kow?s dpa. Tops eorw: nvéynras 
dpa 4 AZE pexpe rev M, N onpetonv. _adén beans 
dpa THs émpavetas Tob Kwvouv Kal Tob TépvovTos 
émmedou Expt Tob KAMN xkdxdov netnrae Kat 
4 AZE sop) HEXpE Tay M, N onpieteov. Opolws 
o7) detLonev, 6tt Kai, édv ets daretpov exBadAnras 
q Te TOD Kwvouv empdvea Kal TO Téuvov émimedov, 
kat 7 MAZEN ropy eis drrecpov adfnOyjoerar. 

Kati davepdv, ore mdon 7H Sobeton edOeia ionv 
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ABI ; now let it be cut by another plane cutting the 
circle BI’ in the straight line AE perpendicular to BI, 
and Jet the section made on the surface be the curve 
AZE ; let ZH, the diameter of the section AZE, be 
either parallel to AT or let it, when produced, meet 
AI beyond the point A. I say that if the surface of 
the cone and the cutting plane be produced to infinity, 
the section AZE will also increase to infinity. 

For let the surface of the cone and the cutting plane 
be produced ; it is clear that the straight lines, AB, 
AI’, ZH are simultaneously produced. Since ZH is 
either parallel to AI or meets it, when produced, 
beyond the point A, therefore ZH, AT’ when produced 
in the directions H, I’, will never meet. Let them be 
produced accordingly, and let there be taken any 
point © at random upon ZH, and through the point 0 
let KOA be drawn parallel to BI’, and let MON be 
drawn parallel to AE; the plane through KA, MN 
is therefore parallel to the plane through BY, AE 
({Eucl. xi. 15]. Therefore the plane KAMN is a circle 
[Prop. 4]. And since the points A, E, M, N are in the 
cutting plane, and are also on the surface of the cone, 
they are therefore upon the common section ; there- 
fore AZE has increased to M, N. Therefore, when 
the surface of the cone and the cutting plane increase 
up to the circle KAMN, the section AZE increases up 
to the points M, N. Similarly we may prove that, if 
the surface of the cone and the cutting plane be 
produced to infinity, the section MAZEN will increase 
to infinity. 

And it is clear that there can be cut off from the 
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dmodnpberai tis ano THs ZO edOeias mpos TH Z 
onueiw. éav yap TH So0cion tonv Odpev rv ZS 
kat Sia rob 2 rH AE mapddAnrov aydywpev, 
oupmeceira TH Tou, wWomep Kal Hy Sta Tod O 
amedeix0n oupninrovoa Th Town Kata 7a M, N 
onucia: adore dyetat tis ed0eia ovpminrovoa TH 
Town mapadAAndos otoa 7H AE drrodauBdvovca 
and tis ZH ed0ciay tony rH Sobcion mpos 7H Z 
f 
onperm. 9° 


a ‘ a BJ f ~ , 4 

Kav x@vos emméd@ tunbR cupninrovte pev 

éxatépa mArevpG Tod dia Tob abovos rprydvou, 
2 

pyre Sé rapa thy Bdow hypéevw pyre brevavriws, 
% Top ovK Eorat KUKXoS. 

"hE ~ 3 ka ‘A ‘ ‘ A ~ 
oTw Ka@vos, 08 Kopudi) péev TO onpetov, 





Baas 5€ 6 BI’ Kv«dos, Kat retprjoIw emmédp 
\ , “a 

Tit pnte tapaddAjrAm dvr TH Bdoe pire da- 
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straight line ZO in the direction of the point Z an 
intercept equal to any given straight line. For if we 
place ZE equal to the given straight linc and through 
E draw a parallel to AE, it will meet the section, just 
as the parallel through 0 was shown to meet the 
section at the points M, N; therefore a straight line 
parallel to AE has been drawn to meet the section so 
as to cut off from ZH in the direction of the point Z 


an intercept equal to the given straight line. 


Prop. 9 


Tf a cone be cut by a plane meeting either side of the 
axial triangle, but neither parallel to the base nor sub- 
contrary ,* the section will not be a circle. 

Let there be a cone whose vertex is the point A 
and base the circle BI’, and let it be cut by a plane 


neither parallel to the base nor subcontrary, and let 


* In the figure of this theorem, the section of the cone by 
the plane AE would bea subcontrary section (irevarria tour) 
if the triangle AAW were similar to the triangle ABT, but ina 
contrary sense, #.¢., if angle AAE=angle ATB. Apollonius 
proves in i. 5 that subcontrary sections of the cone are circles ; 
it was proved in i. 4 that all sections parallel to the base are 
circles, 
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evavtiws, Kal moveiTw Topy ev Th empavela mY 
AKE ypappriv. Adyw, dru AKE ypappt) odk 
€orat KUKXos. 

Ei yap Suvardv, €otw, Kal ovpminrérw 1d 
téuvov émimedov 7H Bdoe, Kai €oTw Trav émuméduv 
cow? Tony 7 ZH, 76 dé Kévtpov vod BI KdxAou 
éorw 76 ©, Kal an adtod Kdbetos 7yIw emt vy 
ZH 7» OH, «at éxPeBArjoOea Sud. TAs HO xai rod 
afovos entmeBov Kal moire Topas ev TH Keven 
empaveia tas BA, AD ctOecias. eet odv ta A, 
E, Hl onpeia &v re 7H Sia ris AKE emumédep 
€oriv, €ort Sé Kai ev 7H Sia Tov A, B,D, ra dpa 
A, E, H onpeta én Ths kowis Towns TOV ém- 

meBuvy coriv: ed0cia dpa eoriv 4 HEA. cdi pBeo 
84 te emi tis AKE ypappis onpeiov 76 K, kal 
Sud roo K Th ZH  sapaAdAnAos xO 9 KA- 
eorat 51) ion 7 KM 79 MA. % dpa AE &a- 
jeTpos éort 700 AKAK KdKdov. 7 x9en 37) Sud 
Tob M Th BI mapddAndos 4 NMES €ort 8 Kal 
4 KA 77 ZH mapadAnros: dare To dia trav NG, 
KM émimeSov mrapadAnAdcv core TO Sid. ray Br, 
ZH, rovréote rH Bdoet, Kal dorar Top KUK- 
os. éorw 6 NK. kal eet 7 ZH rH BH apos 
dp8ds éort, kat 7 KM 7h NE mpos opbds éorw: 
ware 70 imo rev NME ioov éorl T@ aro Tijs KM. 
éott Sé 70 tno Trav AME ioov TH dard Tis 
KM: xvKdos yap imoxertas 7 AKEA Yarn, Kal 
Seder pos abroad 4 A TO apa bd TeV 
NMG it ioov eort 7H ind AME. éoTw dpa ws 7 
MN mpos MA, ovTws 4 EM zpos ME. dpovov dipa 
éort TO AMN Tplyevoy T =ME Tprydve, Kal 7 
imo ANM ywvla ion éori ri two MEER. aAda 
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the section so made on the surface be the curve AKE, 
I say that the curve AKE will not be a circle. 

For, if possible, let it be, and let the cutting plane 
meet the base, and let the common section of the 
planes be-ZH, and let the centre of the circle BI be 6, 
and from it let OH be drawn perpendicular to ZH, 
and let the plane through H® and the axis be pro- 
duced, and let the sections made on the conical sur- 
face be the straight lines BA, AT. Then since the 
points A, E, H are in the plane through AKE, and are 
also in the plane through A, B, I’, therefore the points 
A, E, H are on the common section of the planes ; 
therefore HEA is a straight line [Eucl. xi. 3]. Now 
let there be taken any point K on the curve AKE, and 
through K let KA be drawn parallel to ZH ; then 
KM will be equal to MA [Prop. 7]. Therefore AE is a 
diameter of the circle AKEA [Prop. 7, coroll.]. Now 
let NM be drawn through M parallel to BI; but 
KA is parallel to ZH ; therefore the plane through 
NE, KM is parallel to the plane through Br, ZH 
[Eucl. xi. 15], that is to the base, and the section will 
bea circle [Prop. 4]. Letitbe NK&. And since ZH 
is perpendicular to BH, KM is also perpendicular to 
NE [Eucl. xi. 10]; therefore NM. MZ=KM2 But 
AM. ME=KM?; for the curve AKIA is by hypothesis 
a circle, and AE is a diameter in it. Therefore 
NM.MB=AM.ME. Therefore MN :MA=EM: M2, 
Therefore the triangle AMN is similar to the triangle 
ME, and the angle ANM is equal to the angle MEX. 
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4 oad ANM yeovia Th om ABP éorw ton 
mrapdAAnAos yap uy NE 7H BI Kai q urd ABP 
dpa i ton éori TH v0 MEE. daevavria dpa eoriv 
q) Toy: Omep odx dmdKErTAL. OovK dpa KUKAOS 


eotiy 7 AKE ypaypy. 


(v.) Fundamental Properties 


Ibid., Props. 11-14, Apoll. Perg. ed. Heiberg i, 36. 26-58. 7 
ta’ 

*Eav Kavos emumedp Tnn0R Sua tod d£ovos, 
THO bé Kal érépy emurédeo Tépvovrt TY Bdow 
rot xwvou Kar’ edfetav mpos <6pbas odcay Th Pace 
rot Sua Tot a€ovos Tpuyebvou, ere 8€ F Sidquerpos 
Ths Tophs mapdadAnros 7 F pd meupG Tob da Tod 
afovos Tpuydvov, 7 irs av amo Tis Topas 706 Kdvou 
mapdaAAndos GxOF Th Kows tops rob TépvovTos 
emmédov Kat THS Bacews Tob Kebvou expe Tis 
Suaperpov Tis is Suvijoerat TO _TEpleX[Levov 
ond Te THS dro AapBavopevns ba” airiis amo THS 
Suaperpou pos. Th Kopudhj THis Tops Kat dMns 
Twos evdelas, uP Adyov é exet Tpos THY perage Tis 
Tob Kebvou yovias ai Tis Kopudts Tis Tops, 
6v TO TeTpdywvov TO a0 Tas Bacews Too Sua Tob 
a£ovos rpuywvou mmpds Td meprexduevov bad TaV 
Aourév Tob Tpuycvov dvo mAeupav> Kareicbw dé 
7 Tovatry Top mapaBohy. 

“Eorw Ka@vos, ob 76 A onpeiov xopudy, Baars 
de 6 BT KUKAos, kad rerpjobw emumeow dud Tod 
afovos, Kal movetTas Toma se) ABP Tplywvov, 
rer pnoOw be Kal érépw emimedqy TépvovTe Tv 
Bdow rot Kdvov kar’ edbeiav tiv “AE mpos opOas 
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But the angle ANM is equal to the angle ABI’; for 
NE is parallel to BI‘; and therefore the angle ABI’ 
is equal to the angle MEX. Therefore the section 
is subcontrary [Prop. 5]; which is contrary to hypo- 
thesis. Therefore the curve AKE is not a circle. 


(v.) Fundamental Properties 


Ibid., Props. 11-14, Apoll. Perg. ed. Heiberg i. 36. 26-58. 7 


Prop. 11 


Let a cone be cut by a plane through the axis, and let it 
be also cut by another plane cutting the base of the cone 
in a straight line perpendicular to the base of the axtal 
triangle, and further let the diameter of the section be 
parallel to one side of the axial triangle ; then if any 
straight line be drawn from the section of the cone parallel 
to the common section of the cutting plane and the base of 
the cone as far as the diameter of the section, its square 
nill be equal to the rectangle bounded by the intercept 
made by it on the diameter in the direction of the vertex 
of the section and a certain other straight line, this 
straight line mill bear the same ratio to the intercept 
between the angle of the cone and the vertex of the segment 
as the square on the base of the axial triangle bears to 
the rectangle bounded by the remaining two sides of the 
triangle ; and let such a section be called a parabola. 

For let there be a cone whose vertex is the point A 
and whose base is the circle BI’, and let it be cut by 
a plane through the axis, and let the section so made 
be the triangle ABI’, and let it be cut by another 
plane cutting the base of the conc in the straight line 
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ovoay 7H BI, Kat moveltw Topny ev TH emdavelg 
Tob Kwvouv tiv AZE, 4 Sé diuduetpos THs Topas 
4 ZH mapddAnros €oTw ped mAcupd rob bia Tod 
afovos tprywvov 7H AT, xai dad tod Z onpeiov 
7h ZH edbeia mpds dpbas Fyfw 4 ZO, Kai ze- 
mowodw, ws to amd BY mpds 76 xd BAT, otdrws 
% ZO mpos ZA, kat etAjpw re onpetov emi ris 
Tops tuxov 76 K, nat dca rob K 7H AE wapad- 
Andros i KA. déyw, dre 76 dad ris KA toov éort 
T® U1d Tov OZA, 

"“HyOw yap da rot A rq BI wapaddnros # 
MN: €or 3€ Kat 4 KA ri AE mapddAndos: 76 
dpa dua tav KA, MN ézimedov mapdddnAdv ort 
7@ Sa rv BI, AE émimédm, trovréats 7H Bdoet 
To Kwvov. TO dpa dia Tov KA, MN énimedov 
KUKros écotiv, od Sidpetpos 4 MN. kat éore 
Kaberos exit tiv MN KA, émet nat 4 AE én 
tiv BI 76 dpa ind tHv MAN toov éori 7 amd 
rhs KA. kat ézet dori, ws 76 amd THis BI’ apds 


76 tno tav BAT, odrws 7 OZ apds ZA, 76 Se 
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AE perpendicular to BI’, and let the section so made 
on the surface of the cone be AZE, and let ZH, the 
diameter of the section, be parallel to AT’, one side of 
the axial triangle, and from the point Z let ZO be 
drawn perpendicular to ZH, and let BP?: BA. AT = 
ZO : ZA, and let any point K be taken at random on 
the section, and through K let KA be drawn parallel 
to AE, I say that KA?=0Z. ZA. 

For let MN be drawn through A parallel to BI ; 
but KA is parallel to AE ; therefore the plane through 





KA, MN is parallel to the plane through BI’, AE 
[Euel. xi. 15], that is to the base of the cone. There- 
fore the plane through KA, MN is a circle, whose 
diameter is MN [Prop. 4]. And KA is perpendicular 
to MN, since AE is perpendicular to BI [Eucl. xi. 10}; 
therefore MA. AN=KA3, 
And since BI?;BA,AD=0Z: ZA, 
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and tis BI’ apds ro bxo rHv BAT Adyov exe 
TOV ovykeiwevov éx Te TOD, dv exer 7 BI apds TA 
«ai 7 BI apos BA, 6 dpa tijs OZ apos ZA Adyos 
ovyKeiran ék Tob THs BE apos TA xai rod rijs 
['B apos BA. aGAd’ as pev 4. BI apés TA, ovTws 
% MN mpos NA, TouréoTw 2 MA mpos AZ, as 
be # Br ™pos BA, ovtws 7 MN mpos MA, Tov- 
réoTw % AM zpos MZ, Kat Nae y NA mpos ZA. 
é dpa THs OZ ™pos ZA Adyos avy Kelton ek Tob 
Ths MA mpos AZ xat Tob Tis NA zpos ZA. 6 
dé _ovykeiperos Adyos éx Tob THs MA ™pos AZ 
Kat Tod Tis AN ™pos ZA 6 Tob ome MAN éore 
mpos 70 bo AZA, wos dpa. 9 OZ m™pos ZA, odrws 
76 bd MAN apos 76 td AZA. ws Se 4 OZ 
mpos ZA, Tis ZA Kowod dipous Aap Bavopevns 
ovrws TO U0 OZA mpos 70 v0 AZA- as dpa 
to dad MAN zpos ro bro AZA, obtws 7d v0 
OZA ampos 7d bd AZA. toov dpa éoTl 76 b70 
MAN 76 tad OZA. 76 8é iad MAN toov éoti 
Tt dao Tis KA: kal 76 aad ris KA dpa ico 
éotl T® bard roy OZA. 

Kareiodw be q pe rouatrn TOMA mapapoAy, 7 
de OZ map’ i Svvavrar ai KaTaydpevar TeTay~ 
pévs emi tov ZH Ssidperpov, xareicOw S€é Kal 
opbia. 


p" 
"Edy K@vos éemimédw tyunbA Sia rod d£ovos, 
DY THD 


TunOR Sé Kal érépw emmédw téuvovt. Thy Bdow 


* A parabola (xapaBodAj) because the square on the ordinate 
KA is applied (wapaBadeiv) to the parameter ©Z in the form 
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while Br? ; BA. AT'=(BI : PA)(BI : BA), 
therefore OZ : ZA=(BI : TA)(TB : BA). 
But Br: TA=MN:NA 

=MA: AZ, [Eucl. vi. 4 
and Br: BA=MN: MA 

=AM:MZ {ibid. 

=NA: ZA, [Euel. vi. 2 
Therefore OZ :ZA=(MA : AZ)(NA : ZA). 
But (MA :AZ)AN:ZA)=MA.AN: AZ. ZA, 
Therefore OZ: Z7ZA=MA.AN:AZ.ZA, 
But OZ: ZA=0Z.ZA:AZ.ZA, 


by taking a common height ZA ; 
therefore MA.AN:AZ.ZA=02Z2.ZA:AZ.ZA. 


Therefore MA.AN=02. ZA. [Eucl. v. 9 
But MA.AN=KA?2; 
and therefore KA?=60Z. ZA. 


Let such a section be called a parabola, and let OZ 
be called the parameter of the ordinates to the dia- 
meter ZH, and let it also be called the erect side (latus 
rectum).4 

Prop. 12 

Let a cone be cut by a plane through the axis, and let 
it be cut by another plane cutting the base of the cone in 
of the rectangle @Z.ZA, and is exactly equal to this 
rectangle. It was Apollonius’s most distinctive achievement 
to have based his treatment of the conic sections on the 
Pythagorean theory of the application of areas (mapaBody trav 
xwpiwv), for which v. vol. i. a 186-215. The explanation 
of the term latus rectum will become more obvious in the 
cases of the hyperbola and the ellipse; v. infra, p. 317 n. a. 
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rod Kwvou Kat evbciayv mpds dplas odcayv TH Bace 
To Sia rot dfovos Tpeydivov, Kal us diderpos Tijs 
TOLAS exBadopevy oupminry peg mAeupG Tob 
bd 708 dfovos Tpuyevou exTos THs Tob Kevou 
Kopudijs, tf HTS av aro Tis Tops ax07 mrapddAndos 
Th Kows Tops Tob (Tépvovros emumédou Kal Tijs 
Bacews toh Kwvov, ews THs Siapérpou THs Tophs 
Suvycerai Te xwplov mapaKeievoy mapd Twa 
ed0etav, pds hv Adyov exet én’ edOelas ev odoa 
Th Swaperpw Tis Topas, UToreivouca dé Thy éxTos 
Tob Tpeyeavov yeoviay, év 70 Tetpdywvov ae) dard 
Tis Hypevns amd Tis Kopudiis Tod Kwvou Tropa 
THY SudjueTpov Tis Topas ews Tis, Bdcews rob 
Tpuyavou mpos TO Te plexopevov bao TeV THs 
Bdcews TpndTwY, Ov Tovee 4, dxcioa, mdros 
éyov Thy drroAapBavopevny on avris amd THs 
SiayreTpou mpos TH Kopugi Tis Topas, drrepBadrov 
elder Opoiw TE Kal opoiws Keyevw TO mMeEpLexo- 
pévw b1d Te THs dToTEWwovons THY EKTOS ywviav 
To Tptywvov Kal THs map’ jv SdvavTat ai KaT- 
aydopevar Kadelobw dé 7 TovadTn Toph BrepBodrn. 

“Hotw Kavos, ob} Kopudy pev to A onpetov, 
Bdaos 5€ 6 BI kvkdos, Kal rerpjcdw éemaddw 
dia Tob dfovos, Kal ttoveireo Tony Td ABP Tpi- 
ywvor, rerprobe 8€ Kal érépy emumedap TépvovTe 
THY Bdow Tod Kwvouv Kar’ edbeiay tiv AE mpos 
dpbas obcov 7H BI Baoee roo ABL Tpeycivou, 
Kal troveiTw Topiyy € ev TH empaveia Too Kebvou Thy 
AZE ypoppyy, 7 Sé Sidperpos Tis Toms 4 ZH 
éxBadopevn oupmumréren peed meupé ro} ABT 
tpryavou 7H AT éexros ris tod Kavou Kopudis 
Kata 70 ©, Kat did too A rH diaperpw tis TonAs 
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a@ straight line perpendicular to the base of the azial 
triangle, and let the diameter of the section, when pro- 
duced, meet one side of the axial triangle beyond the 
verlex of the cone; then if any straight line be drawn 
from the section of the cone parallel to the common section 
of the cutting plane and the base of the cone as far as the 
diameter of the section, its square will be equal to the area 
applied to a certain straight line; this line is such that the 
straight line subtending the external angle of the triangle, 
lying in the same straight line with the diameter of the 
section, will bear to it the same ratio as the square on the 
line drawn from the vertex of the cone parallel to the dia- 
meter of the section as far as the base of the triangle 
bears to the rectangle bounded by the segments of the base 
made by the line so drawn; the breadth of the applied 
Jigure nill be the intercept made by the ordinate on the 
diameter in the direction of the vertex of the section; and 
the applied figure mill exceed by a figure similar and 
similarly situated to the rectangle bounded by the straight 
line subtending the external angle of the triangle and 
the parameter of the ordinates; and let such a section be 
called a hyperbola. 

Let there be a cone whose vertex is the point A 
and whose base is the circle BI’, and let it be cut by 
a plane through the axis, and let the section so made 
be the triangle ABI’, and let it be cut by another 
plane cutting the base of the cone in the straight line 
AE perpendicular to BI’, the base of the triangle ABI’, 
and let the section so made on the surface of the cone 
be the curve AZE, and let ZH, the diameter of the 
section, when produced, meet AI’, one side of the 
triangle ABI’, beyond the vertex of the cone at 0, 
and through A let AK be drawn parallel to ZH, the 
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7H ZH mapadrnAos 7x9» 9 AK, kal repvérw riv 


P, xat amd rob Z rH ZH apéds dpbas 7yOw 4 





ZA, kat rerroujoben, ws 70 amd KA mpds ré tad 
BED, ovrws q ZO mpos ZA, Kat eth hb Tt 
onetov énmt THs Tous {TexeV, To M, Kai 31a rod 
M 7h AE mapaAnAos AxGw % MN, us be roo N 

A LA mapdMnros 7 NOE, Kal encbeuxbeioa 4 
OA exPePrYXcbw ext 76 E, wat Sid rev A, 7H 
ZN mapadAnAot Wx8woav ai AO, Sli. eps, dru 

9 MN Sivarau 70 Ze, 6 TapdKerta Tapa THY 
ZA, dros éxov my ZN, dmepBadrov cider TO 
AE opoiw ove 7t@ bro tev OZA, 

"Hx9u yap bid Tob N TH BI’ zapddAndos % 
PNZ- é€ore 5€ Kat 7 NM rH AE zapddAndros- Bs 
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diameter of the seetion, and let it eut BT, and from 
Z let ZA be drawn perpendieular to ZH, and let 
KA2: BK. KE =Z0: ZA, and let there be taken at 
random any point M on the section, and through M 
let MN be drawn parallel to AE, and through N let 
NOE be drawn parallel to ZA, and let OA be joined 
and produced to E, and through A, =, let AO, II be 
drawn parallel to ZN. I say that the square on MN 
is equal to ZE, which is applied to the straight line 
ZA, having ZN for its breadth, and exeeeding by 
the figure AZ which is similar to the rectangle 
contained by 02, ZA. 

For let PN= be drawn through N parallel to BI; 


but NM is parallel to AE ; therefore the plane through 
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dpa dia tov MN, PX eéxlaedov mapdAdnAdv éott 
7 dia Trav BI, AK, rovréort 7H Bdoe rob Kebvov. 
édy dpa ex BAN OH 76 dua tHv MN, PX émtmedov, 
7 Top?) KBichos € éorat, od Sudperpos 7 PNX. xai 
éorw ez abr Kdberos i] MN: 70 dpa ord Tay 
PN ioov éori 7H amd Tis MN. Kal eet cor, 
ws tO amd AK mpos 76 b7r0 BED, otrws a ZO 
mpos ZA, 6 &é Tob dao Tijs J AK mpos vo bro BET 
Adyos ovyKevTat &k Te 708, év EXE q AK mpos Kr 
kal 7 AK mpos KB, wat 6 Ths ZO 4, dpa m™pos ray 
ZA dé vos ovyKeurau ex Tov, dv exer 7) AK mpos 
KI xat 4 AK mpos KB. aA dbs pev i AK 
mpos KI’, odrws 4 OH apés HI, tovréorw 4 ON 
mpos NX, ws 5é 9 AK apos KB, ovrus % ZH apds 
HB, rourdorw 7 ZN mpos NG 6 dpa THs OZ 
mpos ZA Adyos ovyKerrat eK TE Tob ths ON mpos 
NX kal rod ris ZN mpds NP. 6 8€ ovyxetuevos 
Adyos ek tod tis ON zpos NX xai rot ris ZN 
mpos NP 6 rot bad trav ONZ ore mpds 76 bad 
tav UNP: Kat ws dpa 7rd tad trav ONZ mpods 7d 
bro tOv UNP, odtws 4 OZ apds ZA, rovrésrw 
% ON apds NE. dav cis 7) ON apos NE, rijs 
ZN xowot vous AapBavonérns ottws ro br6 
tav ONZ apds ro bro tHv ZNE. xai ds dpa 
76 tro THY ONZ mpos 76 bro tHv UNP, odrws 
7 td TOV ONZ apes ro bro THv ENZ. 76 
dpa b76 XNP toov dort 7H trod ENZ. 76 5é 
avo MN ioov edeiy0n 7 tard UNP+ Kai 7d amd 
ths MN dpa toov eori rh tad Trav ENZ. 7d Se 


b7d BENZ €or 76 ZZ mapaddrnrdsypappov. % dpa 
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MN, Pz is parallel to the plane through BI, AF 
{Eucl. xi. 15), that is to the base of the cone. If, 
then, the plane through MN, P2 be produced, the 
section will be a circle with diameter PN [Prop. 4]. 
And MN is perpendicular to it ; therefore 


PN. N>=MN?2. 
And since AK?: BK, KT =Z0: ZA, 


while AK? : BK. KT'=(AK : KD\(AK : KB), 
therefore ZO :ZA=(AK : KT)(AK : KB). 
But AK : KI =0H : HT, 

1.€.y =ON:N2, ([Eucl. vi. 4 
and AK: KB=ZH : HB, 

i.e. =ZN:NP. {ebid. 
Therefore OZ : ZA =(ON : NE)(ZN : NP). 


But (ON : NZ\(ZN :NP)=ON.NZ:2IN.NP; 
and therefore 

ON .NZ:=N.NP=0Z:ZA 

=ON : NE. (ibid. 

But ON :NH=O0ON.NZ:ZN.NG, 
by taking a common height ZN, 
And therefore 

ON .NZ:2N.NP=O0N.NZ:3N.NZ. 


Therefore 2N.NP=EN.NZ. ([Eucl. v. 9 
But MN?==N . NP, 

as was proved 3 

and therefore MN?=EN . NZ. 


It 
N 


But the rectangle EN . NZ is the parallelogram = 
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MN dUvaran 70 EZ, 6 mapdKeirau Tropa. THY ZA, 
mdros exov THe ZN, brrepBaddrov TH AZ Opotep 
ovT. TO Ud TeV OZA.  xorelobe 52 y pev 
rowavTy Tour vrepBodny, 4 S¢ AZ wap” jv Sdvvavras 
ai evi 7v ZH Karaydpevar TeTayperws: Kadeicbw 
Sé 7) adr? Kat dpOia, mrAayia € 7 ZO. 


wy’ 

"Edy Kavos, emimédw TunOA dea Tob d£ovos, 
THI OH dé Kal érépy emumédw ocupmimtovT. pev 
éxarépa meupe rot Sua Tod aEovos Tpeycvov, 
bajre d€ rapa my Baow rod Ke@VOV Type pire 
drevayTios, 70 de emtrredov, év @ cor 7 Baous 
rob Kdvov, Kal 76 Téuvov émimeSov cupaintyn Kar’ 
ed0etav mpos dpbas otcay Aro. TH Bace: Tod dia 
rot afovos tprywvov h 7H én’ edleias abtH, Aris 
av amo Tijs TOFS TOD Kavou mapd\AnAos axO5 TH 
kowh Toph TOV éemumédwv Ews Ths Svaperpou Tijs 
TOMAS, durjoerat Te Xwpiov | Tapareipevov mapd 
Twa. eideiav, mpos iy Adyov é exer oh Sudperpos Tis 
TOMAS» év 70 TeTpdywvov 70 dé Tijs Hypevns 
amo Tis _Kkopudijs Tod Kuwvov Tapa THY Staerpov 
Tis Topis. éws Tis Bdoews Tod tprydvovu mpos 
TO TTEptEXOpLevov od TeV arohapBavopevey tn 
avtis mpos tats tod Tprydvou evOeiats, mAdTos 
éyov THv dmoAapPavoperny bn’ adriis dnd ris 
Svaperpov mpos TH Kopudh THs Topts, eAAetrov 
elder Opole TE Kat Opolws Keylevy) T@ TEpiexo- 
pévw bad TE THs Staperpov kat Tis map iv 
SvvavTas KadeicOw dé 7 Towairn Top EMeupbis. 

“Eotw Ka@vos, od} Kopud¢i pev ro A onuciov, 
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Therefore the square on MN is equal to EZ, which 
is applied to ZA, having ZN for its breadth, and 
exceeding by AZ similar to the rectangle contained 
by 0Z, ZA. Let such a section be called a hyperbola, 
let AZ be called the parameter to the ordinates to ZH ; 
and let this line be also called the erect side (latus 
rectum), and ZO the transverse side.4 


Prop. 13 


Let a cone be cut by a plane through the axis, and let it be 
cut by another plane meeting each side of the axial triangle, 
being neither parallel to the base nor subcontrary, and let 
the plane containing the base of the cone meet the cutting 
plane in a straight line perpendicular either to the base 
of the axial triangle or to the base produced; then if a 
straight line be drawn from any point of the section of the 
cone parallel to the common section of the planes as far 
as the diameter of the section, its square nll be equal to 
an area applied to a certain straight line; this line is such 
that the diameter of the section will bear to it the same 
ratio as the square on the line drawn from the vertex of the 
cone parallel to the diameter of the section as far as 
the base of the triangle bears to the rectangle contained 
by the intercepts made by it on the sides of ‘the triangle ; 
the breadth of the applied figure will be the intercept made 
by it on the diameter in the direction of the veriex of the 
sections and the applied figure will be deficient by a 
figure similar and similarly situated to the rectangle 
bounded by the diameter and the parameter ; and let such 
a section be called an ellipse. 

Let there be a cone, whose vertex is the point A 

° The erect and transverse side, that is to say, of the figure 


(<iSos) applied to the diameter. In the case of the parabola, 
the transverse side is infinite. 
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Bdows 5é 6 BI Kdkdos, cai rerpnobw emmddy 
Sia tod d£ovos, Kal moveirw topnv to ABI zpi- 
ywvov, TeTunGIw dé Kai érépw enimédw ovpmi- 
mrovTe ev exatépa mAeupa tot Sia tod d£ovos 
Tprya@vov, pyre S€ mapadlrAjAw 7H Bdoes Tod Kdvou 
pyre vrevavtins hypéevm, Kat Toveirw TounY ev 
Th éemaveia tod Kwvov tiv AE ypappyny: Kow) 





dé Trop) tod réuvovros émumédov Kal Tob, ev 
eorw % Baows Tob Kwvov, éotw 4 ZH mpods dpb 
otoa 7H BI, 9 S€ Sidperpos THs Tops éorw 
EA, xat avo tod E79 EA pos dpOas nydw 4 EO, 
kai dia ToD A tH EA rapdAdnios yOu 4 AK, cat 
merounow ws to and AK apos ro bad BKT, 
ottws 7 AE mpos tHv EO, Kai ciAjddw re onpeiov 
ent THs Tophs To A, kat dua roo A rH ZH wapdd- 
Andros yyw 7 AM. Adyw, ore 4 AM Suvarat te 
ywpiov, 6 mapdkera. wapa tiv EQ, wAdros éxov 
tiv EM, éAdetzov cider duotw TO bd tév AEQ. 

"Emeledxw yap 7 AO, Kai dia pév rob M v7 
318 


235 B85 


APOLLONIUS OF PERGA 
and whose base is the circle BI’, and let it be cut by 
a plane through the axis, and let the section so made 
be the triangle ABI, and let it be cut by another 
plane meeting either side of the axial triangle, being 
drawn neither parallel to the base nor subcontrary, 
and let the section made on the surface of the cone 
be the curve AE; let the common section of the 
cutting plane and of that containing the base of the 
cone be ZH, perpendicular to BI’, and let the diameter 
of the section be EA, and from E let EO be drawn 
perpendicular to EA, and through A let AK be drawn 
parallel to EA, and let AK?: BK, KY =AE : EO, and 
let any point A be taken on the section, and through 
A let AM be drawn parallel to ZH. I say that the 
square on AM is equal to an area applied to the 
straight line EO, having EM for its breadth, and 
being deficient by a figure similar to the rectangle 
contained by AE, EO. 
For let AO be joined, and through M let MEN be 
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OE mapddAnros HyPw 7 MEN, dua 6€ Tay e, a 
7h EM mapadAnAot AxGwoav ai ON, EO, Kal ua 
rob M 7h BI mapaddAnros 7x9uw 4 TIMP. emet 
oby oP a BE mapadAnAos eoTw, €ort 5é Kai 
4 AM 77 ZH mrapidnros, TO dpa dia vay AM, 
IIP émimedov mapadAnAdy come TH Sia TOV ZH, 
BI’ éemmédw, touréot. 7H Bdoe Tod Kanvou. éay 
dpa exBAnOA bud. wav AM, ITP emimedov, 7 Top 
KUKAOS eorat, ob Bidj.erpos » TIP. «at dor 
xdBeros er avray y) AM: 70 dpa. a) TOV IIMP 
tov eotl TO dé Tijs AM. Kal é7ret éorw, ws 70 
dro Tijs AK mpos TO bd ray BKT, ovrws 7 EA 
m™pos thv EO, 6 8€ tod azo Ths AK mpos 70 v7 
Tov BK. Adyos odyKerra ex 708, év exet a AK 
mpos KB, Kat 9 AK ™pos KY, aan’ wes pev 7 AK 
mpdos KB, ovTws 4 EH ™pos HB, TouTéoTW 
EM mpos MII, os 53 7 AK ™pos KE, ovres q 
AH apds HY, Toutéorw 7 AM Tpos MP, 6 apa 
Tijs AE m™pos THY EO Adyos obyKerTaL ék te Too 
vhs EM mpos MIT xat 708 Tijs AM mpos MP. 6 
de ovyketievos Adyos ék te 708, év exet 7 EM 
™pos MII, Kad 4 AM pos MP, 6 Tob ward Taw 
EMA é €ore ™pos TO oro Tay TIMP. €or dpa ws 
To b70 Trav EMA m™mpos TO v0 Trav TIMP, otras 
4 AE mpos Thy EO, TouréoTw 4 AM apés Thy 
Me. ws b€ 4 AM m™pos M& E, Tis ME Kowod 
dipous AapBavoj.evys, obrws To td AME Tpos To 
b7o EME. xai ws dpa to bad AME zpos 76 ba 
IIMP, otrtws 76 bro AME mpos To bro EME, 
igov dpa é€ott to bd TIMP 7H bro EME. 70 8 
td LIMP toov edelyOn 7@ da6 ts AM: Kai 76 
tro SME dpa €otiv ioov 7@ amo THs AM. 7 AM 
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drawn parallel to OE, and through 0, H, let ON, HO 
be drawn parallel to EM, and through M let IIMP 
be drawn parallel to BI’. Then since ITIP is parallel 
to BI’, and AM is parallel to ZH, therefore the plane 
through AM, IIP is parallel to the plane through 
ZH, BY [Eucl. xi. 15], that is to the base of the cone. 
If, therefore, the plane through AM, IIP be produced, 
the section will be a circle with diameter [IP [Prop. 4]. 
And AM is perpendicular to it ; therefore 


TIM. MP = AM?. 
And since AK?: BK, KT =EA: EO, 


and AK?; BK, KT =(AK: KB)(AK : KT), 
while AK: KB=EH : HB 

=EM: MII, (Eucl. vi. 4 
and AK: KT =AH: Hr 

=AM : MP, (ebed. 
therefore AE ; EQ =(EM : MIT)(AM : MP). 


But (EM: MID(AM:MP) =EM.MA:TIM. MP. 


Therefore 
EM.MA:ITIM.MP=AE: E@ 


=AM : ME. [ébed. 
But AM :ME=AM.ME:2M.ME, 
by taking a common height ME. 
Therefore AM. ME: IIM.MP=AM. ME: 2M. ME, 


Therefore TIM.MP=2M.ME, [Eucl. v. 9 
But TIM. MP = AM2, 

as was proved ; 

and therefore EM. ME=AM3, 
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dpa 8dvara. To MO, 6 wapdKerrar mapa Thy OE, 
madros éxov thy EM, éAdcimov idee 7 ON cpoi 
ovTe TH bro AHO. kadeiobw S€ 4 pev rovadrn 
Topn eAdAcufus, 4) S€ EO map’ jv Sdvavrae at Kar- 

td fee A > ta Ls A > 4 . 
ayopevan eri thy AE reraypévws, 7 Sé€ adr) Kat 
dpbia, mAayia Sé 4 KA. 


18” 


*Eav ai xara Kopudijy émddverar emimédw Tyn- 
Oaot ph Sta ris Kopupfs, €orar ev éxardpa trav 
empavercay Top % KaXovupevn daepBodn, Kal TaVv 
So Toudy 7 Te Sudperpos 4 abry Eoras, Kal map’ 
ds Svvavrar ai emi thy Sidperpov Kataydpevas 

, a ? ~ , lot t ? a ww 
mapddAnro. TH ev TH Paces tod Kavov edOeia ioar, 

4 A w € FZ A A e 4 
Kai rob ciSouvs 4 mAayia mAcvpa Kowh F petakd 
T&Y Kopudayv tav Toudv: KadretcOwoov §é at 
Towatras Topal avTiKetpevat. 

"EoTtwoav at Kata Kopudiy emddvera, dv 

A A a 1’ Pa 3 tA 
kopudy 76 A onyeiov, kal reTpAoOwoary emmddy 
pi) Sia Tis Kopudis, Kal moveirw ev rH emupaveia 
topas tas AEZ, HOK. Adyw, dr éxarépa tév 
AEZ, HOK ropar or 4 Kadovpévn brepBody. 





® Let p be the parameter of a conic section and d the corre- 
sponding diameter, and let the diameter of the section and the 
tangent at its extremity be taken as axes of co-ordinates (in 
gencral oblique). Then Props. 11-13 are equivalent to the 
Cartesian equations. 
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Therefore the square on AM is equal to MO, which 
is applied to OK, having EM for its breadth, and being 
deficient by the figure ON similar to the rectangle 
AE.EO. Let such a section be called an eclipse, 
let KO be called the parameter to the ordinates to AK, 
and let this line be called the erect side (latus rectum), 
and EA the transverse side.4 


Prop. 14 


[f the vertically opposite surfaces [of a double cone] be 
cut by a plane not through the vertex, there will be formed 
on each of the surfaces the section called a hyperboia, and 
the diameter of both sections mill be the same, and the 
parameter to the ordinates drawn parallel to the straight 
line tn the base of the cone mill be equal, and the trans- 
verse side of the figure nill be common, being the straight 
line between the vertices of the sections; and let such 
sections be called opposite. 

Let there be vertically opposite surfaces having the 
point A for vertex, and let them be cut by a plane 
not through the vertex, and let the sections so made 
on the surface be AEZ, HOK. I say that each of the 
sections AEZ, HOK is the so-called hyperbola. 


y=pz (the parabola), 
and 
y=pu Fat (the hyperbola and ellipse respectively). 


It is the essence of Apollonius’s treatment to express the 
fundamental properties of the conics as equations between 
areas, whereas Archimedes had given the fundamental pro- 
perties of the central conics as proportions 


ys (a9 4 2?) sat: bY 
This form is, however, equivalent to the Cartesian equations 
referred to axes through the centre, 
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"hk A < # > ge’ ion / € A 
aTw yap 6 KUKdos, Kal? od péperas 4 THY 
> a 

emupaveay ypadovaa edbeia, 6 BATZ, Kat 1}x0w 





> ” \ Y > , ? ya 
ev TH Kata Kopudiy éenupaveia mapddAndrov adt@ 
éximeSov To BHOK: cowai d5€ royal trav HOK, 
ZEA ropdv Kal trav Kixdrwy at ZA, HK: goovra 
8) mapddAnror. d&wy 5€ €oTw THs KwuKhs ém- 

4 ¢ 207 : \ im , \ 
havetas  AAY edOcia, xévtpa 5é t&v KikAwy Ta 
A, Y, wat dé rod A ent tiv ZA Kdbetos axbeioa 
exBeBAjobw ent ra B, T onyeta, cat dia rHs BT 
Kai Tod Gkovos emimedov éxPeBAyjocOw: roujoe 81 
Topas ev pev Tois KUKAots TapaAAnAous €tOeias 
tas BO, BI, ev &€ 7H emdareia ras BAO, TAG: 
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For let BATZ be the circle round which revolves the 
straight line describing the surface, and in the verti- 
cally opposite surface let there be drawn parallel to 
it a plane EHOK ; the common sections of the sec- 
tions HOK, ZEA and of the circles [Prop. 4] will be 
ZA, HK; and they will be parallel [Eucl. xi. 16]. 
Let the axis of the conical surface be AAY, let the 
centres of the circles be A, Y, and from A let a per- 
pendicular be drawn to ZA and produced to the points 
B, I’, and let the plane through BI and the axis be 
produced ; it will make in the circles the parallel 


straight lines BO, BI’, and on the surface BAO, TAB; 
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éorau 53) Kal =O 7h HK zpos opis, émrewdy) wal 
» BI rH ZA éore mos opbas, Kal éorw éxatépa 
mrapddAnos. Kal ézel 76 bid roo afovos émimedov 
Tais Tomais oupBadMer Kara Td M, N onpeta. évrés 
TOY ypappar, Bijov, ws Kal Tas ypapypas TEpvet 
76 énimedov. Teper KaTa Ta 0, E- 7a dpa 
M, E, 6, N onto év Te TO Sid Tob dfovds ¢ €orw 
ennddy Kat év TO emumédy, ev @ elow ai ypappat: 
evbeia 4, dpa. ¢ éotly 4 MEON ypaypy. Kal pavepov, 
OTL Ta TE g, 0, A, T’ én’ edOelas éori Ka 7a. B, 
E, A, O- & te yap TH Kwrikh emipavela € éort Kal 
év T® Sia Too a£ovos émmédqp. xX0wcav 81) dro 
pev rdv O, E 7% OE aps dpbas at OP, EII, dua 
8¢ rod A 7H MEON TapadAnros Axdo. } EAT, 
Kat meroadu, ws pev 7d dao rhs AX mpos 76 
t7é6 BUT, odrws 4 OE mpos EMI, cis dé TO amo 
THs AT mpos 76 brrd OTS, obrws 7) EO mpos OP. 
eret obv Kdvos, ob Kopudt pev Td A onpeiov, Bdos 
dé 6 6 Br Kdndos, TéTHNTAL emmeden ba tot dfovos, 
Kal memoinxe topnv To ABI’ rpiywvov, Térpunras 
b€ Kal éTepyp émimédp répvovtt Thy Bdow rod 
Kévov Kar’ ev0elay thy AMZ mpos épbas odcay 
7H BI, Kal wemoinxe TOpNY év TH éemupavela TH 
AE Z, % Sé€ Sudperpos % ME éxBadopérn oj 
meéntoKe pd treupG Tob Bid Tob df ovos Tpiya@vou 
exros Tijs Kopudpijs tob Kevov, Kal did Tod 
onpetou Th Svaperpyp Tis Topas TH EM mrapd\AnAos 
eran 4 AX, Kal ard rod E TH EM ™pos opBas 
Herat 9 EN, Kai éorw as 70 dro AX mpos TO 
v7 Bar, obrws 4 EO _mpos ETI, 9 pev AEZ dpa 
TOR SrrepBodsh éoTw, 4 é¢ EN] zap Wig ddvarvras 
ai éxt rv EM xarayopevar reraypévws, mAayia 
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now HO will be perpendicular to HK, since BI is 
perpendicular to ZA, and each is paralle] [Eucl. xi. 
10]. And since the plane through the axis meets 
the sections at the points M, N within the curves, it 
is clear that the plane cuts the curves. Let it cut 
them at the points 0, E; then the points M, E, 
0, N are both in the plane through the axis and in 
the plane containing the curves ; therefore the line 
MEON is a straight line [Eucl. xi. 3]. And it is clear 
that B, 0, A, I’ are on a straight line, and also B, E, 
A, O; for they are both on the conical surface and 
in the plane through the axis. Now let OP, EII be 
drawn from 0, K perpendicular to OF, and through 
A let ZAT be drawn parallel to MEON, and let 


A™?: BY. SP =0E : ET, 
and 
AT2; OT .TE=EO: OP. 


Then since the cone, whose vertex is the point A and 
whose base is the circle BI’, is cut by a plane through 
the axis, and the section so made is the triangle ABI’, 
and it is cut by another plane cutting the base of the 
cone in the straight line AMZ perpendicular to BI, 
and the section so made on the surface is AEZ, and 
the diameter ME produced meets one side of the axial 
triangle beyond the vertex of the cone, and A® is 
drawn through the point A parallel to the diameter 
of the section EM, and EII is drawn from E perpen- 
dicular to EM, and A%*: BY. >I'=KO: EI, there- 
fore the section AEZ is a hyperbola, in which EII is 
the parameter to the ordinates to EM, and OE is the 
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« 


8€ rot cldous mAcupa uy OE. opolws bé at ff 
HOK drrepBody €or, Hs SudeTpos pev 7) ON, 
9 5€ OP zap’ hd Suede: ai én THY ON xarayo- 
pevan teTaypévws, tAayia 8€ tod «idous mAcupa 
4 

Ady, Ort lon éoriy 4 OP 7A ETI. emel yap 
mapadrn Ads €orw y Br TH =O, éorw as 9 AX 
mpos =r, ores u] AT mpos Ts, kal ws 4 AX 
mpos SB, otrws 7 AT apds TO. add’ o ris 
AX apos XT Adyos pera Tob Tijs Ax mpos =B 
6 rob dé Ax core mpos 70 U10d BEr ,0 be Tijs 
AT ™mpos TS pera, Tod Tijs AT mpos TO 6 Tob 
amo AT mpos 70 tno ETO: €otw apa ws 76 and 
AX zpos to imo BUI, otrws 76 aad AT apds 
To dnd STO. Kal dorw ws pev 76 amd Ax 
mpos TO ome Br, o OE mpos EI, ws de 70 
ao AT. 7™mpos 76 bd ETO, 9 OE ™pos OP. kat 
as dipa 4 OE mpos EN], 7 EO. mpos OP. ton dpa 
eotiy 4 EN 79 OP. 


(vi.) Transition to New Diameter 


Ibid., Prop. 50, Apoll. Perg. ed. Heiberg i. 148. 17-154. 8 


, 
v 


"Edv drepBodAjs 7 éMeihews % KdKAov mepi- 
depeias ev0cia emupavovoa oupminry 7H Stapérpy, 
Kat bud. Tis agdys kat Tod Kevtpov edbeia exBrn OH, 
dard b€ THs Kopupiis dvaybetoa ed0cia Tapa TeTay= 
févws Katnypevny ovprinryn TH bua THs adis Kal 


* Apollonius is the first person known to have recognized 
the opposite branches of a hyperbola as portions of the same 
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transverse side of the figure [Prop. 12]. Similarly 
HOK is a hyperbola, in which ON is a diameter, OP is 
the parameter to the ordinates to ON, and OE is the 
transverse side of the figure. 

Isay thatOP=EII. For since BI is parallel to ZO, 


AD: 30 =AT: TS, 


and A>: TB=AT: TO. 

But (Az: ST) Az: ZB)=Az?: BE. ST, 

and (AT: TE)(AT: TO)=AT?: BT. TO. 
Therefore Ad?; BD. ST=AT?2:2T . TO. 

But AZ? : BY. 20 =O0E : EI, 

while AT?:2T.TO=O0E:O0P; 

therefore OF : EM=KO: OP. 

Therefore ETI =OP.¢ (Eucl. v. 9 


(vi.) Transition to New Diameter 
Ibid., Prop. 50, Apoll. Perg. ed. Heiberg i. 148. 17-154. 8 
Prop. 50 


In a hyperbola, ellipse or circumference of a circle let 
a straight line be drann to touch [the curve] and meet the 
diameter, and let the straight line through the point of 
contact and the centre be produced, and from the vertex 
let a straight line be drawn parallel to a straight line 
drawn ordinate-wise so as to meet the straight line drawn 


curve. It is his practice, however, where possible to discuss 
the single-branch hyperbola (or the hyperbola simpliciter as 
he would call it) together with the ellipse and circle, and to 
deal with the opposite branches separately. But occasionally, 
as in i. 30, the double-branch hyperbola and the ellipse are 
mncluded in one enunciation. 
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Tod Kévtpov Hyperyn edOela, Kal woumOR, ds 76 
Tpha Tis épantopevns TO petatd ris adiys Kat 
THs avayuévns mpos TO tTyAa Tis Types Sud 
Tis agiis Kai Tob Kévrpov TO perago Ths apis 
kal rijs dvnypevys, b0eid Ts mpos Thy Simdaciav 
Tis epanropevys, yrs av aro ris Tots ax OF 
ent thy dia Tis apis kal Tob Kévtpou Hypevnv 
evdciav mapddAnros Ti epamropevy, Suvioerai Tt 
xXwpiov dpboyaiviov mapasetpevov Tapa Tv Tropt~ 
obeioay, mAdros éXov ry drrohapBavopevny on 
atris mpos TH a$9, € em pev Tis dmepBohijs brep- 
BéArov cider spotm rh Teprexopevip bm THs 
dimAacias tis peraéd roo KévTpou Kat THs adijs 
kal ris mopiobeians edbetas, emi Sé ris édAeipews 
Kal rod KUKAoU éAAEtrov. 

"Eorw diepBodi 7) eAAeufus } KvKAOU mrepipépera, 
hs Sidperpos 7 AB, Kévrpov 8é 76 T, edbamropevy 
dé q AE, xat embevxbeioa 4 TE exPeBdjateo ep 
éxdrepa, Kal KeicOw TH ED é ton 7) DK, cat d0a Tob 
B TeTaypeves avyx8w 4 BZH, 8a Sé rod E 7H 
EP mpos op0as Ixia 7 EO, Kat ywécdw, ads zs) 
ZE mpos EH, odrws 4 EO mpos rv SeAaciav ris 
EA, Kai eyiteuybeioa 4 OK exBeBrAjobw, Kai 
edi ben Tt €ml THs Tomas onpetov TO A, Kai 8° 
avtod 7H EA mapdAdndos 7x0w 74 AME, 7H Se 


* To save space, the figure is here given for the hyperbola 
only ; in the mss, there are figures for the ellipse and circle 
as well. 

The general] enunciation is not easy to follow, but the par- 
ticular enunciation will make it easier to understand. The 
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through the point of contact and the centre, and let the 
segment of the tangent between the point of contact and 
the line drawn ordinate-nise bear to the segment of the 
line drawn through the point of contact and the centre 
between the point of contact and the line drann ordinate- 
wise the same ratio as a certain straight line bears to 
double the tangent; then if any straight line be drawn 
from the section parallel to the tangent so as to meet the 
straight line drawn through the point of contact and 
the centre, its square mill be equal to a certain rectilineal 
area applied to the postulated straight line, having for its 
breadth the intercept between it and the point of contact, 
in the case of the hyperbola exceeding by a figure similar 
to the rectangle bounded by double the straight line between 
the centre and the point of contact and the postulated 
straight line, in the case of the ellipse and circle falling 
short.4 

In a hyperbola, ellipse or circumference of a circle, 
with diameter AB and centre I’, let AE be a tangent, 
and let PE be joined and produced in either direction, 
and let TK be placed equal to EI, and through 
B let BZH be drawn ordinate-wise, and through 
E let EO be drawn perpendicular to ET’, and let 
Zi: KH =EO : 2EA, and let OK be joined and pro- 
duced, and let any point A be taken on the section, 
and through it let AME be drawn parallel to EA and 
purpose of this important proposition is to show that, if any 
other diameter be taken, the ordinate-property of the conic 
with reference to this diameter has the same form as the 
ordinate-property with reference to the original diameter. 
The theorem amounts to a transformation of co-ordinates from 
the original diameter and the tangent at its extremity to any 
diameter and the tangent at its extremity. In succeeding 
propositions, showing how to construct conics from certain 


data, Apollonius introduces the axes for the first time as 
special cases of diameters, 
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BH 7 APN, 79 6€ EO » MIL. Adyw, 67 76 ad 
AM ioov éort 7@ tro EMII. 

"Hy@w yap 8a rob T 7H KIT wapddAndos 
TXO. xal evel ion eorly 4} EV 7H TK, ws Se 


i 
u] 








EI apés KT, 4 EX mpés XO, ion dpa Kat 4} EX 
TH UO. Kal éewei dorw, ds 4 ZE xpos EH, 9 
QE mpds rH SumAaciav rhs EA, wal éore ris EO 
jpicea EX, éotw dpa, ws y ZE mpos EH, 7 
LE apos EA. as 8€ 4) ZE apds EH, 4 AM zpos 
MP: ws dpa 7 AM apos MP, 7 XE mpos EA. 
Kal evel 76 PNY rpiywvov rod HBL tprydvov, 
routéort TOO TAL, emi peév ris daepBodAjs petlov: 
edeiyOy, emi dé ris eAcibews Kal tod KUKAoU. 
édaccov 7H ANE, xowdy ddaipeBévrwy emi pev 
tis vrepBodfs too re ETA rpiydvov Kai rod: 
NPME erpamdevpov, emi Sé ris eMrelipews Kal 
tod KUKAov To6 MST tprydvov, 76 AMP zpiywvov 
t@ MEAS srerpamrcipm éotiv icov. Kai éore 
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APN parallel to BII, and let MII be drawn parallel to 
EO. Isay that AM?=EM. MII. 

For through I’ let P=O be drawn parallel to KIL. 
Then since 


ET=k 
and EV : TK=E>: x0, [Eucl. vi. 2 
therefore E>= 20. 
And since ZE : EH=0E : 2EA, 
and EY =}3§K0, 
therefore ZE:BH=2E: FA. 
But ZE:EH=AM:MP3 [Euel. vi. 4 
therefore AM :MP=3E: EA, 


And since it has been proved [Prop. 43] that in the 
hyperbola 


triangle PNT’ =triangle HBT’ + triangle ANE, 
f.e., triangle PNT =triangle PAE +triangle ANZ,* 
while in the cllipse and the circle 
triangle PNT =triangle HBT - 
triangle ANZ, 
fe, triangle PNI' + triangle ANS =triangle ['AE,? 


therefore by taking away the common elements—in 
the hyperbola the triangle ET'A and the quadrilateral 
NPME, in the ellipse and the circle the triangle MEP, 


triangle AMP = quadrilateral MEA. 
* For this step v. Eutocius’s comment on Prop. 43. 


See Eutocius, 
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mapddAnros 4 ME 77 AB, 9 dé dd AMP rH bad 


EME éorw ton: toov dpa éort ro vd AMP 76 
tno ths EM Kal ovvaydordpou ris EA, ME. Kal 
éemet eorw, ws 4 MI apos TE, 4 re ME apos EA 
kat 7) MO mpdcs EX, ds dpa 4 MO pos EX, 4 
ME zpos AE. kai cuvOdvr, ws ovvapddrepos 7 
MO, LE zpos EX, otrws ovvapddrepos 4 ME, 
EA xpos EA: évadddé, as ovvayddrepos 4 MO, 
XE apds ovvappdrepov tHv EM, EA 4 XE apos 
EA. adv ows peév cuvayddrepos 4 MO, EX apds 
cuvapddrepoy THY MH, AE, 76 bro ovvapdorépov 
vis MO, IX Kai ris EM apods 7d tad ovvaydo- 
répov THs MB, EA Kai ris EM, ws dé 4) LE zpos 
EA, 4 ZE zpos EH, rovréotw 74 AM zpos MP, 
soutéate TO amd AM xpos 76 tod AMP: ws dpa 
76 bnd ovvaudotépov THs MO, EX kal ris ME 
mpos TO U0 acuvaydorepov tis ME, EA kal rips 
EM, 76 azo AM pos 76 td AMP. xat évadrdé, 
ws 7d tnd ovvaudorépov tis MO, EX kal rijs 
ME apés 76 dao MA, odrws 7d bad ovvaydordpov 
ras ME, EA xat ris ME apds 76 tro AMP. 
icov 5€ 76 7d AMP 7 bz6 r7s ME Kal cuvapdo- 
tépov THs ME, EA: ioov dpa nat ro dad AM 7d 
imo EM xat ovvaydordépov ris MO, EX. xal 
cor 7 pev LE 7H XO ion, 4 8€ LO 7H OMI: too 
dpa ro and AM 7@ tnd EMIIL, 
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But MZ is parallel to AK and angle AMP=angle 
EM (Eucl. i. 15]; 


therefore AM.MP=EM . (EA +M&). 
And since MI: TE=ME: EA, 
and Mr :TE=MO:E>, 

{Eucl. vi. 4 
therefore MO : EZ=M#: AE. 
Componendo, MO +2E:EXZ=ME+EA:EA; 
and permutando 

MO +2E:2M +EA=SE : EA. 
But MO +2E:2M+FA=(MO +E). EM: 
(ME +A). EM, 
and ZE:EA =ZE:EH 
=AM:MP 
[Eucl. vi. 4 
= AM?: AM. MP; 
therefore 
(MO +E). ME:(MH+EA).EM =AM2: AM. MP. 
And permutando 
(MO +ES). ME: MA®=(ME+EA). ME: 
AM. MP. 
But AM. MP=ME.(MB+EA); 
therefore AM?=EM. (MO +E2). 
And ZE = 0, while SO=OIT (Eucl. i. 34]; 
therefore AM?=EM. MII. 
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(6) Orner Works 


(i.) General 
Papp. Coll. vii. 3, ed. Hultsch 636, 18-23 


Tor de mpoerpnuevay tot “Avadvoyévov Bipriwy 

raéis é€otiy Tovavrn: EdxAeiSou Acdopéven 
BiBAtov a, AmroAAwviov Adyou a daroropis B, Xwpiov 
amoropys PB, Awpioperns TOMAS bdo, *Emadav 
bo, EvxdAetdou Hopiopdruv tpia, *“AmoAAwviou 
Nevoewr Ovo, rob atrod Torwy émnddwv dio, 
Kwuxdv Fe 


(ii.) On the Cutling-off of a Ratio 
Ibid. vii. 5-6, ed. Hultsch 640. 4-22 


Tis o "Arroropijs Tod Adyou PiBAiwy oi dvrwy B 
mporaais éorw pia. drrodunpywern, d:0 Kal pay 
mpoTacw orws ypdper 31a. 70d dobevros onpetov 
evdeiav ypaypny ayayeiv Tépvovaay dao tev Ti 
bécer Sobevodiv bdo ed0evdav mpos Tots én adray 
Sobetor onpueiors Adyov exovoas Tov adrov TH 
dofdvri. tas S€ ypadds diaddpous yeréobar Kal 
mAH00s AaBetv cvpPEeByKev vrrodiaipécews ‘yevo- 
pevns evexa THs Te mpos GAAjAas Odcews TaV 
Sidopevar edledv Kat Tv dStaddpwr mTwbcewv 
Tod Sidopevou onueiou Kal dia ras dvadvcers rad 
ovvdecets avTay Te Kal TeV Sropropay. Exel yap 
TO pev mpdrov BiBdiov rdv Adyou amorophs 


* Unhappily the only work by Apollonius which has sur- 
vived, in addition to the Conics, is On the Cutting-of of a 
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(6) Orner Works 


(i.) General 
Pappus, Collection vii. 3, ed. Hultsch 636. 18-23 


The order of the aforesaid books in the Treasury 
of Analysis is as follows: the one book of Euclid’s 
Data, the two books of Apollonius’s On the Cutting-off 
of a Ratio, his two books On the Cutting-off of an Area, 
his two books On Determinate Section, his two books 
On Tangencies, the three books of Euclid’s Porisms, 
the two books of Apollonius’s On Vergings, the two 
books of the same writer On Plane Loci, his eight 
books of Conics.¢ 


(ii.) On the Cutting-off of a Ratio 
Ibid, vii. 5-6, ed. Hultsch 640. 4-22 


In the two books On the Cutting-off of a Ratio there 
is one enunciation which is subdivided, for which 
reason I state one enunciation thus: Through a 
given point to draw a straight line cutting off from tivo 
straight lines given in position intercepts, measured from 
two given points on them, which shall have a given ratio. 
When the subdivision is made, this leads to many 
different figures according to the position of the given 
straight lines in relation one to another and according 
to the different cases of the given point, and owing to 
the analysis and the synthesis both of these cases and 
of the propositions determining the limits of possi- 
bility. The first book of those On the Cutting-off of a 


Ratio, and that only in Arabic. Halley published a Latin 
translation in 1706. But the contents of the other works are 
indicated fairly closely by Pappus’s references, 
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témous £, mrwaes Kd, Siopopods 8é é, dv Tpets 
t 4 f s A > , a 4 
prev etow péyrorot, do dé eAdyioror. . . . TO SE 
, + , 2 a : “< 
Sevtepov BiBAlov Adyou droropuys exer témous &, 
nrwoas dé £y, Sioptopods 8é rods ex Tod mpwrov: 
dmdyerat yap dAov eis 76 mprov. 


(iii.) On the Cutting-off of an Area 
Ibid. vii. 7, ed. Hultsch 640. 26-642. 5 
Tis & ?Amotopis tod ywpiov BiBAia pév éorw 
dvo0, mpoPAnua dé Kav TovTas ev drrodiatpovpevov 
dis, Kat TovTwy pia mpdtacis éoTw Ta pev dAdra 
dpoiws éxovoa TH mporépa, pdvm 8€ rovTw S.a- 
gepovoa tH Seiv ras amotepvopévas B00 ebbetas 
ev exeivy pev Adyov éxovcas Sobévra mroteiv, ev Sé 
TavTn xwplov mepreyovaas Sob. 


(iv.) On Determinate Section 
Ibid. vii. 9, ed. Hultsch 642, 19-644. 16 
‘E&js tovros dvaddédovrar ris Atwpropéevns 
“a / re} * € , a rg , 
Touns PipAia B, av dpotws Tois mpdtepoy pilav 
mpdoracw mdpeotw Adyev, Suclevypevny dé tavrnv 





® The Arabic text shows that Apollonius first discussed the 
cases in which the lines are parallel, then the cases in which 
the lines intersect but one of the given points is at the point 
of intersection ; in the second book he proceeds to the general 
case, but shows that it can be reduced to the case where one 
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Ratio contains seven loci, twenty-four cases and five 
determinations of the limits of possibility, of which 
three are maxima and two are minima... . The 
second book On the Cutting-off of a Ratio contains 
fourteen loci, sixty-three cases and the same deter- 
minations of the limits of possibility as the first; for 
they are all reduced to those in the first book.¢ 


(iii.) On the Cutting-off of an Area 
Ibid. vii. 7, ed. Hultsch 640. 26-642. 5 


In the work On the Cutting-off of an Area there are 
two books, but in them there is only one problem, 
twice subdivided, and the one enunciation is similar 
in other respects to the preceding, differing only in 
this, that in the former work the intercepts on the 
two given lines were required to have a given ratio, 
in this to comprehend a given area.? 


(iv.) On Determinate Section 
Ibid. vii. 9, ed. Hultsch 642, 19-644. 16 


Next in order after these are published the two 
books On Determinate Section, of which, as in the 
previous cases, it is possible to state one comprehen- 


of the given points is at the intersection of the two lines. By 
this means the problem is reduced to the application of a 
rectangle. In all cases Apollonius works by analysis and 
synthesis. 
> Halley attempted to restore this work in his edition of 
the De sectione rationis. As in that treatise, the general case 
can be reduced to the case where one of the given points is at 
the intersection of the two lines, and the problem is reduced to 
the application of a certain rectangle. 
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tiv Sobcicav dreipov edbciav evi onpeiw Tepeiv, 
wore tav dmoAapBavopevwy edbedv mpos rots 
én” abrijs Sofeios onpeias row TO did judas 
Tetpdywvov 7 To tbo Sdo dmoAapBavopévwr 
meptexopevov cpboywrov Sobévta Adyov exewv yrav 
mMpOSs TO G70 pds TETPaywvoy 7 Mpos TO UTE pas 
arroAapBavoperns Kat THs &&w Sobeions 7 mpos 
To Und Svo amoAapBavopévwy mepteydpevov dpbo- 
ywvov, ef’ dadtepa xpi) Tav SobvTwy onpeiwr. 
.. . €xet 8€ 76 prev mpa@rov BiBAlov mpoPAjpara 
F, émrdypara &, dioptapods é, dv peylorous pev 
5, eAdyesrov Sé eva. . . . TO S€ Sedrepov Atw- 
piopévns Toys yet mpoPAjpata y, émTaypara 
8, Stopicpods *. 


(v.) On Tangencies 
Ibid. vii. 11, ed. Hultsch 644. 23-646. 19 

‘Eéjs 5€é rovrois rev "Eradav éotw BiBAla Svo. 
mpotdses Se év adtois Soxotow elvar mAeloves, 
? A % ‘ é 4 id my ten 
GAAG Kal rovTwv piav TiWepev oTWSs Exouaay ffs" 
onpeiwy Kat ed0edv Kal KUKAwY TpLa@v dTrowwvoiy 
Oécer Sobvraw KtKdov ayayeiv 80 éxdgrov trav 
Sobvrwv onpeiwy, ef Sobein, 7} ehanropevov 
c es ~ ~ 4 + 
éxdorns tOv Sodecdy ypaypayv. ravrns dia 





® As the Greeks never grasped the conception of one point 
being two coincident points, it was not possible to enunciate 
this problem so concisely as we can do: Given four 
points A, B, C, D ona straight line, of which A may coincide 
with C and B with D, to find another point P on the same 
straight line such that AP. CP: BP. DP has a given value. 
If AP. CP =A. BP .DP, where A, B, C, D, 4 are given, the 
determination of P is equivalent to the solution of a quadratic 
equation, which the Greeks could achieve by means of the 
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sive enunciation thus: To cut a given infinite straight 
line in a point so that the intercepts between this point and 
given points on the line shall furnish a given ratio, the 
ratio being that of the square on one intercept, or the rect- 
angle contained by two, towards the square on the remain- 
ing intercept, or the rectangle contained by the remaining 
intercept and a given independent straight line, or the 
rectangle contained by tivo remaining intercepts, whichever 
way the given points [are situated]. . . . The first book 
contains six problems, sixteen subdivisions and five 
limits of possibility, of which four are maxima and 
one is a minimum. . . . The second book On De- 
terminate Section contains three problems, nine sub- 
divisions, and three limits of possibility.¢ 


(v.) On Tangencies 
Ibid. vii. 11, ed. Hultsch 644, 23-646. 19 


Next in order are the two books On Tangencies. 
Their enunciations are more numerous, but we may 
bring these also under one enunciation thus stated : 
Given three entities, of which any one may be a point or a 
straight line or a circle, to draw a circle which shall pass 
through each of the given points, so far as it is points 
which are given, or to touch each of the given lines.» In 


application of areas. But the fact that limits of possibility, 
and maxima and minima were discussed leads Heath (H.G. M. 
ii. 180-181) to conjecture that Apollonius investigated the 
series of point-pairs determined by the equation for different 
values of A, and that ‘ the treatise contained what amounts 
to a complete Theory of Involution.” The importance of the 
work is shown by the large number of lemmas which Pappus 
collected. 

> The word “ lines ’’ here covers both the straight lines and 
the circles, 
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mAnOn t&v év tats dtobeccor SeSopevwy suolwy 
7 dvopoiwy Kata pépos Siaddpovs mpordces 
dvayxaiov yiverbar Sdka: éx rdv tpidv yap 
dvopoiwy yevOv rpiddes Suddopor araxrot yivovras 
i. grou yap ra SiSdpeva tpia onpeia 7) Tpeis 
edietar 7} SUo0 onycia Kal ebbeia 7 SVo edOeiar Kal 
a na 4 a ‘ , “A , , 
onpetov } So onyeia Kal KiKdos 7 SVo KUKAOL 
A a nn e4 R} a A ‘, n , , 
Kat onpetov 7) So edbeias Kai KUKAOS 7} SV0 KUKXOL 
4 > a hal a \ 3 ~ A , *” 
Kai ed0eia 7) onpetov Kal edfeia Kai KUKAos 7 
a 4 a , A A ~ I 
tpets KUKAOL. Todtwr S00 pév Ta mp@ra Sédeurar 
ev T@ 0 BiPrl rdv mparav Urorxetwv, 816 tmrapier 
Ly) ypddwv: 70 prev yap tpidv Sobévrwy onpetwv 
py én’ ebbelas dvrwy 76 adbré eorw TO Tepi Td 
So8ev rplywrov KuKdrov tepiypaibar, 76 5é ¥ S0- 
Decdv edbedv pu) tapaddAjAwy obodv, ddd Tav 
Tpidv auumimrovady, 7d abré dotw tH els Td 
Sobev tpiywrov KvKAov éyypdisat: 76 5é SYo TapadA- 
AjAwy obedv Kal puds eumurrovans ws pépos dv 
wis B’ dbrodipésews mpoypdderar év rovros 
, 4 3 tea = ? ~ é, 4 A 
mavrwv, Kal Ta é&ns F ev TH mpdtw PiPAiw ra 
5€ Acuwdueva dv0, 7d bo Sofecdv edberdv Kal 
, nn ~ / 4 ra 2 ~ 
KvKAov 7) TpLdv So00dvrwv Kikrwy pdvov év TO 
Sevrépm PiBriw Sia ras mpds aAAnAous Oéces 
tav KUKAwv te Kal edPedv mrelovas ovcas Kai 
TAcdveav Swoptopdv Seopevas. 





® Eucl. iv. 5 and 4. 
> The last problem, to describe a circle touching three 
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this problem, according to the number of like or 
unlike entities in the hypotheses, there are bound to 
be, when the problem is subdivided, ten enunciations, 
For the number of different ways in which three 
entities can be taken out of the three unlike sets is 
ten. For the given entities must be (1) three points 
or (2) three straight lines or (3) two points and a 
straight line or (4) two straight lines and a point or 
(5) two points and a circle or (6) two circles and a 
point or (7) two straight lines and a circle or (8) two 
circles and a straight line or (9) a point and a straight 
line and a circle or (10) three circles. Of these, the 
first two cases are proved in the fourth book of the 
first Elements,* for which reason they will not be 
described ; for to describe a circle through three 
points, not being in a straight line, is the same thing 
as to circumscribe a given triangle, and to describe 
a circle to touch three given straight lines, not being 
parallel but meeting each other, is the same thing as 
to inscribe a circle in a given triangle ; the case where 
two of the lines are parallel and one meets them is 
a subdivision of the second problem but is here given 
first place. The next six problems in order are 
investigated in the first book, while the remaining 
two, the case of two given straight lines and a circle 
and the case of three circles, are the sole subjects of 
the second book on account of the manifold positions 
of the circles and straight lines with respect one to 
another and the need for numerous investigations of 
the limits of possibility.? 

given circles, has been investigated by many famous geo- 
meters, including Newton (Arithmetica Universalis, Prob. 
47). The lemmas given by Pappus enable Heath (H.G.¥M. 


ii, 182-185) to restore Apollonius’s solution—a ‘ plane” 
solution depending only on the straight line and circle. 
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(vi.) On Plane Loci 
Ibid. vii. 23, ed. Wultsch 662. 19-664. 7 


Ot peév obv dpyatot cis THY THY emindSwv TovTw" 
Tonwy Tabw arroPr€novres eatoixelwaay: Hs apedAr}- 
gavres ot pet adtods mpoodinxay Eérépous, ws 
ovKk dmeipwv 76 TAROOS dvTwr, ef Oédror T1s mpoo- 
ypadew od ris tafews exeivns exdueva. Oriow 
ody Ta pév mpooKeipeva votepa, Ta 8 ex Tis 
Tafews mpdtepa pu mepirdaBew mpordce: tatrn: 

"Kav dvo «dbetar ayb@ow yror dnd évds SeS0- 
févov onpeiou ) dnd So Kal Hrou én’ edbOeias 7 
rrapaAdAnrot 7} SeSouevyny mepiexovea ywviav Kat 
qTou Adyov éxovaat mpds aAAjAas 7} ywpiov mepi- 
éxovoa, Sedopevov, dnrytat S€ TO THs juds mépas 
emimédou rétrov Oécer dedopévov, aiperar Kal 7d 
Ths étTépas mépas éemiméSov témov Acer SeSopévov 
6Té ev TOD poyevots, dTé dé Tod éxépov, Kai dré 
fev cpoiws Keysévov mpos rv edbeiav, ore dé 
evavtiws. Tatra bé yiveras mapa tas Svadopas 
toy broKxepevwv. 


(vii.) On Vergings 
Ibid. vii. 27-28, ed. Hultsch 670. 4-672. 3 


Nevew Adyerar ypaypn emt onpelov, éav 
emexBaddopéervn én’ adto mapayivnra [ . . 
 rodrwy is attributed by Hultsch to dittography. 


* These words follow the passage (quoted supra, pp. 262- 
265) wherein Pappus divides loci into édexrixol, dieEodixol and 
dvacrpodixol. 

> It is not clear what straight line is meant—probably the 
most obvious straight line in each figure. 
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(vi.) On Plane Loct 
Ibid. vii. 23, ed. Hultsch 662. 19-664. 7 


The ancients had regard to the arrangement? of 
these plane loci with a view to instruction in the 
elements ; heedless of this consideration, their suc- 
cessors have added others, as though the number 
could not be infinitely increased if one were to make 
additions from outside that arrangement. Accord- 
ingly I shall set out the additions later, giving first 
those in the arrangement, and including them in this 
single enunciation : 

Lf two straight lines be drawn, from one given point or 
from two, which are in a straight line or parallel or 
include a given angle, and either bear a given ratio one 
towards the other or contain a given rectangle, then, if the 
locus of the extremity of one of the lines be a plane locus 
given in position, the locus of the extremity of the other 
nill also be a plane locus given in position, which rill 
sometimes be of the same kind as the former, sometimes of 
a different kind, and will sometimes be similarly situated 
nith respect to the straight line, sometimes contrariwise. 
These different cases arise according to the differences 
in the suppositions.° : 


(vii.) On Vergings ¢ 
Ibid. vii. 27-28, ed. Hultsch 670. 4-672. 3 


A line is said to verge to a point if, when produced, 
it passes through the point. [ ... ] The general 


ei Fepeus proceeds to give seven other enunciations from 
the first book and eight from the second book. These have 
enabled reconstructions of the work to be made by Fermat, 
van Schooten and Robert Simson. ; 

4 Examples of vergings have already been encountered 
several times; v. pp. 186-189 and vol. i. p. 244 n. a. 
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mpoBAjpatos dé dvros KaloAKod rovrou: Svo 
Sodecodv ypappdv Oéoe. Ocivac perakd rodrwv 
etOetav TO peyeber SeSopévyv vevovoay emt So0bev 
onpeiov, ent rodrov tay emi pépous Siddopa ta 
UroKkeimeva, €xdvTwY, G@ pev hv eémimeda, & Se 
oreped, & S€ ypappird, rv 8? emiméSwv aroKdn- 
pwoavres Ta mpos TroAAA xpnoywwdrepa SerEav re. 
mpoPArjpata Tatra: 

/ , ¢ 4 A 3 t A 

Ocer Sedopevwr Hyuxvkdrlov te Kal edbeias mpds 
> x na , iy ry , ¢€ 4 > 9 > f 
opbas rH Bdoe  Svo rpuxvKdAiwy én’ edOelas 
exovrav tas Bdoes Oeivar Sobcicav 7H peyebe 
ed0eiav petagd trav S00 ypapypav vevovoay emi 
yowviay jptKvKdlou: 

Kal popBov S00évros Kat érexBeBAnnévns puds 
mAevpas apydooa bao tiv éxros ywriav SeSopuevyv 
7T@ peyBa edOetav vevovoay éeni tiv dvtikpus 
ywviav: 

Kai Pécer S00évtos KdKdov evapydco. edbetav 

4 é ‘ 7 ON f 
peyeler SeSopevny vevovaay émi Sobév. 

Tovruwv 8€ ev perv 7H mpatw redyer 5Secxrau 7d 
é€mt rot évos tuxvkXrlov Kal edOeias éxov mrodcets 
6 Kal 76 emt rod KvKAov éxov mrdces Sto Kal 76 
2 ~ ee a ” BD 2? \ A” f 
emi tod popBov mrbces exov B, év 8é 7H Sevrépw 
redxet TO emt TeV Bo HyuKvKAwy Tis bTobgcews 
aTwoes exovons t, ev S€ tavrais vaodiupécers 
mAeloves SioproTixal Evexa 705 SeSopevov peyebous 
Tas edletas. 
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problem is: Two straight lines being given in position, 
to place between them a straight line of given length 
so as to verge to a given point. When it is subdivided 
the subordinate problems are, according to differ- 
ences in the suppositions, sometimes plane, some- 
times solid, sometimes linear. Among the plane 
problems, a selection was made of those more gener- 
ally useful, and these problems have been proved: 

Given a semicircle and a straight line perpendicular to 
the base, or two semicircles with their bases in a straight 
line, to place a straight line of given length between the two 
lines and verging to an angle of the semicircle [or of one 
of the Hi atieee: : 

Given a rhombus mith one side produced, to insert a 
straight line of given length in the external angle so that 
it verges to the opposite angle ; 

Given a circle, to insert a chord of given length verging 
to a given point. 

Of these, there are proved in the first book four 
cases of the problem of one semicircle and a straight 
line, two cases of the circle, and two cases of the 
rhombus ; in the second book there are proved ten 
cases of the problem in which two semicircles are 
assumed, and in these there are numerous subdivisions 
concerned with limits of possibility according to the 
given length of the straight line.* 


* A restoration of Apollonius’s work On Vergings has been 
attempted by several writers, most completely by Samuel 
Horsley (Oxford, 1770). A lemma by Pappus enables Apol- 
lonius’s construction in the case of the rhombus to be restored 
with certainty ; v. Heath, H.@.M. ii. 190-192. 
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(viii.) On the Dodecahedron and the Icosahedron 


Hypsicl. [Eucl. lem. xiv.], Eucl. ed. Heiberg 
v. 6. 19-8. 5 

e a 

O adros Kiros mepidapBdver 76 Te TOG Swde- 
Kaédpou wevTaywvov Kal Td Tod elKooaddpou 
tpiywvov Tv els tiv adrny ofatpay eyypapopevwy. 

~ A la c 4 A > J a ~ 2 
Totro dé ypdderas O76 ev "Aproractou ev TH émt- 

, Toa = , i € A be 

ypadopevm Tay € oxndtrwv avykpice, bo Se 
’AmrodAwviou ev TH Sevtépa exddoe THs LuyKpicews 

~ 4 A A 2 4 Lid > és 
Tob SwdexadSpou mpos TO Eikoadedpov, Ste eorTiv, 
€ € a i > , ‘ A ~ 
ds % Tod Swoexaddpou emdavera mpos THv Too 
> t > f Ad A > 4 4 
etxocaddpou emddveray, otrws Kal add 7d dw- 
SexdeSpov mpds TO eikoodedpov Sia TO THY adriy 
elvas Kdberov and tod Kévtpou Tis a¢atpas emi ro 
rot Swoexaddpov mevrdywvov Kal Td TOO EiKo- 


caddpou Tpiywvov. 


(ix.) Principles of Mathematics 
Marin. in Fuel. Dat., Eucl. ed. Heiberg vi. 234. 18-17 
Awd r&v amAovarepov' Kai pu Tun Siadopa trepi- 


/ 4 s / € A 
ypapew Td SeSouévov mpofepévwv ot pev teTay- 
pévov, cs "Azoddvuos ev ti epi vedocewv Kal 


1 dmndovorepov Heiberg, azAovorepwy cod, 
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(viii.) On the Dodecahedron and the Icosahedron 


Hypsicles [Euclid, Elements xiv.],* Eucl. ed. Heiberg 
v. 6. 19-8. 5 


The pentagon of the dodecahedron and the triangle 
of the icosahedron ® inscribed in the same sphere can 
be included in the same circle. For this is proved by 
Aristaeus in the work which he wrote On the Com- 
parison of the Five Figures,° and it is proved by 
Apollonius in the second edition of his work On the 
Comparison of the Dodecahedron and the Icosahedron 
that the surface of the dodecahedron bears to the 
surface of the icosahedron the same ratio as the 
volume of the dodecahedron bears to the volume of 
the icosahedron, by reason of there being a common 
perpendicular from the centre of the sphere to the 
pentagon of the dodecahedron and the triangle of 
the icosahedron. 


(ix.) Principles of Mathematics 


Marinus, Commentary on Euclid’s Data, Eucl. ed. 
Heiberg vi. 234. 13-17 


Therefore, among those who made it their aim to 
define the datum more simply and with a single 
differentia, some called it the assigned, such as 
Apollonius in his book On Vergings and in his 


* The so-called fourteenth book of Euclid’s Elements is 
really the work of Hypsicles, for whom v. infra, pp. 394-397. 

> For the regular solids v. vol. i. pp. 216-225. The face of 
the dodecahedron is a pentagon and the face of the icosa- 
hedron a triangle. 

* A proof is given by Hypsicles as Prop. 2 of his book. 
Whether the Aristaeus is the same person as the author of 
the Solid Loci is not known. 
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év 7H KaddAou mpaypareta, of Sé¢ yrodpyov, & 
Acddopos. : 
(x.) On the Cochlias 
Procl. in Fucl. i., ed. Friedlein 105. 1-6 


Thy epi rov KvAwdpov edAka ypadomévnv, Grav 
eveias xwvoujevns mepl thy émddveav Tob 
KvAivSpov onpetov opotaxds én’ adbris Kuwijras. 
yiverar yap €A€, Hs dpowopepas mdvTa Ta pEpy 
naow édappdle, xabdnep *ArodAAdvos ev TO 
Ilepi rod KoxAiov ypdppate Setxvvaw. 


(xi.) On Unordered Irrationals 
Procl. in Eucl. i., ed. Friedlein 74. 23-24 


Ta Tept rv dtdxrwy addyw, d 6 ’AmoAAdmos 
émt mAéov efepyacaro. 


Schol. i. in Eucl. Elem. x., Eucl. ed. Heiberg 
v. 414, 10-16 


4 a 
"Ev pev odv toils mpwtows mept ovppérpav Kal 
dovppérpwv SiadrapBaver mpos tHv dvow adrdav 
atta e€eralwv, év Sé trois éfis mepl pyrdv Kal 
dAsywv od macdv twes yap adT@ ws enardpevor 
? ~ > ‘ ~ e tA Qa . 
éyxadodow: dAda tOv drdovetdtwv «iddv, dv 








* Heath (1/.G.Mf. ii. 192-193) conjectures that this work 
must have dealt with the fundamental principles of mathe- 
matics, and to it he assigns various remarks on such subjects 
attributed to Apollonius by Proclus, and in particular his 
attempts to prove the axioms. The different ways in which 
entities are said to be given are stated in the definitions 
quoted from Euclid’s Data in vol. i. pp. 478-479. 
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General Treatise, others the knonn, such as Dio- 
dorus.® 


(x.) On the Cochlias 
Proclus, On Euclid i., ed. Friedlein 105. 1-6 


The cylindrical helix is described when a point 
moves uniformly along a straight line which itself 
moves round the surface of a cylinder. For in this 
way there is generated a helix which is homoeomeric, 
any part being such that it will coincide with any 
other part, as is shown by Apollonius in his work On 
the Cochlias. 


(xi.) On Unordered Irrationals 
Proclus, On Euclid i., ed. Friedlein 74. 93-24 


The theory of unordered irrationals, which Apol- 
lonius fully investigated. 


Euclid, Elements x., Scholium i.,* ed. Heiberg 
v. 414, 10-16 


Therefore in the first [theorems of the tenth book] 
he treats of symmetrical and asymmetrical magni- 
tudes, investigating them according to their nature, 
and in the succeeding theorems he deals with rational 
and irrational quantities, but not all, which is held up 
against him by certain detractors ; for he dealt only 
with the simplest kinds, by the combination of which 


> Possibly Diodorus of Alexandria, for whom v. vol. i. 
p. 300 and p. 301 n. 6. 

* In Studien tiber Euklid, p. 170, Heiberg conjectured 
that this scholium was extracted from Pappus’s commentary, 
and he has established his conjecture in Videnskabernes 
neta Skrifter, 6 Raekke, hist.-philos. Afd. ii. p. 236 seq. 
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auvTBepévwy yivovras dzepor dAoyou, wv Teas 
Kai 6 "AmoAAwvios dvaypdades. 


(xii.) Measurement of a Circle 


Eutoc. Comm. in Archim. Dim. Cire., Archim. 
ed. Heiberg iii. 258. 16-22 


*loréov Sé, dre Kai "ArroAAwvos 6 Ilepyatos ev 

~ <0) f > 45 5 A P) > > 4] ~ wees 
7@ "Qeurokiw amédekev adro 80 dpiOuav érépwv 
emt 76 avveyyus paddov dyaywv. robro bé axpt- 
Béorepov pev elvas Soxe?, od xpyoipov 5€ mpos Tov 
’"Apxiyundous oxondy: edapev yap atrov axo7mov 
éyew ev T@dE TH BiPAiw 7d odveyyus cdpeiv did 
Tas év TH Biw xpeias. 


(xiii.) Continued Multiplications 
Papp. Coll. ii. 17-21, ed. Hultsch 18. 23-24. 20% 


Tovrov 3) aporeBewpnyévou mpddnrov, mas 
” A i 
éorw tov SoOévra arixov modAamAactdoat Kal 
cimely TOV yevopevov apiOuov éx Tod TOV mpaTov 
dppov dv ciAnde ro mp@tov TOY ypappdrwy én 

4 a > ¥ Bay ” ¥, , ~ 
tov Sevrepov apOucv dv «iAnpe To dedtepov TOV 
ypoppdrwy troAAarAactacPArvat Kal Tov ‘yevopevov 

id 

ent tov Tpirov apiOpov dv eiAnde TO TpiTOV ypappya 


1 The extensive interpolations are omitted. 





4 Pappus’s commentary on Eucl. Elem. x. was discovered 
in an Arabic translation by Woepcke (Mémoires présentées 
par divers savans & V Académie des sciences, 1856, xiv.) It 
contains several references to Apollonius’s work, of which 
one is thus translated by Woepcke (p. 693): ‘‘ Enfin, Apol- 
lonius distingua les esp¢ces des irrationnelles ordonnées, et 
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an infinite number of irrationals are formed, of which 
latter Apollonius also describes some.? 


(xii.) Measurement of a Circle 


Eutocius, Commentary on Archimedes’ Measurement of 
a Circle, Archim. ed. Heiberg iii. 258. 16-22 


It should be noticed, however, that Apollonius of 
Perga proved the same thing (sc. the ratio of the 
circumference of a circle to the diameter) in the 
Quick-deliverer by a different calculation leading to 
a closer approximation. This appears to be more 
accurate, but it is of no use for Archimedes’ purpose; 
for we have stated that his purpose in this book was 
to find an approximation suitable for the everyday 
needs of life.° 


(xiii.) Continued Multiplications ¢ 
Pappus, Collection ii. 17-21, ed. Hultsch 18. 23-24, 204 


This theorem having first been proved, it is clear 
how to multiply together a given verse and to tell the 
number which results when the number represented 
by the first letter is multiplied into the number 
represented by the second letter and the product is 
multiplied into the number represented by the third 


découvrit la science des quantités appelées (irrationnelles) 
inordonnées, dont il produisit un trés-grand nombre par des 
méthodes exactes.”’ 

> We do not know what the approximation was. 

¢ Heiberg (Apollon. Perg. ed. Heiberg ii. 124, n. 1) sug- 
gests that these calculations were contained in the ’Oxuréxiov, 
but there is no definite evidence. 

The passages, chiefly detailed calculations, adjudged by 

Hultsch to be interpolations are omitted. 
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A a. A ten a A “~ 
Kat Kata TO é€9s mepaivesOar pexpt Tod Sie£o- 
Sevec0a tov orixyov, dv elrev *AmoAXdnos ev 
apy} ovTws: 


"Antéutdos KAetre Kparos eEoyov évvéa Kotpat 
p Pp x 


(76 5é KXctré dnow dvrl rod bropyijoate). 

"Emel obv ypdupard éorw Ay Tob orixov, Tatra 
e Lia a ii ¢ 2 , a 
dv éxacros éAdcowy pev éotw yxwAsddos perpetras 
dé bd Exatrovrddos, Kal dpiOwods Lf Tods fi tO 
éorw éxatovrddos pretpeitar S€ bad Sexddos, Kal 
rods Aoumods ta ros GER EE GEE EG GA, dv 
oe 3 4 La 3A ” ~ 4 , 
éxaatos éAdcawy Sexddos, éav dpa tots perv déxa 
dpiuots trotdéwpev icapiOpous Seka Kara Trabw 
éxatovrddos, tois dé wf opoiws vtrorabwpev 
dexddas wl, pavepov ex tod dvwirepov AoyoreKoG 
Oewprjparos 1B’ dtu Séka éxatovrddes peta Tadv 
"¥ 4 ~ , > Fad / 
wl dexddwv motor pupiddas évwardds déxa. 

"Emel dé Kal muOpéves dpot T&v perpoupévwy 
dpiuayv bro éxatovrddos Kal TOV peTpoupévwy 
tnd dexddos eiciv of broKetpevoe KE 

ayRyaype da 
Salpyaple Clecepla, 


* Apollonius, it is clear from Pappus, had a system of 
tetrads for calculations involving big numbers, the unit bein; 
the myriad or fourth power of 10. The tetrads are call 
pupiddes dmdat, peopiddes SimArat, pupiddes tpirdai, simple 
myriads, double myriads, triple myriads and so on, by which 
are meant 10000, 10000,* 100008 and so on. In the text of 
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letter and so on in order until the end of the verse 
which Apollonius gave in the beginning, that is 


*Apréuidos KAcire kpdros Eoxov évvéa Kotpat 


(where he says «Acire for bropvjcarte, recall to mind). 
Since there are thirty-eight letters in the verse, of 

which ten, namely pT oT p7& x vp (=100, 300, 200 

800, 100, 300, 200, 600, 400, 100), represent numbers 


(=1, 5, 4, 5, 5, 1, 5, 5, 5, 1, 1), represent numbers less 
than 10, then if for those ten numbers we substitute 
an equal number of hundreds, and if for the seven- 
teen numbers we similarly substitute seventeen tens, 
it is clear from the above arithmetical theorem, 
the twelfth, that the ten hundreds together with 
the seventeen tens make 10. 10000°.4 
And since the bases of the numbers divisible by 
100 and those divisible by 10 are the following twenty- 
seven 
1, 3, 2, 3, 1, 3, 2, 6, 4, 1 
4,1, 7, 2, 3, 1, 2, 7, 6, 7, 7, 5, 5, 5, 2, 7, 1, 


Pappus they are sometimes abbreviated to u*, ug, uw” and 
so on. 

From Pappus, though the text is defective, Apollonius’s 
rocedure in multiplying together powers of 10 can be seen to 
Ee equivalent to padine the indices of the separate powers 
of 10, and then dividing by 4 to obtain the power of the myriad 
which the product contains. If the division is exact, the 
number is the n-myriad, say, meaning 10000". If there is a 
remainder, 3, 2 or 1, the number is 1000, 100 or 10 times the 

n-myriad as the case may be. 
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GAAa Kal tdv dAacadvwr Sexddos eicly ta, Tov- 
réorw apBuol of 


éayv tov ek roUTwy Tay ta Kal Tov ex Tév KE 
mvbpévwy atepedv SV aAAnAwY TrodMAarAacidowper, 
Zoran 6 otepeds pupiddwy rerpamAdv Wf xal 
tpimdav sas Kat SirAdv nur. 

Adras 8) cuprroAdamAacialouevar emi tov éx 
t&v éxarovtdduv Kat Sexddwv orepedy, TovTéote 
Tas mpokeypévas pupiddas évvarrAds S€xa, mowotow 
pupiddas tproxadexamras pos, Swdexamdas téq, 
évdexamrAds ,Ow. 











(xiv.) On the Burning Mirror 


Fragmentum mathematicum Bobiense 113. 28-33, ed. 
Belger, Hermes, xvi., 1881, 279-280? 


Oi pev ody wadauol brdAaBov thy Law roretafac 
mept 76 Kévtpov Tod KarémTpovu, TodTo S€ ypeddos 
2A. AA Fe aX 5 ta > ~ A 

modAwvos pada Sedvrws . . . (€v Th) mpos 
tovs KatonrpiKods edeiéev, Kal mepi Tiva dé TérTov 
 exmtpwots ora, Sacecddynxev ev rH epi rob 
muptov. 


1 Asamended by Ileiberg, Zeitschrift fiir Mathematik und 
Physik, xxviii, 1883, hist. Abth. 124-125. 
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while there are eleven less than ten, that is the 
numbers 

1, 5, 4, 5, 5, 1, 5, 5, 5, 1, 1, 
if we multiply together the solid number formed by 
these eleven with the solid number formed by the 
twenty-seven the result will be the solid number 


19 . 100004 +6036 . 10000? +8480 . 100002, 


When these numbers are multiplied into the solid 
number formed by the hundreds and the tens, that is 
with 10 . 100009 as calculated above, the result is 


196 . 100001 +368 . 1000012 +4800. 100004. 


(xiv.) On the Burning Mirror 


Fragmentum mathematicum Bobiense 113. 28-33,% ed. 
Belger, Hermes, xvi., 1881, 279-280 


The older geometers thought that the burning took 
place at the centre of the mirror, but Apollonius very 
suitably showed this to be false . . . in his work on 
mirrors, and he explained clearly where the kindling 
takes place in his works On the Burning Mirror” 


* This fragment is attributed to Anthemius by Heiberg, 
but its antiquated terminology leads Heath (H.G@.M. ii. 194) 
to aeae that it is much earlier. 

> Of Apollonius’s other achievements, his solution of the 
problem of finding two mean proportionals has already been 
mentioned (vol. i. p. 267 n. 5) and sufficiently indicated ; for 
He astronomical work the reader is referred to Heath, H.G.M. 

195-196. 
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XX. LATER DEVELOPMENTS IN 
GEOMETRY 


XX. LATER DEVELOPMENTS IN 
GEOMETRY 


(a) CuassivicaTION oF CuRVES 
Procl. in Fucl. i., ed. Friedlein 111. 1-112. 11 


Acaipet 8° ad ry ypapepyy 6 Téuwos" apaérov 
pev eis Ty davvlerov Kat Thy ovvberov—Kahet be 
obvOerov Ty Kexhaopevnv Kal ywviay mowtcav— 
emeira Thy dovrerov" els Te THY oxnpatomo.odoay 
Kal my én’ dzretpov éxBaMouerny, Oxia déywv 
movety Thy KoKAucny, Thy rob Bupeod, 77 KUTTOELOH}, 
un moveity b€ Thy Tot dépPoywriov Kavou Touyy, 
THY TOD duPAvywriov, THy Koyyoedy, THY edOeiav, 
macas Tas TowavTas. Kal addy Kat’ aA\ov Tpomov 
Tis dovvbérov rpamis TV pev darhiy elvat, iy 
be uray, Kal THs dmhijs Thy pev oxfjua motel 
ws Thy KuKAKHY, THY Sé ddpioTov elvar ws TV 
edbeiav, THs 5€ puxris tiv pev ev trois éemimédos 
elvan, vy d€ ev Trois orepeois, Kat Ths ev émureéSous 
Thy bev ev adrh ovupmimrew ws viv xerroewSh, rip 
8 én’ drewpov éxBdAreoba, ris 5é ev orepeois 


1 Téuvos Tittel, Depivos Friedlein. 
® odvOerov codd., correxi. 





® No great new developments in geometry were made b 
the Greeks after the death of Apollonius, probably throug 
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(a) CrassiricaTion oF Curves 
Proclus, On Euclid i., ed. Friedlein 111. 1-112. 11 


Geminus first divides lines into the inzcomposite and 
the composite, meaning by composite the broken line 
forming an angle; and then he divides the incom- 
posite into those forming a figure and those extending 
nithout limit, including among those forming a figure 
the circle, the ellipse and the cissoid, and among those 
not forming a figure the parabola, the hyperbola, 
the conchoid, the straight line, and all such lines. 
Again, in another manner he says that some incom- 
posite lines are simple, others mixed, and among the 
simple are some forming a figure, such as the circle, 
and others indeterminate, such as the straight line, 
while the mixed include both lines on planes and lines 
on solids, and among the lines on planes are lines 
meeting themselves, such as the cissoid, and others 
extending without limit, and among lines on solids are 


the limits imposed by their methods, and the recorded addi- 
tions to the corpus of Greek mathematics may be described 
as reflections upon existing work or “ stock-taking.” On 
the basis of geometry, however, the new sciences of trigo- 
nometry and mensuration were founded, as will be de- 
scribed, and the revival of geometry by Pappus will also be 
reserved for separate treatment. 
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Thy wev KaTd Tas Topas emwoetcbas TOY orepedv, 
tyv S€ wept ta oteped bpioracba. Thy pev yap 
EAixa THv wepi odaipay 7) K@vov wept td oreped. 
ideordvas, tas 8€ KwriKds Touds 7 Tas oTeipiKds 
a6 TodoSe Tops yervGobar tay orepedv. éem- 
vevojjobat 5€ tavras Tas Topds Tas pév dad Meval- 
Xuou Tas KwviKds, 6 Kai "Eparocbdvns taropév 
Aéyer: “uh 8€ Mevaryptous kwvoropety rpiddas 
tas 5€ d7d Iepodws, ds Kat 76 éiypappa éroincev 
émi TH etpécet— 

Tpets ypappas eat révre topais edpdv éduKddes 

epoeds TOV 8 Gverev Saipovas fAdoaro. 


€ A A A A ~ vA : Poe. ‘A 
ai wev 87 tTpeis Towal Tav Kwrwr etoly trapaBoAn 
kai drepBody Kat eAdews, tov Se omepudv 
Tondv 9 pév éotw éumemAeypévn, eouxvia TH Tod 
immov médn, % Sé Kata Ta péoa mAarvvera, & 
éxatépou 8€ dmoAnyes pépovs, 4 S€ mapapnens 
otoa TH pev péow Svaoripare éAdrrove xpiras, 

9 é * > > € rd ~ A ww 4 
eupvverar 5€ &d” Exdtepa. tav Sé drwy pikewv 
70 wAnOos dmépavtéy eotw: Kal yap orepedv 
oxypdtwr wARO0s eotw dreipov Kai Tonal adbrdv 
ovvicravrat troAveideis. 


Ibid., ed. Friedlein 356, 8-12 


K \ \ 7A AA A 27> © ~ Fat 
ait yap *AmoAAw@uos ef’ éExdotns TOV KwrtKaY 
ypappav tt ro ovprrTwua Setxvucr, nal 6 Nuxo- 
pions emt rdv Koyyoeddv, Kal 6 ‘Inmias ent 


2 éduxades Knoche, evpav ras ometpuds Aéywv codd. 





2 v. vol. i. pp. 296-297. 
> For Perseus, v. p. 364 n. a and p. 365 n. b 
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lines conceived as formed by sections of the solids and 
lines formed round the solids. The helix round the 
sphere or cone is an example of the lines formed 
round solids, and the conic sections or the spiric 
curves are generated by various sections of solids. 
Of these sections, the conic sections were discovered 
by Menaechmus, and Eratosthenes in his account 
says: “‘ Cut not the cone in the triads of Menaech- 
mus”; and the others were discovered by Perseus,’ 
who wrote an epigram on the discovery— 
Three spiric lines upon five sections finding, 
Perseus thanked the gods therefor. 

Now the three conic sections are the parabola, the 
hyperbola and the ellipse, while of the spiric sections 
one is interlaced, resembling the horse-fetter, another 
is widened out in the middle and contracts on each 
side, a third is elongated and is narrower in the 
middle, broadening out on either side. The number 
of the other mixed lines is unlimited ; for the number 
of solid figures is infinite and there are many different 
kinds of section of them. 


Tbid., ed. Friedlein 356. 8-12 


For Apollonius shows for each of the conic curves 


what is its property, as does Nicomedes for the 
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~ ~ a e 5. 48 ~ 
Tav tetpaywritovody, Kat 6 Ilepoeds emi trav 
OTFELpLK@V, 


Ibid., ed. Friedlen 119. 8-17 

°O 8€ cupPaivew paper xara Thy omTerpixy em- 
fdverav: Kata yap KvKXov voeirar atpodyv dp0ot 
dvapevovtos Kal otpedopevou mepl TO abo anpeEtov, 
6 ph éote Kévtpov Tod KdKAov, bid Kal Tpixds H 
omretpa yiverat, 7 yap ent Tis mepupepetas ori 70 
Kévrpov } évros H ex7Tos. Kal ef wey ent THs meEpi- 
depetas eat 76 Kévtpov, ‘yiverat omeipa avvexis, 
el S€ evros, 7 epmemAcypery, el dé eros, 7 Srex7s. 
Kat Tpels at oveupiKal Topal KaTa Tas TpEls TavTas 


duadopds. 





® Obviously the work of Perseus was on a substantial 
scale to be associated with these names, but nothing is known 
of him beyond these two references. He presumably 
flourished after Euclid (since the conic sections were probably 
well developed before the spiric sections were tackled) and 
before Geminus (since Proclus relies on Geminus for his 
knowledge of the spiric curves) He may therefore be 
placed between 300 and 75 .c. 

Nicomedes appears to have flourished between Eratosthenes 
and Apollonius. He is known only as the inventor of the 
conchoid, which has already been fully described (vol. i. 
pp- 298-309). 

It is convenient to recall here that about a century later 
flourished Diocles, whose discovery of the cissoid has already 
been sufficiently noted (vol. i. pp. 270-279). He has also 
been referred to as the author of a brilliant solution of the 
problem of dividing a cone in a given ratio, which is equi- 
valent to the solution of a cubic equation (supra, p. 162 n. a). 
The Dionysodorus who solved the same problem (ibid.) may 
have been the Dionysodorus of Caunus mentioned in the 
Herculaneum Roll, No. 1044 (so W. Schmidt in Bibliotheca 
mathematica, iv. pp. 321-325), a younger contemporary of 
Apollonius; he is presumably the same person as the 
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conchoid and Hippias for the quadratices and Perseus 
for the spiric curves.* 


Ibid., ed. Friedlein 119, 8-17 


We say that this is the case with the spiric surface ; 
for it is conceived as generated by the revolution of 
a circle remaining perpendicular [to a given plane] 
and turning about a fixed point which is not its centre. 
Hence there are three forms of spire according as the 
centre is on the circumference, or within it, or with- 
out. Ifthe centre is on the circumference, the spire 
gencrated is said to be continuous, if within interlaced, 
and if without open. And there are three spiric 
sections according to these three differences.® 


Dionysodorus mentioned by Heron, Metrica ii. 13 (cited 
infra, p. 481), as the author of a book On the Spire. 

> This last sentence is believed to be a slip, perhaps due to 
too hurried transcription from Geminus. At any rate, no 
satisfactory meaning can be obtained from the sentence as it 
stands, Tannery (Mémoires scientifiques ii. pp. 24-28) inter- 
prets Perseus’ epigram as meaning “ three curves in addition 
to five sections.”” He explains the passages thus: Let a be 
the radius of the generating circle, ¢ the distance of the 
centre of the generating circle from the axis of revolution, 
d the perpendicular distance of the plane of section (assumed 
to be parallel to the axis of revolution) from the axis of revolu- 
tion. Then in the open spire, in which c>a, there are five 
different cases : 

(1) ¢+a>d>c. The curve is an oval. 

(2) d=ec. Transition to (3). 

(3) ¢>d>e-a. The curve is a closed curve narrowest in 
the middle. 

(4) d=c-a. The curve is the hippopede (horse-fetter), 
which is shaped like the figure of 8 (v. vol. i. pp. 414-415 for 
the use of this curve by Eudoxus). 

(6) e-a>d>0, The section consists of two symmetrical 
ovals. 

Tannery identifies the “‘ five sections’ of Perseus with 
these five types of section of the open spire ; the three curves 
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(6) Atrempts To Prove THE ParaLteL PosTuLaTE 


(i.) General 
Procl. in Fuel, i., ed. Friedlein 191. 16-193. 9 


oe 5: aA > , 3 é 3 cal ? iy 
Kai édv eis dvo0 ed0etas «t0cia éeuainrovea 
Tas évTos Kal emi Ta atta pépn ywrias dvo dpbav 
éAXdtrovas moun, exBaddopévas tas edOeias én’ 
dretpov ovpmintew, ed’ & pépyn eloly ai rev Bo 
opbav éAdrroves.” 

Totro kal mavreAds Staypddew yxpy Trav airn- 
parwv: Oedpnya yap éott, moAAds fev daopias 
exvdexopevov, as kat 6 TIroAepatos ev tum Pirin 
Stadtcat mpovfero, modddv Se «ls droderéw 
Sedpevov Kal Gpwv Kal Oewpnudtwr. Kal Td ye 
dvriotpépov Kat 6 EvrdAcidns ws Oedpnua Selxvuaow. 
tows d€ dv Twes dratdpevor kal todTo rdrrew 
év Tots aitjpacw a€iwoear, ws da tiv eAdtrwoww 
trav S00 dpbdv atrébev tiv miotw mapexdpevov 





described by Proclus are (1), (3) and (4). When the spire is 
continuous or closed, ¢=a and there are only three sections 
corresponding to (1), (2) and (3); (4) and (5) reduce to two 
equal circles touching one another. But the interlaced spire, 
in which c<a, gives three new types of section, and in these 
Tannery sees his ‘‘ three curves in addition to five sections.” 
There are difficulties in the way of accepting this interpreta- 
tion, but no better has been proposed. 

Further passages on the spire by Heron, including a 
formula for its volume, are given infra, pp. 476-483. 

® Fucl. i. Post. 5, for which v. vol. i. pp. 442-443, especially 


n. ¢ 
Aristotle (Anal. Prior. ii. 16, 65 a 4) alludes to a petitio 
principii current in his day among those who “ think they 
establish the theory of parallels "—7vds wapaAAjAous ypddew. 
As Heath notes (The Thirteen Books of Euclid’s Elements, 
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(6) Arrempts To Prove THE Parautet Postu.ate 


(i.) General 
Proclus, On Euclid i., ed. Friedlein 191. 16-193. 9 


“If a straight line falling on two straight lines make 
the interior angles on the same side less than two right 
angles, the two straight lines, if produced indefinitely, 
meet on that side on which are the angles less than two 
right angles.” % 

This ought to be struck right out of the Postulates; 
for it is a theorem, and one involving many diffi- 
culties, which Ptolemy set himself to resolve in one 
of his books, and for its proof it needs a number 
of definitions as well as theorems. Euclid actually 
proves its converse as a theorem. Possibly some 
would erroneously consider it right to place this 
assumption among the Postulates, arguing that, as 
the angles are less than two right angles, there is 


vol. i. pp. 191-192), Philoponus’s comment on this passage 
suggests that the dpi principii lay in a direction theory of 
parallels. Euclid appears to have admitted the validity of 
the criticism and, by assuming his famous postulate once and 
for all, to have countered any logical objections. 
Nevertheless, as the extracts here given will show, ancient 
geometers were not prepared to accept the undemonstrable 
character of the postulate. Attempts to prove it continued 
to be made until recent times, and are summarized by R. 
Bonola, ‘‘ Sulla teoria delle parallele e sulle gcometrie non- 
euclidee * in Questioni riguardanti la geometria elementare, 
and by Heath, loc. cit., pp. 204-219. The chapter on the 
subject in W. Rouse Ball’s Mathematical Essays and Recrea- 
tions, pp. 307-326, may also be read with profit. Attempts 
to prove the postulate were abandoned only when it was 
ewe that, by not conceding it, alternative geometries could 
e built. 


367 


GREEK MATHEMATICS 


This Tév eiberdv owvedcews Kat TUL TTTEWS, 
mpos ous 6 Tepivos ophas darnvrnae Aéyeov dre 
Tap’ airay eudBojev av Tijs emarnuns Tabrys 
Hyepovey py mave mpooexew TOV voiv Tais 
mbavais _ Pavtaciass els Thy Tov Ady Tay év 
yewperpia mapadox yy. dpovov ydp ono Kal 
“ApwotoreAns pyTopixdy azrodeifes drawrety xa 
yewpLeT pou mavodoyoivros dvéxeoBae, Kai 6 Tapa 
7 TlAdrwv Lyypias, 6 éte “rots ex THv elKoTwv 
Tas aTrodet~ers TroLovpevors avvoLda ovcw adAaldat.” 
KavTad0a Tolvuy TO pev HAaTTWpevwY TOV opOdv 
cuvevew tas evbeias dAnfes Kal dvayKatov, ro 
8€ auvevotcas emi mAdov év 7H éxBadAcoOae cup- 
meceiobat more mBavdv, GAN odK dvayKaiov, ef 
pH Tes dmodetfevey Adyos, 6rt emt ra&v edbecdv 
TobTo ddndés. 70 yap elvai Tivas ‘ypapypas 
cuviovcas ev er dmreipov, daavpmtw@tovs sé 
tmapyovoas, Kalrot Soxodv dmifavoy elvar Kal 
mapdaoofor, dps aAnbés eare cal mepisparat én 
éMuv clay Tis ypappis. bajmore | obv TobTo 
Kal emt Tay eddercov Suvaroy, omep em exetvow 
TeV ypappav; ews yap av bv drodei~ews adro 
Karadnowcba, TEplome Thy davraciay ra én 
dMwy Sexvdpeva YPALpLBY.« éé be Kal ot Stapepio~ 
Bnrodvres Adyot mpos Ty ovpmTw@ow mord 76 
aAnKTUKOVY exouev, nas ovxi TOAA@ aAdov dv Tod 
mbavev robro Kat 76 dAoyov exBdMowpev Tis 
jperepas mapadoxis ; 

“AW OTe juev annie xen fnreiv Too mpo- 
Keypévov Oewpnuatos SfAov éx rovTwy, Kal ort 





2 For Geminus, v. infra, p. 370 n. ¢ 


368 


LATER DEVELOPMENTS IN GEOMETRY 


immediate reason for believing that the straight lines 
converge and meet. To such, Geminus ® rightly 
rejoined that we have learnt from the pioneers of this 
seience not to incline our mind to mere plausible 
imaginings when it is a question of the arguments 
to be used in geometry. For Aristotle® says it is 
as reasonable to demand seientific proof from a 
rhetorician as to accept mere plausibilities from a 
geometer, and Simmias is made to say by Plato® that 
he “‘ recognizes as quacks those who base their proofs 
on probabilities.” In this case the convergence of 
the straight lines by reason of the lessening of the 
right angles is true and necessary, but the statement 
that, since they converge more and more as they are 
produced, they will some time meet is plausible but 
not necessary, unless some argument is produced to 
show that this is true in the case of straight lines. 
For the fact that there are certain lines which con- 
verge indefinitely but remain non-secant, although 
it seems improbable and paradoxical, is nevertheless 
true and well-established in the case of other species 
of lines. May not this same thing be possible in the 
case of straight lines as happens in the case of those 
other lines? For until it is established by rigid 
proof, the facts shown in the case of other lines may 
turn our minds the other way. And though the eon- 
troversial arguments against the mecting of the two 
lines should contain much that is surprising, is that 
not all the more reason for expelling this merely 
plausible and irrational assumption from our accepted 
teaching ? 

It is elear that a proof of the theorem in question 
must be sought, and that it is alien to the special 


> Eth. Nic. i, 3. 4, 1094 b 25-27, * Phaedo 92 v. 
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Tis tav aitnuatwy éotiv aAddtpiov tdudTyTOS, 
TOs b€ dmodekréov atro Kail did moiwy Adywv 
dvatpetéov tas mpos adro depouevas evoTacers, 
thvixaira dextéov, Hvika av Kal 6 ororxewwris 
atrob péAAn rovetobar pvijpnv ws evapyet mpoc- 
Xpwpevos. Tote yap dvayKaioy adbrod Setéat 
TH evapyeay ovK avamodeiktws mpopawopevnv 
GAdd Sv arrodeiewr yruopimov yeyvoperny. 


(ii.) Postdonius and Geminus 
Ibid., ed. Friedlein 176. 5-10 


Kai 6 pév EvdxdAeiSns todrov dpileras tov tpdmov 
A rs 2 f ¢€ 4 a 
Tas mapadAjAous edleias, 6 dé Toceddmos, 
mrapdAdAnAor, pyoiv, ciciv at prjre cvvevovoa pire 
dmovevovaa ev évi éemmédw, adr ioas Exovoas 


9 4.¢., Eucl. i. 28. 

> Posidonius was a Stoic and the teacher of Cicero; he 
was born at Apamea and taught at Rhodes, flourishing 
151-135 s.c. He contributed a number of definitions to 
elementary geometry, as we know from Proclus, but is more 
famous for a geographical work On the Ocean (lost but 
copiously quoted by Strabo) and for an astronomical work 
Tlepi perewpwv. In this he estimated the circumference of 
the earth (v. supra, p. 267) and he also wrote a separate work 
on the size of the sun. 

¢ Aswith so many of the great mathematicians of antiquity, 
we know practically nothing about Geminus’s life, not even 
his date, birthplace or the correct spelling of his name. As 
he wrote a commentary on Posidonius’s Ilepi perewpwr, we 
have an uppcr limit for his date, and ‘“‘ the view most gener- 
ally accepted is that he was a Stoic philosopher, born prob- 
ably in the island of Rhodes, and a pupil of Posidonius, and 
that he wrote about 73-67 3.c.” (Heath, H.G.M. ii. 223). 
Further details may be found in Manitius’s edition of the 
so-called Gemini elementa astronomiae. 

Geminus wrote an encyclopaedic work on mathematics 


370 


LATER DEVELOPMENTS IN GEOMETRY 


character of the Postulates. But how it should be 
proved, and by what sort of arguments the objections 
made against it may be removed, must be stated at 
the point where the writer of the Elements is about 
to.recall it and to use it as obvious. Then it will 
be necessary to prove that its obvious character does 
not appear independently of proof, but by proof is 
made a matter of knowledge. 


(ii.) Posidonius * and Geminus¢ 
Ibid., ed. Friedlein 176. 5-10 


Such is the manner in which Euclid defines parallel 
straight lines, but Posidonius says that parallels are 
lines in one plane which neither converge nor diverge 


which is referred to by ancient writers under various names, 
but that used by Eutocius (Tév pobnudrwv Gewpia, v. supra, 
pp. 280-281) was most probably the actual title. It is un- 
fortunately no longer extant, but frequent references are 
made to it by Proclus, and long extracts are preserved in an 
Arabic commentary by an-Nairizi. 

It is from this commentary that Geminus is known to have 
attempted to prove the parallel-postulate by a definition of 
parallels similar to that of Posidonius. The method is repro- 
duced in Heath, H.G.M. ii, 228-230. It tacitly assumes 
“ Playfair’s axiom,” that through a given point only one 
parallel can be drawn to a given straight line; this axiom 
which was explicitly stated by Proclus in his commentary 
on Eucl. i. 30 (Procl. in Fucl.i., ed. Friedlein 374, 18-375. 3)— 
is, in fact, equivalent to Euclid’s Postulate 5. Saccheri noted 
an even more fundamental objection, that, before Geminus’s 
definition of parallels can be used, it has to be proved that 
the locus of points equidistant from a straight line is a straight 
line; and this cannot be done without some equivalent 
pesulate. Nevertheless, Geminus deserves to be held in 

onour as the author of the first known attempt to prove the 
parallel-postulate, a worthy predecessor to Lobachewsky 
and Riemann. 
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mdcas tas Kabérous Tas dyouévas and Tay Tis 
ta 
érépus onpetwy ent thy Aowmiyy. 


(iii.) Ptolemy 
Ibid., ed. Friedlein 362. 12-363. 18 


"AAV orws pev 6 Lroryewrys Seikvuow dre 
Svo0 dplais tow obody tav evrds al edfetas 
rapdAAnrot etor, davepdv ek TOV yeypaypevwr. 

= 2 e 2 = 7 \ > 
IIroAepaios 5é ev ols dvodetEar mpodlero Tas an 
? / a” a > ~ ? Ps - 
éAatTOvewy 7) So dpldv éexBadAopevas cupminrey, 
249 a a 74 e ~ , ? ~ + ta 
ef a pépn cicwv at tdv dvo dpbdv éAdocoves, 
robTo mpd mdvrwy Seixvds TO Oedpnua TO Sveiv 
dpbats iawv imapyovody tay évTds TapaddAjAovs 
elvac Tas edOetas odTw THs Seixvuot. 

"Eotwoav dvo edéeia ai AB, TA, cat reuvérw 
mis adras ed0eta 4 EZHO, dore tas to BZH 


E 





kat t7d ZHA yuvias dvo0 dplats toas movety. 
Adyw Oru mapdAdrndroi clow ai edfeiar, touréorw 
372 


LATER DEVELOPMENTS IN GEOMETRY 


but the perpendiculars drawn from points on one of 


the lines to the other are all equal. 


(ili.) Ptolemy @ 
Ibid., ed. Friedlein 362. 12-363. 18 


How the writer of the Elements proves that, if the 
interior angles be equal to two right angles, the 
straight lines are parallel is clear from what has been 
written. But Ptolemy, in the work” in which he 
attempted to prove that straight lines produced from 
angles less than two right angles will meet on the 
side on which the angles are less than two right 
angles, first proved this theorem, that if the interior 
angles be equal to two right angles the lines are parallel, 
and he proves it somewhat after this fashion. 

Let the two straight lines be AB, IA, and let any 
straight line EZH® cut them so as to make the angles 
BZH and ZHA equal to two right angles. I say that 


the straight lines are parallel, that is they are non- 


* For the few details known about Ptolemy, v. infra, 
p. 408 and n. b. 
> This work is not otherwise known, 
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aavpntwroi <ciou. ef yap Suvardv, oupminré- 
twoav éxBaddAduevaa af BZ, HA kara ro K. 
éret adv ed0eia 7 HZ ébédarnkev emi tiv AB, dvo 
opbais toas moet tas dvd AZH, BZH ywvias. 
opoius bé, éret y HZ edéornner emi tiv TA, dv0 
> a w a bs) € ‘ é 
opbais toas moet tas tro THZ, AHZ yovias. 
at técoapes dpa ai tvd AZH, BZH, THZ, AHZ 
é 3 mo w > #8 * € EA ae, 3 A 
Térpaow opbais toat etal, wy ai dvo0 ai dnd BZH, 
ZLHA dvo dpbats tadcewrat toa. Aoural dpa 
at tro AZH, THZ xai atrar dvo0 dpbais ica. 
«i ov ai ZB, HA Sto dplais tcwy obody rdv 
> A ? , , A A A 
evtos éxBadAdpevat auvérecov Kara wo K, xat 
at ZA, HE éxBadAdpevar cupmecotvrar.  8vo 
yap Opbais kat at tro AZH, THZ toat elotv. 
7) yap Kat’ duddrepa oupmecobvrat ai ebOctae, 
) Kar’ ovdérepa, elmep Kal abrat Kdxeiva bdo 
opbais eiow toa. cupmintérwoay ody at ZA, 
HT xara 76 A. ai dpa AABK, ATAK ed0eton 
xwpiov mepiéyovow, Step advvatov. ovK apa 
duvardv eotw So dplais towy ovody trav évrds 
y \ ? , La mv a4 
oupninrew tas eb0eias. mapdadAndror dpa eiaiv. 


Idid., ed, Friedlein 365. 5-367. 27 


"Hdy pev oty Kai dAdo Twes ws Oedpyua mpo- 
ratavres TooTO altnua Tapa TH Uroryewwrh AnpOev 
dmodelfews nEiwoav. Soret S¢ Kal 6 IroAcuatos 
¢ There is a Common Notion to this effect interpolated in 
the text of Euclid; v. vol. i. pp. 444 and 445 n. a, 

> The argument would have been clearer if it had been 
proved that the two interior angles on one side of: ZH were 
severally equal to the two interior angles on the other side, 
that is BAH =THZ and AHZ=AZH; whence, if ZA, HT 
meet at A, the triangle ZHA can be rotated about the mid- 
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secant. Tor, if it be possible, let BZ, HA, when pro- 
duced, meet at K, ‘Then since the straight line HZ 
stands on AB, it makes the angles AZH, BZH equal 
to two right angles [Kucl. i. 13]. Similarly, since 
HZ stands on TA, it makes the angles THZ, AHZ 
equal to two right angles [zbid.]. Therefore the four 
angles AZH, BZH, YHZ, AHZ are equal to four right 
angles, and of them two, BZH, ZHA, are by hypo- 
thesis equal to two right angles. Therefore the 
remaining angles AZH, 'HZ are also themselves 
equal to two right angles. If then, the interior 
angles being equal to two right angles, ZB, HA meet 
at K when produced, ZA, HT’ will also meet when 
produced. Tor the angles AZH, ['HZ are also equal 
to two right angles. Therefore the straight lines will 
either meet on both sides or on neither, since these 
angles also are equal to two right angles. Let ZA, 
HI’ meet, then, at A. Then the straight lines AABK, 
AT'AK enclose a space, which is impossible.¢ There- 
fore it is not possible that, if the interior angles be 
equal to two right angles, the straight lines should 
meet. Therefore they are parallel.® 


Idid., ed. Friedlein 365. 5-367. 27 


Therefore certain others already classed as a 
theorem this postulate assumed by the writer of the 
Elements and demanded a proof. Ptolemy appears 


point of ZH so that ZH lies where HZ is in the figure, while 
ZK, HK lie along the sides HT, ZA respectively ; and there- 
fore HT, ZA must meet at the point where K falls. 

The proof is based on the assumption that two straight 
lines cannot enclose a space. But Riemann devised a geo- 
metry in which this assumption does not hold good, for all 
straight lines having a common point have another point 
common also. 
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abro Seuxvivar ev TH Tepl TOO Tas an’ eAarrévew 
bal 8 ’ > ff nw > AA f to 4 PS) , 

9 Svo op0dv éxBaddopevas ouprinren, cal Seixvuor 
moAAd mporafav T&v péxpt Tob8e Tob Hewpiparos 
b7d Tod Lrowewrot mpoamodederypevwy. Kal 
broxeioOw mévra elvar ddnOf, twa pr) Kai tyes 
6xAov erecadywpev dANov, Kal cis Anppdriov TobTo 
Selkvucbar Sia TOY mpoeipnuevw: Ev Sé Kal tobTo 
Tay mpodederypévwy 76 Tas ard Svetv dpOais towv 
exBadropévas pndapds ovprinrew. éyw totvuy 
Gr. Kal 76 dvdmadw adyOés, Kal Td TapaddArjAwv 
ovody trav edleadv Kai teuvonerwy tnd jas 
edeias tas évtds Kal emi ra atta pépn ywrias 
Svo0 dplais toas elvar, avdyKn yap THY Téuvovoar 
Tas trapadAjAous 7% Sv0 dpbais toas morety Tas 
evTos Kal emt 7a atdra pépn ywrias 7} Svo dpbdv 
2 ig hal ‘ W = La 

éAdaoous 7 peilovs. otwoav odv mapdAAndou 
© N * / > ee) ¢ 

at AB, YA, kai eummrérw eis adrds 4 HZ; 
A€yw dre od rrocet dvo dpOdv peilous ras évrds 
kal émi Ta auTd. ci yap at dad AZH, THZ 8do0 


A Zz B 


E H A 


dpbav jeiGous, af Aomal ai tad BZH, AHZ Svo 
dp0av éAdacous. dArdAd Kai Svo dpbdv peilous 
ai avral: ovdév yap pdAdov at AZ, TH wapda- 
AnrAo 7 ZB, HA, dore ef % eumecoioa eis ras 
AZ, TH 8vo dp§dv peilous moet tas evrds, Kai 
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to have proved it in his book on the proposition that 
straight lines drawn from angles less than two right 
angles meet if produced, and he uses in the proof 
many of the propositions proved by the writer of 
the Elements before this theorem. Let all these be 
taken as true, in order that we may not introduce 
another mass of propositions, and by means of the 
aforesaid propositions this theorem is proved as a 
lemma, that straight lines drawn from two angles to- 
gether equal to tro right angles do not meet when pro- 
duced *—for this is common to both sets of preparatory 
theorems. I say then that the converse is also true, 
that ¢f parallel straight lines be cut by one straight line 
the interior angles on the same side are equal to two right 
angles.” For the straight line cutting the parallel 
straight lines must make the interior angles on the 
same side equal to two right angles or less or greater. 
Let AB, [A be parallel straight lines, and let HZ cut 
them ; I say that it does not make the interior angles 
on the same side greater than two right angles. For 
if the angles AZH, [HZ are greater than two right 
angles, the remaining angles BZH, AHZ are less 
than two right angles.° But these same angles are 
greater than two right angles; for AZ, TH are not 
more parallel than ZB, HA, so that if the straight line 
falling on AZ, 1H make the interior angles greater 
than two right angles, the same straight line falling 


® This is equivalent to Eucl. i. 28. 

> This is equivalent to Eucl. i. 29. bf 

¢ By Eucel. i. 13, for the angles AZH, BZH are together 
equal to two right angles and so are the angles THZ,AHZ. 
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> 4 ~ 

% ets tas ZB, HA éuminrovea Sto dpbav moujoe 
oF ‘ > ‘J 3 > e ? ‘ + 4 > ~ 
petlous Tas evtds: GAN af adrai Kat do dpbav 
éA\decous: ai yap tTéooapes at tnd AZH, THZ, 
BZH, AHZ rérpacw dpbatis tocar dmep advvarov. 
ec f on 5 / 4 % A AHA 
dpoiws 8% Seifoper dre eis Tas mapaddrdrous 
éuninrovoa od troret dv0 dpbdv €Adacous tas 
évros Kal emi ra adTa pépy yuwvias. ef dé pyre 
peilous pate eAdooous moet tra&v Svo dpbdv, 
Aetrerar THY ewmimtovoay Sto dpbais tcas qoveiv 
Tas évTés Kat éml Ta abra pépn ywvias. 
« 

Tovrov 8) otv mpodcderypévov 7d mpoKetpevov 
dvapdiopntitws amodetxvuTa. Adyw yap ote av 
eis S00 edfetas edOeia euminrovoa tas evTds Kat 

ra ~ ~ 

ent ra, atra pepn ywrias Svo dphayv éAdcoovas Toth, 
a. ~ > 

cuutecotvra: at edBetar exBadddpevar, ef’ & pépy 

cloty at rOv So dp$dy eAdcooves. py} yap cup- 

¥ x\\ > > + , ’ 279 8 

marrérwoav. aA ef dovpntwrol ciow, éf a 

, € a 8 , 3 i a 2) 7 a a 
pépy at trav bv0 dpbdv eAdocoves, 70AAG pwAMov 
€oovta, aovpmTwro. emt Odrepa, éf’ & TeV dvo 

, > 00 e f A 24> < ae cal 
cioy dpbdv ai peiloves, dote édb’ Exdrepa dv elev 
dodpntwro at edietar. ef S€ tobt0, wapaAdndol 
elow. GAAG SéSecxTae ore H eis Tas mapadAyAous 
eunintovea tas évtés Kal él ra adra pépy S00 

a J 
ép0ais ioas Toujoet ywrias. at adrai dpa xai dvo 
> ~ ww * t > ~ b ? o 
épbais ica xal Sdvo dpldv €Adcooves, Smep 
advvartov. 
~ e an 
Tatra mpodedayws 6 HroAeuaios kat Karav- 





* See note ¢ on p. 377. 

® The fallacy lies in the assumption that “ AZ, TH are not 
more parallel than ZB, HA,” so that the angles BZH, AHZ 
must also be greater than two right angles. This assump- 
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on ZB, HA also makes the interior angles greater 
than two right angles ; but these same angles are less 
than two right angles, for the four angles AZH, T'HZ, 
BZH, AHZ are equal to four right angles * ; which is 
impossible. Similarly we may prove that a straight 
line falling on parallel straight lines does not make 
the interior angles on the same side less than two 
right angles. But if it make them neither greater 
nor less than two right angles, the only conclusion 
left is that the transversal makes the interior angles 
on the same side equal to two right angles.® 

With this preliminary proof, the theorem in ques- 
tion is proved beyond dispute. I mean that if a 
straight line falling on two straight lines make the interior 
angles on the same side less than two right angles, the two 
straight lines, if produced, will meet on that side on which 
are the angles less than two right angles. For [, if 
possible,] let them not meet. But if they are non- 
secant on the side on which are the angles less than 
two right angles, by much more will they be non- 
secant on the other side, on which are the angles 
greater than two right angles, so that the straight 
lines would be non-secant on both sides. Now if this 
should be so, they are parallel. But it has been 
proved that a straight line falling on parallel straight 
lines makes the interior angles on the same side equal 
to two right angles. ‘Therefore the same angles are 
both equal to and less than two right angles, which 
is impossible. 

Having first proved these things and squarely faced 
tion is equivalent to the hypothesis that through a given 
eae only one parallel can be drawn to a given straight line ; 

ut this hypothesis can be proved equivalent to Euclid’s 
postulate. It is known as ‘ Playfair’s Axiom,” but is, in 

‘fact, stated by Proclus in his note on Euel. i. 31. 
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Thoas <is TO mpoKeysevov dxpiBeorepdv TL mpoa= 
Beivar BovrAerar Kat Sei~ar S71, ea eis SVo edbelas 
eveia éuninrovoa ras évtos Kat én ra adra 
Hépn dvo dplav wovf eAdooovas, of pdvov odk 
etolv davpnrwrot ai edOciar, ds SéSexrar, GAAd 
Kal 9 ovpumrwois adr&v Kar’ exeiva ylverou ra 
, r>yo a e ~ ? > ~ 2 4 > 349 
LEpn, ép’ ad ai r&v Sv0 dpOdiv eddacoves, odk ed 
a £ t wv A é > a * 
a at peiloves. EoTrwoav yap Svo edbciar af AB, 
TA kai euminrovea cis adras } EZHO zovetrw 
tas td AZH xai do THZ S¥vo bpbGv eAdacous. 





® A 


ai Aowmal dpa peilous Svo0 dpOav. Se ev [odv]! 
odk dovprrwrot at edOetar Sédexrar. ef 5é cup- 
ninrovow, 7 emt ta A, T oupmecoivrat, 7 emt 
7a B, A. oupmarérwoav ent 7a B, A Kata 76 
K.  émei ody ai pev bard AZH kai THZ dvo 
opbdav eiaw éAdaoous, ai S¢ tnd AZH, BZH Sv 
> a ww ~ > ¥ a ¢ A 

op0ais icat, Kowhs dpatpefeions ris tnd AZH, 
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the theorem in question, Ptolemy tries tomake a more 
precise addition and to prove that, if a straight line 
falling on two straight lines make the interior angles 
on the same side less than two right angles, not only 
are the straight lines not non-secant, as has been 
proved, but their meeting takes place on that side on 
which the angles are less than two right angles, and 
not on the side on which they are greater. For let 
AB, T'A be two straight lines and let EZHO fall on 
them and make the angles AZH, 'HZ less than two 
right angles. Then the remaining angles are greater 
than two right angles [Eucl. i. 13]. Now it has been 
proved that the straight lines are not non-secant. If 
they meet, they will meet either on the side of A, T° 
or on the side of B, A. Let them meet on the side 
of B, A at K. Then since the angles AZH, [HZ are 
less than two right angles, while the angles AZH, 
BZH are equal to two right angles, when the common 


angle AZH is taken away, the angle [HZ will be less 





1 odv is clearly out of place, 
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4 «bro THZ éAdcowy éora tis tno BZH. 
tprywvov dpa to} KZH % éxrds rijs évrds Kal 
drevaytiov eAdcowv, Sep advvarov. ovdK apa. 
Kata Tata ouptintovow. aArAG pV oupTinTovEL. 
Kata Odtepa dpa 7 ovpmTwors abtdv éorat, Kal? 
& at trav 800 dp0dv ciow €Adccoves. 


(iv.) Proclus 
Ibid., ed. Friedlein 371. 23-873. 2 


Tovrou 8 mpoutotebévros Adyw drt, €dv mapad- 
AjArwv edberdv tiv érépay réuver tis edOeia, Tepet 
Kai THY AouTHY. 

"Eotwoav yap mapddAndoe at AB, TA, kat 
reyvéerw tiv AB } EZH. dé€yw Sree viv TA 


TEMEL. 


E 


ef a ei ee 
18 A 
’Emet yap Svo0 «dOeiat ciow ad’ évds onpelov 
rob Z, els dmeipov exBaddAduevoe at BZ, ZH, 
ravtos peyeBous petlova éxovor Sidoracw, wore 
Kal Tovtov, daov €ori TO peTagd THv TapadAAjAwy. 
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than the angle BZH. Therefore the exterior angle 
of the triangle KZH will be less than the interior and 
opposite angle, which is impossible [Eucl. i. 16]. 
Therefore they will not meet on this side. But they 
do meet. Therefore their mecting will be on the 
other side, on which the angles are less than two 


right angles. 


(iv.) Proclus 
Tbid., ed. Friedlein 371. 23-373. 2 


This having first been assumed, I say that, if any 
straight line cut one of parallel straight lines, it mill cut 
the other also. 

For let AB, T'A be parallel straight lines, and let 
EZH cut AB. I say that it will cut PA. 

For since BZ, ZH are two straight lines drawn from 
one point Z, they have, when produced indefinitely, 
a distance greater than any magnitude, so that it will 


also be greater than that between the parallels. 
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oe > ~ 3 , ~ ~ , 
drav obv petlov adAjAwy SiacTt@ow ris Totrww 
dtacrdcews Tepet 7 ZH riv TA. av dpa mapad- 
AjrAwy rhv érépay réuvn tis evOeta, Teel Kai TH 
Aoumyy. 

Tovrov mpoarode(ybevtos dxodovOws Setbopev 
TO 7pokeievov. oTwoav yap Svo edOetar ai 
AB, TA, kal edumarérw els atras 4 EZ éAdo- 
govas Svo0 dp$adv mowotca tas bro BEZ, AZE. 
Adyw Sri ouprrecotvrar at edOeiar Kata Tatra Ta 

, St ae e ~ , 3 ~ > 2 4 
pepyn, ef & at rev Yo dpOdy claw eAdccous. 

*"Ewed) yap at trd BEZ, AZE éAdacous eiat 
do dpbdy, TH bmepoyy Tav Svo dpbdv éatw ion 
9 bro ONB. kai exBeBajoOw 7% OE emi ro K. 
enet odv eis Tas KO, TA euméentwrev 4} EZ Kai 

~ A > A - > a Ww A € A 
move Tas evTos S¥o dpbais icas tas bard OZ, 
AZE, wapaAdAnAot ciaw ai OK, TA ed@eiar. Kai 
réuvee THY KO 4 AB- repel dpa kai rv TA dia 
0 mpodedevypevov. oupmrecobyras dpa ai AB, 
TA xara 7a HEP éxeiva, ep’ & at trav S00 dépbdv 
é\dacoves, wore Seeicne Tpoketpevov. 


1 AEZ codd., correxi. 





* The method is ingenious, but Clavius detected the flaw, 
which lies in the initial assumption, taken from Aristotle, that 
two divergent straight lines will eventually be so far apart 
that a perpendicular drawn from a point on one to the other 
will be greater than any assigned distance; Clavius draws 
attention to the conchoid of Nicomedes (v. vol. i. pp. 298- 
301), which continually approaches its asymptote, and there- 
fore continually gets farther away from the tangent at the 
vertex ; but the perpendicular from any point on the curve 
to that tangent will always be less than the distance between 
the tangent and the asymptote. 
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Whenever, therefore, they are at a distance from one 
another greater than the distance between the 
parallels, ZH will cut TA. If, therefore, any straight 
line cuts one of parallels, it will cut the other also, 
This having first been established, we shall prove 
in turn the theorem in question. For let AB, PA be 
two straight lines, and let EZ fall on them so as to 


A 


r Z A 


make the angles BEZ, AZE less than two right angles. 
I say that the straight lines will meet on that side on 
which are the angles less than two right angles. 

For since the angles BEZ, AZE are less than two 
right angles, let the angle OB be equal to the excess 
of the two right angles. And let OE be produced 
to K. Then since EZ falls on KO, PA and makes the 
interior angles 9EZ, AZE equal to two right angles, 
the straight lines OK, I'A are parallel. And AB cuts 
KO; therefore, by what was before shown, it will 
also cut TA. Therefore AB, TA will meet on that 
side on which are the angles less than two right 
angles, so that the theorem in question is proved.* 
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(c) Isopernimetric Figures 


Theon. Alex. in Ptol. Math. Syn. Comm. i. 3, ed. Rome, 
Studi e Testi, xxii. (1936), 354, 19-357. 22 


“ “Qoavtws 8° 671, TOV tony mepipetpoy exdvrwy 
oxnuatwy Ssiaddpwv, eed) peilovd éorw ra 
moAvywroTepa, Tav pev emiméduv 6 KUKAOS yiverat 
peilwyv, tOv dé orepedv 7) adaipa.” 

Tloujodpeba. 54 Thy TovTwr drdderkw ev émitopy 
éx tov LZyvodapy dederypeva év TH Mepi tcovepi- 
pétTpwr oxndtwr. 

Tay tony mepivetpov éxovtwy tetaypévwy d= 


A 


B K r 


* Ptolemy, Afath. Syn. i. 3, ed. Heiberg i. pars i. 13. 16-19. 
> Zenodorus, as will shortly be seen, cites a proposition by 
Archimedes, and therefore must be later in date than Archi- 
medes ; as he follows the style of Archimedes closely, he is 
generally put not much later. Zenodorus’s work is not 
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(c) Isoperimetric Ficures 


Theon of Alexandria, Commentary on Ptolemy's Syntaxis 
i. 3, ed. Rome, Studi e Testi, Ixxii, (1936), 354. 19-357. 22 


“In the same way, since the greatest of the various 
figures having an equal perimeter is that which has 
most angles, the circle is the greatest among plane 
figures and the sphere among solid.*” 

We shall give the proof of these propositions in a 
summary taken from the proofs by Zenodorus ® in his 
book On Isoperimetric Figures. 

Of all rectilinear figures having an equal perimeter— 


A 


EM A Z 


extant, but Pappus also quotes from it extensively (Coll. vy. 
ad init.), and so does the passage edited by Hultsch (Papp. 
Coll., ed, Hultsch 1138-1165) which is extracted from an 
introduction to Ptolemy’s Syntaxis of uncertain authorship 
(». Rome, Studi ¢ Testi, liv., 1931, pp. xiii-xvii). It is dis- 
puted which of these versions is the most faithful. 
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Ouypdupey oxndruy, Adyw 87) tgomevpww Te 
Kal tooywview, TO mrohuycwvdrepov petlov cor. 
*Eorw yep ioomepipetpa tadmAeupa te Kal ico- 
yéua ra ABT, AEZ, rodAvywvdrepov 8€ gorw 
vo ABY. déyw, ore wetldv eorw vo ABI. 
Etdjd6w yap tra Kévtpa trav wept ra ABT, 
AEZ modbywve mepuypapopevey KvKAwy ta H , 
0, Kat erelevxOwoav at HB, HT, OE, OZ. kai 
ere ano tov H, Oe émt Tas Br, EZ KdBeror 7x0woav 
ai HK, OA. eézei ody mohvywvdrepdv €oTw 76 
ABP zoo AEZ, mAcovdxes 7 Br Thy rob} ABT 
TEpijLer pov Karaperpet qmep y EZ thy rob AEZ, 
Kal elow toae at TEplLeT por. _ Beil dpa 4 EZ 
ths BY: adore Kat 9 EA 7H s BK. xetoOw Th 
BK ton a AM, kai beled 47 OM. xai éed 
éorw ws 7 EZ eveia mpos Ty Tob AEZ moAv~ 
yaavou TE piLEeT pov obruns q ono EOZ zpés 8 opbds, 
dia 76 iodmAevpov elvac 7d ToAvywvov Kai icas 
drodapBdvew mrepupepelas Tob Teprypapopevov 
KuKAov Kal Tas m™pos T@ KevTpw yeovias TOV avTov 
exew Adyov tats mepupepelaus ef’ av BeBiixaow, 
ws b€ 4 0b AEZ TEplpLEeTpos, Toutéorw i) rob 
ABP, ™pos THY Br ovTws at 5 dpbat mpos THY 
bm0 BHP, be toou dpa ws i) EZ mpos Br, TOU- 
TéoTw 7 BA TpOs | AM, ottws eal oF ind EOZ 
yevia mpos THY ind BHD, TouTéoTw 4 bd EOA 
mpos TiHv v0 BHK. rad emet 7 EA mpos AM 
peilova Adyov € éxee ymep 7 B76 EOA yeovia ™m™pos 
ty vd MOA, ws ébijs Seifopev, ws 5é 4 EA 


* @Z is not, in fact, joined in the ms, figures. 
> This is proved in a lemma immediately following the 
proposition by drawing an arc of a circle with © as centre 
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I mean equilateral and equiangular figures—the greatest 
is that which has most angles. 

For let ABI’, AEZ be equilateral and equiangular 
figures having equal perimeters, and let ABI have 
the morc angles. I say that ABI’ is the greater. 

For let H, © be the centres of the circles circum- 
scribed about the polygons ABI, AEZ, and let HB, 
HI, OE, 0Z4 be joined. And from H, 0 let HK, OA 
be drawn perpendicular to BI’, EZ. Then since ABL 
has more angles than AEZ, BI is contained more 
often in the perimeter of ABI than EZ is contained 
in the perimeter of AEZ. And the perimeters are 
equal. Therefore EZ>BI'; and therefore EA> BK. 
Let AM be placed equal to BK, and let OM be joined. 
Then since the straight line EZ bears to the peri- 
meter of the polygon AEZ the same ratio as the 
angle KOZ bears to four right angles—owing to the 
fact that the polygon is equilateral and the sides cut 
off equal arcs from the circumscribing circle, while the 
angles at the centre are in the same ratio as the arcs 
on which they stand [Eucl. iii. 26]—and the peri- 
meter of AEZ, that is the perimeter of ABI’, bears to 
BI’ the same ratio as four right angles bears to the 
angle BHT, therefore ex aequalt [Eucl. v. 17] 


EZ: BI =angle KOZ: angle BHT, 
8.€., EKA: AM=angle EOZ: angle BHT, 
te, EA :AM-=angle KOA : angle BHK. 
And since EA:AM>angle KOA: angle MOA, 
as we shall prove in due course,? 


and ©M as radius cutting @E and @A produced, as in Eucl. 
Optic. 8 (v. vol. i. pp. 502-505) ; the proposition is equivalent 
to the formula tana:tan >a: if ta>a>6. 
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mpés AM 4 3x6 EQA pds rhv tnd BHK, 4 bd 


EOA mpés riv tad BHK peilova Adyov eye 
Hmep mpos tTHv td MOA. peilwv dpa % v0 
MOA ywvia tis tro BHK. éorw 8 cal dp6 
» mpos TH A dp0R 7H apos TH K ton. dow} dpa 
9 tro HBK peilwv éoras ris bard OMA. xeloOw 
7H tad HBK ton } td AMN cal Sijxy0w 4 AO 
emi 70 N. kat émel ion eoriv 4 iad HBK rf tad 
NMA, dAAa kal 4 mpos 7G A ton tH mpds 7H 
K, éore 8€ xai 4 BK mAeupa 7% MA ton, ton dpa 
kai » HK 79 NA. peilwv dpa 4 HK rijs OA. 
peilov dpa Kal ro bd ris ABI’ wepyérpov Kai 
tis HK tod tnd ris AEZ mepysétpov Kal rijs 
OA. Kal gorw 76 pev dvd tis ABI wepysérpov 
Kat tis HK 8urAdowov rod ABI zodvyavou, ézet 
kal to dard THs BI Kal ris HK SiaAdoudy éorw 
rob HBI' tprywvov. 70 8€ to ris AEZ mepi- 
pétpov Kal ris OA SumAdovov tod AEZ modAvywvov, 
peilov dpa ro ABI’ rodvywvov tod AEZ, 


Tbid. 8358. 12-360. 8 


Tovrov SeSeryydvouv éyw, Ore cay KKAoS 
edOvypdupw icomAetpw te Kal icoywriw laomepi- 
peTpos 7, peilwv €orat 6 KiKdos. 

Kudos yap 6 ABT icomAcdpw te Kai icoywriew 
7@ AEZ edOvypdypw icomepiverpos éoTw: AEéyw, 
ort pettwy dot 6 KUKXos. 

Bindbw tot pev ABT xvKdAov xévrpov 7d H, 
tot S€ mepi ro AEZ mrodvywrov meprypadopevov 
To O, Kal mepryeypddOw mepit tov ABT xtKAov 
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and EA : AM=angle EOA:angle BHK, 
Be eee KOA : angle BHK> angle KOA : MOA. 
angle MO.> angle BHK. 


Now the right angle at A is equal to the right angle 
at K. Therefore the remaining angle HBK is greater 
than the angle OMA [by Eucl. i. 32]. Let the angle 
AMN be placed equal to the angle HBK, and let AO 
be produced to N. Then since the angle HBK is 
equal to the angle NMA, and the angle at A is equal 
to the angle at K, while BK is equal to the side MA, 
therefore HK is equal to NA [Eucl.i. 26]. Therefore 
HK>0OA. ‘Therefore the rectangle contained by the 
perimeter of ABI’ and HK is greater than the rect- 
angle contained by the perimeter of AEZ and OA. 
But the rectangle contained by the perimeter of 
ABI and HK is double of the polygon ABI, since the 
rectangle contained by BI' and HK is double of 
the triangle HBT [Eucl. i. 41]; and the rectangle 
contained by the perimeter of AEZ and OA is double 
of the polygon AEKZ, Therefore the polygon ABT is 
greater than AKZ, 


Ibid. 358. 12-360. 3 


This having been proved, I say that if a circle have 
an equal perimeter with an equilateral and equiangular 
rectilineal figure, the circle shall be the greater. 

For let ABI be a circle having an equal perimeter 
with the equilateral and equiangular rectilineal figure 
AEZ. I say that the circle is the greater. 

Let H be the centre of the circle ABI, 9 the centre 
of the circle circumscribing the polygon AEZ; and 
let there be circumscribed about the circle ABI’ the 
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moAvywvov duowv tH AEZ 76 KAM, kal éze= 
t < * 7 > A ~ ee 4 
levx0w 4 HB, nal xddetos and tod © éexi rip 


EZ 7yOw 4 ON, Kali ewelevyOwoav af HA, OF. 


K 





A B M 


émel otv 4 ToG KAM aodvydvou mepiverpos 
peilwy €otw rhs to6 ABI xvdxdov mepyérpouv 
ws év 7H Mept opaipas xai xvdAvSpov ’Apyyuidys, 
ion S€ % Too ABY xvxdov aepipetpos tH Tod 
AEZ modvydvou mepysérpw, petlwy dpa Kat 7 
tob KAM odvydvou mepietpos tis tob AEZ 
modvydvou TEpyerpov. Kal elow Suowa Ta TrOAV- 
ywva peilwv dpa » BA ris NE. Kat dpoiv 76 
HAB tpiywvov 7H OEN tprydvw, émet wai ra 
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polygon KAM similar to AEZ, and let HB be joined, 
and from © let ON be drawn perpendicular to EZ, 
and let HA, OF be joined. Then since the perimeter 


A 


Eas ez 


of the polygon KAM is greater than the perimeter of 
the circle ABI’, as Archimedes proves in his work On 
the Sphere and Cylinder,+ while the perimeter of the 
circle ABT is equal to the perimeter of the polygon 
AEZ, therefore the perimeter of the polygon KAM is 
greater than the perimeter of the polygon AEZ. And 
the polygons are similar ; therefore BA>NE. And 
the triangle HAB is similar to the triangle OEN, 


® Prop. 1, v. supra, pp. 48-49, 
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Gra tmoddyuva. peilwy dpa kal 7 HB ris ON. 
Kat €otw ion 4 Too ABT’ kdxdou mepietpos TH 
tod AEZ moduydvou mepyuérpw. 7d dpa bo Tis 
mepinetpov tod ABT kixdov kat ris HB peilov 
€otw Tot bmd Tis mepysétrpov too AEZ srodv- 
yeéivou kal ris ON. adda 7d pev dad Tis wept- 
pérpov tod ABT kdxdouv cal ris HB durAdcwov 
Tob ABT’ kvkdrov ’Apyyundns Sekev, od Kai Hv 
deiéw Es exOnodpcba: 76 dé bxd THs TEpyseTpov 
Tob AEZ rodvydvov Kat ris ON SurAdovov rob 
AEZ zodvydvov. peilwy dpa 6 ABT Kvdos 
tob AEZ modvyudvov, dep Ser Setfae. 


Ibid. 364. 12-14 
Adyw 8) kal dm t&v lcovepinérpwr «dOvypdap- 
pw oxnpdtwy Kal tas aAcupds icomAnbets 
exdvTwv TO peéyratov lodmAevpdv ré éoTw Kal 
> ¥. 
icoywviov. 
Ibid. 374, 12-14 
Adyw 87 dtu Kai } ofaipa peilwv éoriv mdvrwy 
Tov tony empdverav eydvTwY oTEepedv oynpaTwr, 
mpooxpnaduevos tots bd “Apyysjdous dedeuy- 
pévas ev 7@ Tlepi ofaipas wal xvdAtvdpov. 


(d) Division oF Zoptac Circie Into 360 Parts: 
Hypsicies 
Hypsicl. Anaph., ed. Manitius 5. 25-31 


Tod tv ZwSiwv KvKdov els TE mepipepelas icas 





2 Dim. Cire. Prop. 1, v. vol. i. pp. 316-321. 
> The proofs of these two last propositious are worked out 
by similar methods. 
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since the whole polygons are similar; therefore HB> 
ON. And the perimeter of the circle ABT is equal 
to the perimeter of the polygon AEZ. Therefore the 
rectangle contained by the perimeter of the circle 
ABP and HB is greater than the rectangle contained 
by the perimeter of the polygon AEZ and ON. But 
the rectangle contained by the perimeter of the 
circle ABI’ and HB is double of the circle ABI as 
was proved by Archimedes,? whose proof we shall 
set out next; and the rectangle contained by the 
perimeter of the polygon AEZ and ON is double 
of the polygon AEZ [by Eucl. i. 41]. Therefore the 
circle ABI" is greater than the polygon AEZ, which 
was to be proved. 


Ibid, 364. 12-14 


Now I say that, of ail rectilineal figures having an 
equal number of sides and eqs perimeter, the greatest is 
that which is equilateral and equiangular. 


Ibid. 374. 12-14 


Now I say that, of all solid figures having an equal 
surface, the sphere is the greatest; and I shall use the 
theorems proved by Archimedes in his work On the 
Sphere and Cylinder.» 


(d) Drviston or Zopiac Circie into 360 Parts? 
Hypsicies 


Hypsicles, On Risings, ed. Manitius ¢ 5. 25-31 
The circumference of the zodiac circle having been 


* Des Hypsikles Schrift Anaphorikos nach Uberlieferung 
und Inhalt kritisch behandelt, in Programm des Gymna- 
siumszum Heiligen Kreuz in Dresden (Dresden, 1888), 1¢ Abt. 


395 


GREEK MATHEMATICS 


Sinpnuevov, ExdoTn TOV Trepipeperdy potpa TomKy 

KaAeicOw. spotws 81) Kai Tob xpdvov, ev @ oO 

Cwdiaxos agp’ od éruxe onpetov émi 7d adro 

onpeiov Tmapayiyverat, eis TE xpdvous toovs Sunpn- 
é a ~ , cal 

pévov, exactos Tv xpdvwy poipa xpoviKy Ka- 

Aciabw. 


(e) Hanpsooxs 
(i.) Cleomedes 
Cleom. De motu circ. ii. 6, ed. Ziegler 218. 8-224. 8 


Tovovtwy Sé rv epi TH Exdreupw THs cedjvys 
elvar emdedecyuevwy Soxet evavriotcba. TH Adyw 
7@ KatackevalovtTe ékrcimew thy cedjvnv eis THY 
oKiay eumimroveay THs ys Ta Aeyopeva, Kata Tas 
mapaddogous Tay ekdrcifewv. pact ydp Twes, Ott 
yiverat oedjvns exAeufus Kat audotépwv tav 
dutav tnép tov dpilovra Oewpovpévwv. Ttodrov 
dé SiAov mort, Sidte pur} xAelarer  oeAjvy TH oKg 





¢ Hypsicles, who flourished in the second half of the 
second century s.c., is the author of the continuation of 
Euclid’s Elements known as Book xiv. Diophantus attri- 
buted to him a definition of a polygonal number which is 
equivalent to the formula $ n{2+(n—-1)(a-2)} for the nth 
a-gonal number. 

The passage here cited is the earliest known reference in 
Greek to the division of the ecliptic into 360 degrees. This 
number appears to have been adopted by the Grecks from 
the Chaldaeans, among whom the zodiac was divided into 
twelve signs and each sign into thirty parts according to one 
system, sixty according to another f, Tannery, Mémoires 
scientifiques, ii. pp. 256-268). The Chaldaeans do not, how- 
ever, seem to have applied this system to other circles ; 
Hipparchus is believed to have been the first to divide the 
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divided into 360 equal ares, let each of the arcs be 
called a degree in space, and similarly, if the time in 
which the zodiac circle rcturns to any position it has 
left be divided into 360 equal times, lct each of the 
times be called a degree in time. 


(e) Hanpsooxs 
(i.) Cleomedes ® 


Cleomedes, On the Circular Motion of the Heavenly 
Bodies ii. 6, ed. Ziegler 218. 8-224. 8 


Although these facts have been proved with regard 
to the eclipse of the moon, the argument that the 
moon suffers eclipse by falling into the shadow of 
the earth seems to be refuted by the stories told 
about paradoxical eclipses. For some say that an 
eclipse of the moon may take place even when both 
luminaries are seen above the horizon. This should 
make it clear that the moon does not suffer cclipse by 


circle in general into 360 degrees. The problem which 
Hypsicles sets himself in his book is: Given the ratio between 
the length of the longest day and the length of the shortest day 
at any given place, to find how many time-degrees it takes any 
gira 0" to rise. A number of arithmetical leminas are 
roved, 
ie Cleomedes is known only as the author of the two books 
Kuxdxt) Sewpia peredpwv. This work is almost wholly based 
on Posidonius. He must therefore have lived after Posidonius 
and presumably before Ptolemy, as he appears to know 
nothing of Ptolemy’s works. In default of better evidence, 
he is generally assigned to the middle of the first century B.c. 
The passage explaining the measurement of the earth by 
Eratosthenes has already been cited (supra, pp. 266-273), 
This is the only other passage calling for notice. 
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Tis yiis mepimimrovoa, GAN’ Erepov tTpdmov. . . . 26 
mradadtepor TOV pabyuatiKdy otrws émexetpouv 
Avew THY aroplay Tavrnv. Efacayv ydp, Grr... 
of & ent yijs é€ot@tes obdév av KwAvowrTo dpav 
apdotépovs adrovs emt Tots Kuprumpac Tis yijs 
éoTates. . . . ToravTyY pev odv of madaidrepot 
Tov pabnuarikay THY THs Tpocayopevns amopias 
Adaw enoujoavTo. py more oe 08x, Byads elow 
evaveypevor. ep” dirous fev yap dys qpav 
yevopevn Svvatr’ av tobto mabey, Kwvoeoods Tod 
Cptlovros yuvouevou Todd amo THs ys ex tov dépa 
jpav eapbatwr, émi 8€ tis yas éordérwv 
ovdapas. «2 yap Kal KUprwyd éeotrw, ef? od 
BeByxapev, dpavilera Hua % doxkug tad rod 
peyeBous TIS yas... aAAa mparrov peev ame 
avrnTeov A€yovras, 6rt wémAaaTat 6 Adyos obdTos 
ind twwv amopiav Bovdopévwy eumovjoa trois 
mept Tabra KaTaytvouevois TOV aoTpoAdywy Kat 
duriocdduv. . . . Toy 8€ Kal mavtodandv wept 
tov dépa waldv ouvictacba mepuxdtwv odK av 
ein ddvvarov, 78n KatadeduKdtos Tod HAtov Kal 
tad Tov dpilovra évros pavraciav yuiv mpoorecety 
ws pndénw KaradeduKdros abrob, 7 védous mayv- 
tépov mpos TH Svce dvTos Kal Aaympuvopevou 
ind TOV hAvaKav axtivwv Kat HAlov jyiv davraciay 
dronéutovros 7) avOnAiou yevouevov. Kat yap 





@ i.e, the horizon would form the base of a cone whose 
vertex would be at the eye of the observer. He could thus 
look down on both the sun and moon as along the generators 
of a cone, even though they were diametrically opposite 
each other. 
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falling into the shadow of the earth, but in some other 
way... . The more ancient of the mathematicians 
tried to explain this difficulty after this fashion. They 
said that persons standing on the earth would not be 
prevented from seeing them both because they would 
be standing on the convexities of the earth. ... 
Such is the solution of the alleged difficulty given by 
the more ancient of the mathematicians. But its 
soundness may be doubted. For, if our eye were 
situated on a height, the phenomenon in question 
might take place, the horizon becoming conical ¢ if 
we were raised sufficiently far above the earth, but it 
could in no wise happen if we stood on the earth. 
For though there might be some convexity where we 
stood, our sight itself becomes evanescent owing to 
the size of the earth. . . . The fundamental objection 
must first be made, that this story has been invented 
by certain persons wishing to make difficulty for the 
astronomers and philosophers who busy themselves 
with such matters. .. . Nevertheless, as the con- 
ditions which naturally arise in the air are many and 
various, it would not be impossible that, when the 
sun has just set and is below the horizon, we should 
receive the impression of its not having yet set, if 
there were a cloud of considerable density at the 
place of setting and if it were illumincd by the solar 
rays and transmitted to us an image of the sun, or if 
there were a mock sun.” For such images are often 


> Lit. “ anthelion,” defined in the Oxford English Dic- 
tionary as “a luminous ring or nimbus seen (chiefly in 
alpine or polar regions) surrounding the shadow of the 
observer’s head projected on a cloud or fog bank opposite 
the sun.” The explanation here tentatively put forward by 
Cleomedes is, of course, the true one. 
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-~ A £ 3 cal a ‘ a 
totaira moAAa pavrdlera ev 7H dépi, kal padiora 
mept tov IIdvrov. 


(ii.) Theon of Smyrna 
Ptol. Afath. Syn. x. 1, ed. Heiberg i. pars ii. 296. 14-16 


*Ey pev yap tats Tapa Ocevos Tob palnparixos 


doeioats nut «vpouev avayeypappevnv THpnow 
7@ is’ érer “Adptavod. 


Theon Smyr., ed. Hiller 1. 1-2. 2 


"Ort pev ody oldy Te ouvelvar Tév padnpatiKas 
Acyopeveny mapa HAdrwve He} Kat adrov HoKn- 
pevov ev Th Dewpia Tavrn, més dv mov dpodo- 
ynjoevey" as be obdé 7a GMa dvwdedns oddé 
avovntos rept tabra épmeipia, Sia TroAAdy avros 
eupaviter € €ouke. TO bev obv oupmaons yewprerpias 
Kal oupadons provatkys Kal doTpovopias é, ey-aretpov 
yevdpevov tois TAdravos ovyypdpipacw evrvy- 
xdvew paKapiotoy pev el Tw yévouro, od pay 
evTropov ovdé pddiov ana mave moMob Tob éx 
maiiwy mévov Sedpevov. wore 5é Tods Senuapry- 
Kétas Tob év trois pabjpaow daxnOAvar, dpeyo- 
pévous 8€ tis yrwcews TOV ovyypappdrwy adbrod 
py navtdnacw dv roPobar Stapapreiv, repadawdy 
Kal ovvropov rroinoducla THY avayKalwy Kal dy 
det pddvora trois évrevEopévors TAdrwu paby- 
parikdy Oewpndrwv mapddoaw, apiOunrixdy re 
Kal povoudy Kal yewpeTpiKav TOv Te Kata 
oTepeopetpiay Kal dotpovopiav, @v xwpis odx 
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seen in the air, and especially in the neighbourhood 
of Pontus. 


(ii.) Theon of Smyrna 
Ptolemy, Syntaxis x. 1, ed. Heiberg i. pars ii. 296. 14-16 


For in the account given to us by Theon the mathe- 
matician we find recorded an observation made in 
the sixteenth year of Hadrian.* 


Theon of Smyrna, ed. Hiller 1. 1-2. 2 


Everyone would agree that he could not under- 
stand the mathematical arguments used by Plato 
unless he were practised in this science ; and that the 
study of these matters is neither unintelligent nor 
unprofitable in other respects Plato himself would 
seem to make plain in many ways. One who had 
become skilled in all geometry and all music and 
astronomy would be reckoned most happy on making 
acquaintance with the writings of Plato, but this 
cannot be come by easily or readily, for it calls for 
a very great deal of application from youth up- 
wards. In order that those who have failed to 
become practised in these studies, but aim at a 
knowledge of his writings, should not wholly fail in 
their desires, I shall make a summary and concise 
sketch of the mathematical theorems which are 
specially necessary for readers of Plato, covering not 
only arithmetic and music and geometry, but also 
their application to stereometry and astronomy, for 


3 4.¢., in a.p. 132. Ptolemy mentions other observations 
made by Theon in the years a.v. 127, 129,and 130. In three 
places Theon of Alexandria refers to his namesake as ‘‘ the 
old Theon,” 6 Ogwv wadaids (ed. Basil. pp. 390, 395, 396). 
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tZ i a A > iy Le si: 
olév re elvai dno tvyeiv rob apiorov Biov, dia 
TOAAGY wave SnAwdaas ws od xp} TeV palnudtwr 
Gpedeiv. 


* By way of example, Theon proceeds to relate Plato's 
reply to the craftsmen about the doubling of the cube (v. 
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without these studies, as he says, it is not possible to 
attain the best life, and in many ways he makes 
clear that mathematics should not be ignored.* 


vol, i, p. 257), and also the Hpinomis. Theon’s work, which 
has often been cited in these volumes, is a curious hotch- 
potch, containing little of real value to the study of Plato 
and no original work. 
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VOL. oO 


XXI. TRIGONOMETRY 


1. HIPPARCHUS AND MENELAUS 


Theon Alex. in Ptol. Math. Syn. Comm. i. 10, ed. Rome, 
Studi e Testi, |xxii. (1936), 451. 4-5 


Agéseuxrar péev odv kal ‘Inmdpyw mpayparteta 
tay ev Kikdw ceded év oB BiBXlou, ert te Kal 
MeveAdw év 5. 


Heron, Metr. i. 22, ed. H. Schine (Heron iii.) 58. 13-20 


“Eotw éevvdywvov iodmAcvpov Kal icoydvuov Td 
ABTAEZHOK, od éxdorn r&v mAevpOv povddwv 
i. evpety adrot 7d euBaddyv. mepuyeypdpOw mepi 

La 


? A é a a, A A 
abt KUKAos, ob KévTpov éoTw ro A, Kal éme- 


* The beginnings of Greek trigonometry may be found in 
the science of sphaeric, the geometry of the sphere, for which 
v. vol. i. p. 5n. 6. It reached its culminating point in the 
Sphaerica of Theodosius. 

Trigonometry in the strict sense was founded, so far as we 
know, by Hipparchus, the great astronomer, who was born 
at Nicaea in Bithynia and is recorded by Ptolemy to have 
made observations between 161 and 126 8.c., the most im- 
portant of them at Rhodes. His greatest achievement was 
the discovery of the precession of the equinoxes, and he made 
a calculation of the mean lunar month which differs by less 
than a second from the present accepted figure. Unfortun- 
ately the only work of his which has survived is his earl. 
Commentary on the Phenomena of Eudoxus and Aratus. It 
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Theon of Alexandria, Commentary on Ptolemy’s Syntaxie 
i. 10, ed. Rome, Studi ¢ Testi, Ixxii. (1936), 451. 4-5 


An investigation of the chords in a circle is made by 
Hipparchus in twelve books and again by Menelaus 
in six. 


Heron, Metrics i. 22, ed. H. Schine (Heron iii.) 58. 13-20 


Let ABPAEZHOK be an equilateral and equi- 
angular enneagon,? whose sides are each equal to 10. 
To find its area. Let there be described about it a 
circle with centre A, and let EA be joined and pro- 


is clear, however, from the passage here cited, that he drew 
up, as did Ptolemy, a table of chords, or, as we should say, 
a table of sines ; and Heron may have used this table (v. the 
next passage cited and the accompanying note). 

Menelaus, who also drew up a table of chords, is recorded 
by Ptolemy to have made an observation in the first year of 
Trajan’s reign (a.p. 98). He has already been encountered 
Gol i. pp. 348-349 and n. c) as the discoverer of a curve 
called “* paradoxical.” His trigonometrical work Sphaerica 
has fortunately been preserved, but only in Arabic, which 
will prevent citation here. A proof of the famous theorem 
in spherical trigonometry bearing his name can, however, be 
given in the Greek of Ptolemy (infra, pp. 458-463); and a 
summary from the Arabic is provided by Heath, H.@. df. ii, 
262-273, 

> i.e, a figure of nine sides. 
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levyIw 4 EA kai éxBeBrAjoOw emi 7d M, xal 
emelevyOw 4 MZ. 7d dpa EZM cpiywvov S00 
€oTw Tob éwaywvov. Sédexrar 5é€ ev tots mepi 

~ > A b) ~ 4 € ~ iy 
tov ev Kikr@m ed0eadv, dz. y ZE ris EM zpirov 
peépos €ativ ws éyyora. 


_2. PTOLEMY 
(a) GeneRaL 
Suidas, s.v, TIvoAcuatos 


TIroAepatos, 6 KAavéios xpnparioas, "Adcé- 
avdpevs, prrdoogos, yeyouuss émt tv xpdvwy 
Mdpxov rod Baotrdus. obros eypaype Mnxavucd 
BiBria ¥, epi dacewv rai emonpacuay dorépwv 
dnAavay BiBAia B, “ArrAwouw empaveias odaipas, 
Kavoéva mpoxerpov, tov Méyay dotpovépov rot 
Luvragw: cat adda. 


@ A similar passage (i. 24, ed. H. Schine 62. 11-20) asserts 
that the ratio of the side of a regular hendecagon to the 


diameter of the circumscribing circle is approximately 353 


and of this assertion also it is said 8éSex7ar $8 év zois wept 
tév ev xvid edfedv. These are presumably the works of 
Hipparchus and Menelaus, though this opinion is contro- 
verted by A. Rome, “ Premiers essais de trigonométrie 
rectiligne chez les Grecs”’ in L’ Antiquité classique, t. 2 (1933), 
pp. 177-192. The assertions are equivalent to saying that 
sin 20° is approximately 0-333... and sin 16° 21’ 49” is 
approximately 0-28. 

> Nothing else is certainly known of the life of Ptolemy 
except, as can be gleaned from his own works, that he made 
observations between a.p. 125 and 141 (or perhaps 151). 
Arabian traditions add details on which too much reliance 
should not be placed. Suidas’s statement that he was born 
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duced to M, and let MZ be joined. Then the triangle 
EZM is given in the enneagon. But it has been 
proved in the works on chords in a circle that 
ZE : EM is approximately 4.9 


2. PIOLEMY 


(2) GENERAL 
Suidas, s.v. Ptolemacus 


Ptolemy, called Claudius, an Alexandrian, a philo- 
sopher, born in the time of the Emperor Marcus. He 
wrote Mechanics, three books, On the Phases and 
Seasons of the Fixed Stars, two books, Explanation 9 of the 
Surface of a Sphere, A Ready Reckoner, the Great 
Astronomy or Syntaxis ; and others.® 


in the time of the Emperor Marcus [Aurelius] is not accurate 
as Marcus reigned from a.p. 161 to 180. 

Ptolemy’s Mechanics has not survived in any form; but 
the books On Balancings and On the Elements mentioned by 
Simplicius may have been contained in it. The lesser astro- 
nomical works of Ptolemy published in the second volume 
of Heiberg’s edition of Ptolemy include, in Greek, Ddces 
dmavav dotépuv kat cuvaywyi émonpaciy and TIpoyetpav 
xavovev didragis xal dndodopia, which can be identified with 
two titles in Suidas’s notice. In the same edition is the 
Planisphaerium, a Latin translation from the Arabic, which 
can be identified with the “AzAwois éiufavelas odatpas of 
Suidas; it is an explanation of the stereographic system of 
projection by which points on the heavenly sphere are repre- 
sented on the equatorial plane by projection from a pole— 
circles are projected into circles, as Ptolemy notes, except 
great circles through the poles, which are projected into 
straight lines. 

Allied to this, but not mentioned by Suidas, is Ptolemy’s 
Analemma, which explains how points on the heavenly sphere 
can be represented as poe on a plane by means of ortho- 
gonal projection upon three planes mutually at right angles— 
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Simpl. in De caelo iv. 4 (Aristot. 311 b 1), 
ed. Heiberg 710. 14-19 


na f- et a 2 ~ S. ®t ~ 
TIroAepaios 5€ 6 pabnuarixos ev rH Mepi pomay 
> ~ a 

THY evavtiay éxuv TH “Aptororéra ddfav meiparat 
katackevdlew Kal adrtds, dre ev TH éauTav ywopa 

” x C4 ow ie” 2%, mw , ,o@ A 
otre 7d Udwp ove 6 dip exer Bdpos. Kai dru prev 
TO vowp odk exer, Setxvucw ex Toi Tods KaTa- 

, A lol 3 
dvovras ph aicddvecfa Bapovs rot émixeupéevov 
vSaros, KaiToe Twas eis TOAD KaTadvovrTas Bdbos. 


Ibid, i. 2, 269 a 9, ed. Heiberg 20. 11 


IIroAcuatos ev rH epi trav orowyeiwv BiBrLw 
kal év rots "Omrixois . . . 


Ibid. i. 1, 268. a 6, ed. Heiberg 9. 21-27 


‘O 6€ @Oavpaords IItoAcuatos ev ra Ilepi 
la f 3 Hi a A 2S. 
dtaoTrdoews povoBiBrw amédecev, OT ovK etal 


the meridian, the horizontal and the “ prime vertical.” Only 
fragments of the Greek and a Latin version from the Arabic 
have survived ; they are given in Heiberg’s second volume. 

Among the “ other works ” mentioned by Suidas are pre- 
sumably the Inscription in Canobus (a record of some of 
Ptolemy’s discoveries), which exists in Greek; the ‘Tzodéceas 
tay tAavwpévwv, Of which the first book is extant in Greek 
and the second in Arabic; and the Optics and the book On 
Dimension mentioned by Simplicius. 

But Ptolemy’s fame rests most securely on his Great 
Astronomy or Syntaxis as it is called by Suidas. Ptolemy 
himself called this majestic astronomical work in thirteen 
books the Mafnpatix) avvrafis or Mathematical Collection. 
In due course the lesser astronomical works came to be called 
the Mixpds dorpovopovpevos (résr0s), the Little Astronomy, and 
the Syntazis came to be called the MeydAy ovpraéts, or Great 
Collection. Later still the Arabs, combining their article Al 
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Simplicius, Commentary on Aristotle’s De caelo iv. 4 
(311 b 1), ed. Heiberg 710. 14-19 


Ptolemy the mathematician in his work On Balan- 
cings maintains an opinion contrary to that of Aris- 
totle and tries to show that in its own place neither 
water nor air has weight. And he proves that water 
has not weight from the fact that divers do not feel 
the weight of the water above them, even though 
some of them dive into considerable depths. 


Ibid. i. 2, 269 a9, ed. Heiberg 20. 11 


Ptolemy in his book On the Elements and in his 
Optics . . 


Ibid. i. 1, 268 a 6, ed. Heiberg 9. 21-27 


The gifted Ptolemy in his book On Dimension 
showed that there are not more than three dimen- 


with the Greek superlative péyoros, called it Al-majisti; 
corrupted into Almagest, this has since been the favourite 
name for the work. 

The Syntazis was the subject of commentaries by Pappus 
and Theon of Alexandria. The trigonometry in it appears 
to have been abstracted from earlier treatises, but condensed 
and arranged more systematically. 

Ptolemy’s attempt to prove the parallel-postulate has 
already been noticed (supra, pp. 372-383). 

2 Ptolemy’s Optics exists in an Arabic version, which was 
translated into Latin in the twelfth century by Admiral 
Eugenius Siculus (v. G. Govi, L’ ottica di Claudio Tolomeo di 
Eugenio Ammiraglio di Sicilia); but of the five books the 
first and the end of the last are missing. Until the Arabic 
text was discovered, Ptolemy’s Optics was commonly sup- 
posed to be identical with the Latin work known as De 
Speculis ; but this is now thought to be a translation of 
Heron’s Catoptrica by William of Moerbeke (v. infra, 
p- 502 n. a). 
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mAcioves THY Tpidv SiacTdces, ek To Sey pev 
Tas Stactdces wptopevas elvar, Tas 5é wpropevas 
dtacrdcets Kar’ edfeias AapPdvecbar Kalérous, 

a A ra 4 > A > , > t 4 
tpeis dé pdvas mpos dpOds aAArjAats edOeias Suvatov 

cal 4 x x oA > 4 Mg 

elvat AaBetv, dvo pev Kal” ds To émimedov dpiferat, 
tpirny dé tiv To Babos petpotoav: wore, et Tis 
ein peta THY Tpiyh Sidotacw GAAn, duetpos av 
ein mavreA@s Kal aépiotos. 


(6) Taste or Sines 
(i.) Introduction 
Ptol. Math. Syn. i. 10, ed. Heiberg i. pars i. 31. 7-32. 9 


u’. Tlept ris mndukétyntos taév ev 7TH KdKAw 
edbevaov 

IIpés perv ody thy e€ éroipov ypiow Kavovieny 
twa pera taira éxleow mowmodpela ths myrAt- 
KéTHTOS adTa@y THY pev Tepiwetpov eis TE TUNUaTA 
dueAdvres, maparilevres Sé tas bad tas Kal? 
Hprpoipov mapavéjces tav tepipeperdv vt70- 
rewopevas ed0eias, ToutéotTe méowv eto Tunpd- 
ruv ws ths Siapérpou dia rd e€ atdrav tadv ém- 
Aoyropav davnodpevov év tots dpiOuots edypynorov 
els pk Tunpara Sunpnuevns. mpdrepov dé SetEoper, 
ma@s av ws eu padiora dv dXdiywr Kal rv abrav 
Oewpnudrwv «dpeOddevtov Kal taxyelav riv ém- 
Body THY mpos Tas THALKSTHTAS adraV TroLoipeOa, 
émws pn pedvov exteewpeva ta peyeln ra&v 
ed0edv éxwpev dvemordtws, ada Kai dia Tis 
ex Tav ypappdv peodixjs adrdv avotdcews 
tov eAeyxov €€ edyepods petaxerpilpeda. Kalddov 
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sions; for dimensions must be determinate, and 
determinate dimensions are along perpendicular 
straight lines, and it is not possible to find more than 
three straight lines at right angles one to another, 
two of them determining a plane and the third 
measuring depth ; therefore, if any other were added 
after the third dimension, it would be completely 
unmeasurable and undetermined. 


(6) TasLe or Sines 


(i.) Introduction 
Ptolemy, Syntazis i. 10, ed. Heiberg i. pars i. 31. 7-32. 9 


10. On the lengths of the chords in a circle 


With a view to obtaining a table ready for im- 
mediate use, we shall next set out the lengths of 
these [chords in a circle], dividing the perimeter 
into 360 segments and by the side of the ares placing 
the chords subtending them for every increase of 
half a degree, that is, stating how many parts they 
are of the diameter, which it is convenient for the 
numerical calculations to divide into 120 segments. 
But first we shall show how to establish a systematic 
and rapid method of calculating the lengths of the 
chords by means of the uniform use of the smallest 
possible number of propositions, so that we may not 
only have the sizes of the chords set out correctly, 
but may obtain a convenient proof of the method of 
calculating them based on geometrical considera- 
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f , a ~ 3 ~ 2 A 
perro xpnadpeda rats rév apiOudv édddas Kara. 
Tov Tis é€nKovrados tpoTov Sia To SdaxpyaTov 
TOY popracpav ert re Tots troAvmAaciacpots Kai 
peptapois dKodovOijcopev tod auveyyilovros det 
Katactoxalépuevar, Kat Kal? doov dv To mapa- 
Aertopevov pndevi aktorldyw siaddpy rot mpds 

> ~ 
ala@naw axptBods. 


(ii.) stn 18° and sin 36° 
Ibid. 32. 10-35. 16 


"Eorw 87 mp&rov tyurxvkdov to ABD emi 
Staperpou tis AAT epi Kévrpov to A, Kal amd 
rot A rh AT apds dpbdas ywrias y8w 4% AB, 
Kai terTpHaOw Sixa y AT xara 7d E, wal érelevxOw 
4 EB, cal xeioOw adr ion 4 EZ, Kai éreledyOw 
4 ZB. Adyw, ore 4 pev ZA Sexaydvou éoriv 
mAeupad, 7 S¢ BZ wevraydvov. 





@ By dia ris ex ray ypappdv pefodixfs cvordcews Ptolemy 
meant more than a graphical method; the phrase indi- 
cates a rigorous proof by means of geometrical considera- 
tions, as will be seen when the argument proceeds; ef. 
the use of &a rdv ypaypdv infra, p. 434. It may be in- 
ferred, therefore, that when Hipparchus proved ‘“‘ by means 
of lines” (81a trav ypappav, On the Phaenomena of Eudoxus 
and Aratus, ed. aniius 148-150) certain facts about the 
risings of stars, he used rigorous, and not merely graphical 
calculations ; in other words, he was familiar with the main 
formulae of spherical trigonometry. 

» i.e, ZA is equal to the side of a regular dccagon, and BZ 
to the side of a regular pentagon, inscribed in the circle ABI’. 
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tions. In general we shall use the sexagesimal 
system for the numerical calculations owing to the 
inconvenience of having fractional parts, especially 
in multiplications and divisions, and we shall aim at 
a continually closer approximation, in such a manner 
that the difference from the correct figure shall be 
inappreciable and imperceptible. 


(ii.) sin 18° and sin 36° 
Ibid. 32. 10-35. 16 


First, let ABI’ be a semicircle on the diameter AAT 
and with centre A, and from A let AB be drawn per- 


B 


pendicular to AI’, and let AI’ be bisected at E, and 
let EB be joined, and let EZ be placed equal to it, 
and let ZB be joined. I say that ZA is the side of a 
decagon, and BZ of a pentagon.? 
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“Exret yap <dDeia VPA 9 AL _TETHATOL dixa 
Kara ro E, Kai mpdoKerrat Ts abri eddcta 7 AZ, 
70 tao TOY TZ kal ZA TepleXOpevov SpBoyesvior 
pera Tob amo THS EA TeTpayevov tgov éorly TO 
amo TAS EZ TeTpAayavy, TouTésTw TH aid Tis 
BE, ézet ton éoriv y EB TH ZE. ddrd TO dso 
Ths EB retpaywrm ica ori Ta ard TOV EA xat 

Tetpdywva: To dpa tro trav TZ xai ZA 
meptexdpevov dploywriov peta Tot dnd tis AE 
TeTpaywvov igov éativ tois amd tov EA, AB 
TEeTpaywvols. Kal KoWwod adaipefevTos ToD amd 
ths EA rerpaydvouv Aowrov 7o tnd THY TZ Kal 
ZA icov éoriv TO dao Ths AB, ToUTEeoTW TO azo 
Ths Ar: 9 ZY 4, dpa dixpov Kal recov Adyov TeTpNTAL 
kata To A, ézet obv a 705 éLaydvou Kat Tod 
dexayodvou meupa TOV els TOV adrov KUKNov 
eyypadopevwy emi THs altis edfetas adxpov Kal 
pécov Adyov Téuvovra, 4 de TA &€x tod Kévrpou 
otoa Thy Tob eLaywvou mepréxen mAcvpdv, 7 AZ 
dpa éoriy ion TH Too Sexayuwvou mAcupG. cpoiws 
dé, evel } TOO TevTraywvouv mAcupa dvvaTaL THY 
TE Tob éSaycvou Kal THY Tob Sexayavou TOY Els 
Tov avrov KUKAov eyypapopeveny, Tob dé BAZ 
dphoywviou TO azo Tis BZ Tetpdycwvov igov €otiv 
T@ TE do Tis BA, irs éorly é€aywvou mAcupa, 
Kat TO dae Tis AZ, irs éotiv dexayovou mAcupa, 
4 BZ dpa ton eorly TH Tod mevrayevov mAcupG. 

*Exret ody, ws ony, , bro epela Thy Too «dxAou 
SudpeTpov TunpaTwy pK, yiveras ud TA TpoKetweva 
ny pev AE nyiocca otoa Tis €k To’ KévTpou 





* Following the usual practice, I shall denote segments 
(tpijyara) of the diameter by ”, sixtieth parts of a zyijua by 
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For since the straight line AT is bisected at E, and 
the straight line AZ is added to it, 

TZ. ZA +EA?=EZ? [Eucl. ii. 6 

= BE?, 

since EB=ZE. 
But EA? +AB?=EB? ; (Eucl. i. 47 
therefore ITZ.ZA+EA?=EA? +AB?, 
When the common term EA? is taken away, 
the remainder IZ .ZA=AB? 
t.é., = Al2; 
therefore ZI is divided in extreme and mean ratio 
at A (Eucl. vi., Def. 3]. Therefore, since the side of 
the hexagon and the side of the decagon inscribed in 
the same circle when placed in one straight line are 
cut in extreme and mean ratio [Eucl. xiii. 9}, and TA, 
being a radius, is equal to the side of the hexagon 
(Eucl. iv. 15, coroll.], therefore AZ is equal to the side 
of the decagon. Similarly, since the square on the 
side of the pentagon is equal to the rectangle con- 
tained by the side of the hexagon and the side of 
the decagon inscribed in the same circle (Fuel. xiii. 
10], and in the right-angled triangle BAZ the sqfiare 
on BZ is equal [Eucl. i. 47] to the sum of the squares 
on BA, which is a side of the hexagon, and AZ, which 
is a side of the decagon, therefore BZ is equal to the 
side of the pentagon. 

Then since, as I said, we made the diameter *# con- 
sist of 1207, by what has been stated AE, being half 
the numeral with a single accent, and second-sixtieths by the 
numeral] with two accents. As the circular associations of 
the system tend to be forgotten, and it is used as a general 
system of enumeration, the same notation will be used for the 
squares of parts. 
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Tunudrwv X Kal 76 az’ adris >, } 88 BA ek 708 
Kévtpov ota tpnpdtwy & Kal To amd adris Fyx, 
70 dé amo TAs EB, touréorw 16 amd ths EZ, rev 
emt 76 adro 5° prpicet dpa éora, EZ Tpmedreov 
El 8 ve éyywora, Kal Aor} 4 AZ rev adrav AL 
5 ve. % dpa rob Bexayddvov mAcupd, vroretvouca. 
dé mepipepevay roodtwr AS, olwv éorly 6 KUKos 
TE, Tovovrey gorat AL 5 Fe, ofew 4 Sidpetpos pr. 
maAw ézet pev A AZ Tpnpdra €orl a +) ve, TO 
8é azo adriis | “aroe 8 te, éott 5é Kal To dad TAs 
AB rév aidrdv Fyx, & ouvrebévta moet 7d aad 
ris BZ Ter pcyeovay D Ave 5 ie, papices dpa éorau 
4 BZ THNEETOW 6 AB 7 éyyiora. Kal 4 Tod mevTa- 
yebvou: dpa mhevpd, bmoteivovea 5é Hoipas_ of, 
olwy éeoriv 6 KUKAos TE, TovodTwWY éeoTly 6 »B y, 
olwy 7 Sudpetpos pK. 

Davepov dé abrobev, OTe Kal 4 Tob efayebvou 
mAeupa, bmoteivovea dé Hoipas é, kal ton otcoa 
Th ex Tob Kévtpov, THNpdTeDy éoriy E,  dpoius 
Sé, exet } pev Tob TeTpaywvou TAEupa, Brroteivovea 
Sé polpas S, Suvdper SuAacia eotlv ris ek rob 
Kévtpov, 7 S€ Tob tprydvou TAevpd, brotelvovea 
5é polpas pk, Suvdper THs abris eorw TpimAaciwv, 
70 8€ amd Tijs ex TOO KEevTpov THUNUaTwWY EoTlY YX, 
cuvayOycerar TO pev and THs Tob TeTpaywvou 

@ 
adeupas ba, To 5é aad Tis Tob tprydvou M &. 
ore Kal pyKer } pev Tas G polpas trorelvovca 
ed0eta rovovtwy éora, 7S va t éyytora, olwy % 
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of the radius, consists of 30? and its square of 900?, 
and BA, being the radius, consists of 60? and its 
square of 3600”, while EB?, that is EZ?, consists of 
4500? ; therefore EZ is approximately 67? 4’ 55”,4 
and the remainder AZ is 37? 4’ 55”. Therefore the 
side of the decagon, subtending an are of 36° (the 
whole circle consisting of 360°), is 37? 4’ 55” (the 
diameter being 1207). Again, since AZ is 37? 4’ 55”, 
its square is 1875? 4’ 15”, and the square on AB is 
3600?, which added together make the square on BZ 
4975? 4' 15”, so that BZ is approximately 70? 32’ 3”, 
And therefore the side of the pentagon, subtending 
72° (the circle consisting of 360°), is 70? 32’ 3” (the 
diameter being 1207). 

Hence it is clear that the side of the hexagon, sub- 
tending 60° and being equal to the radius, is 60°. 
Similarly, since the square on the side of the square,” 
subtending 90°, is double of the square on the radius, 
and the square on the side of the triangle, subtending 
120°, is three times the square on the radius, while 
the square on the radius is 3600?, the square on the 
side of the square is 7200? and the square on the side 
of the triangle is 108007. Therefore the chord sub- 
tending 90° is approximately 84? 51’ 10” (the diameter 

* Theon’s proof that 4/4500 is approximately 67? 4’ 55” 
has already been given (vol. i. pp. 56-61). 

> This is, of course, the square itself; the Greek phrase is 
not so difficult. We could translate, “the second power of 


the side of the square,” but the notion of powers was outside 
the ken of the Greek mathematician. 
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\ 


SidpeTpos pk, 4 5€ ras pK tav adrdv py 
ve KY. 


(iii.) sin? 6 +c0s? O=1 
Ibid. 35. 17-36. 12 


AlSe pev otrws muiv éx mpoyetpov Kat Kal? 
Eee 2 / ‘ ” i > “, 
aitas <iAjdbwoav, Kal gorar davepdy evreiber, 
ott tev BWopdvwy edbedv &€ edyepods Sidovrar 
Kal at dad tas AeTovoas els TO HuKUKALOV TrEpL- 
depeias vroreivovoa Sia TO TA am” adt@y ovvri- 
Odueva wovetv TO dio Tis Svapetpov TeTpadywvov- 

* > 5 ear ary Oe | we AGe , IAA ‘ 
olov, émeid7) 9 bd Tas AS poipas evOela TuNnUdTwY 
20 07 5 _ ‘ s 30 bE renee 5 —_ 4 
edeix0n AC 6 VE Kal TO am’ adris jaToE O i€, TO 
a 
dé dao THs Stayérpov Tendrwr éoriv M dv, 
A A > * a ¢ ‘ 
éorat Kai TO prev amd THs brotewovons Tas Ae 
movoas eis TO HutkdKALoy poipas pnd TaV Aouad 








* Let AB be a chord of a circle subtending an angle a at 
the centre O, and let AKA’ be drawn perpendicular to OB so 
as to meet OB in K and the circle 

B.. again in A’. Then 


, sin a (=sin AB) ZAKS et 


ke Ag oe 

oles And AA’ is the chord subtended by 
double of the are AB, while Ptolemy 

expresses the lengths of chords as so 

many 120th parts of the diameter 3 

therefore sin a is half the chord sub- 

tended by an angle 2c at the centre, 

which is conveniently abbreviated by 

Heath to }(erd. 2a), or, as we may alternatively express 
the relationship, sin AB is ‘‘half the chord subtended by 
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consisting of 1207), and the chord subtending 120° is 
103? 55’ 23.4 


(iii.) sin? 6 +cos? O=1 
Ibid. 35. 17-36, 12 


The lengths of these chords have thus been obtained 
immediately and by themselves,? and it will be thence 
clear that, among the given straight lines, the lengths 
are immediately given of the chords subtending the 
remaining arcs in the semicircle, by reason of the fact 
that the sum of the squares on these chords is equal 
to the square on the diameter; for example, since the 
chord subtending 36° was shown to be 37? 4’ 55” and 
its square 1375? 4’ 15”, while the square on the 
diameter is 14400, therefore the square on the chord 
subtending the remaining 144° in the semicircle is 


double of the are AB,” which is the Ptolemaic form; as 
Ptolemy means by this expression precisely what we mean 
by sin AB, I shall interpolate the trigonometrical notation in 
the translation wherever it occurs. It follows that cos a 
[=sin(90- a)]=4 crd. (180°-2a), or, as Ptolemy says, 
“half the chord subtended by the remaining angle in the 
semicircle.” Tan a and the other trigonometrical ratios 
were not used by the Greeks. 

In the passage to which this note is appended Ptolemy 
proves that 


side of decagon (=crd. 36°=2 sin 18°)=37? 4’ 55”, 
side of pentagon (=crd. 72°=2 sin 36°)=70? 32’ 3”, 
side of hexagon (=crd. 60°=2 sin 30°) =60?, 

side of square (=crd. 90°=2 sin 45°)=84" 51’ 10’, 


side of equilateral ( _ og, 190° =2 sin 60°) = 103” 55’ 23”. 
triangle 
> 4.¢., not deduced from other known chords. 
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a 


Myxd ve jue, adri Sé pujxer rev abrav pid € AL 
” a oY ~ ” ¢ 4 
éyytora, Kal él Trav dAAwy dpolws. 
"Oo ée 4 > A tf 4 € mY ‘ ~ 
v 8€ tpdmov dad rovTwy Kal af Aowzal tev 
Kara pépos Sobjoovrat, SeiEopev epebfs mpoexbé- 
peevor Anupdriov edypnorov mdvu mpos Tiy Tapoboay 


mpaypareiay. 


{iv.) “ Ptolemy's Theorem” 
Ibid. 36. 13-37. 18 


"Eorw yap Kixdos éeyyeypappéevov éxwy retpd- 
mrAevpov tvxov 76 ABTA, kal éreledyOwoav al 
AL nai BA. Sexrdov, drt 76 td tTOHv AT Kai 
BA zeptexspevov cpfoydmov tcov éori ovvapdo- 
tépos tH te bd tTHv AB, AT kai 7H bd rdv 
AA, Br. 

Keio6w yap rh tnd r&v ABT ywvia ion 7 tad 
ABE. ay of» xowhy mpocbapev riv iad EBA, 





* ie, erd, 144° =2 sin 72°)=114° 7 37°. If the given 
chord subtends an angle 2@ at the centre, the chord sub- 
tended by the remaining arc in the semicircle subtends an 
angle (180 - 26), and the theorem asserts that 

(erd, 26)? +(erd. 180 - 26)? =(diameter)’, 
or sint@ + cos? @ 8 =6=1, 
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13024? 55’ 45” and the chord itself is approximately 
114? 7’ 37", and similarly for the other chords. 

We shall explain in due course the manner in which 
the remaining chords obtained by subdivision can be 
calculated from these, setting out by way of preface 
this little lemma which is exceedingly useful for the 
business in hand. 


(iv.) “‘ Ptolemy’s Theorem ” 
Ibid. 36. 13-37. 18 
Let ABIA be any quadrilateral inscribed in a 
circle, and let AI’ and BA be joined. It is required 
to prove that the rectangle contained by AT and BA 
is equal to the sum of the rectangles contained by 


AB, AT and AA, BI. 
For let the angle ABE be placed equal to the angle 


B if 


A 


ABI. Then if we add the angle EBA to both, the 
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gota: Kal 7 v7o ABA yeovia ton Th bao EBY. 
gor dé Kal 9 bro BAA 7H bad BIE t ton: 70 yap 
avrd THApa drroteivovow: looyesveov dpa corly 
70 ABA spiywvov 7@ BYE tprydvw. dore Kat 
2 4 ra > e ¢ \ \ 4 ¢ 
avddoydv éorw, ws 4 BI mpos riv TE, otras 7 
BA zpos tiv AA: 76 dpa txo BI, AA toov aviv 
ral € A i > ae bd] ‘ < e 3 
7@ tnd BA, TE. wddw énet ton éeoriv 4 dad 
ABE yovia 77 bad ABY ywria, éorw 8€ Kai 7 
bro BAE ton 77 bad BAT, icoywvov dpa éoriv 
76 ABE zpiywvov 76 BLA spiydvw: dvddoyov 
dpa é€oriv, ws 4 BA apos AE, 7 BA apos AT: 
70 dpa b76 BA, AT icov eoriv 7@ dvd BA, AE. 
€delyOn S€ Kai ro dvd BI, AA toov 7G bad BA, 
TE: «ai 6dov dpa 76 bad AT’, BA icov éoriv 
, ”~ ¢€ A | ‘ ~ € x 
avvaudorépos TH Te dd AB, AL nal 7B strep 


AA, BI: dzep et Setéar. 


(v.) sin (O- )=sin 6 cos p—cos 0 sin 
Ibid. 37. 19-39, 3 


Tovrov mpoexteOévres éoTw HyuxdKAcov 7d 
ABLA eéni duapérpov ris AA, Kat aad tod A 
dvo Sujxbwoav ai AB, AT, kai go7w éxarépa 
avrav Sobetoa TO peyeBer, olwy H Sudperpos 
Sobcioa pic pk, Kat emelety Bur 7} 9 BI. Adyw, ore Kai 
abrn débora. 

"ExeledxOwoav yap ai BA, ra: deBopevar dpa 
elotv SyAovdre Kai abrat Bud 7O Acizew exetvwv 
eis TO Teed Aeov, émel ody ev KUKAW Ter pam eupov 
éorw to ABI'A, 76 dpa tad AB, TA pera rod 
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angle ABA=the angle EBT. But the angle BAA= 
the angle BIE [Eucl. iii. 21], for they subtend the 
same segment ; therefore the triangle ABA is equi- 
angular with the triangle BIE. 
: Br: TE=BA:AA;3 [Euel. vi. 4 
Br. AA=BA.TE. (Eucl. vi. 6 
Again, since the angle ABE is equal to the angle 
ABI, while the angle BAE is equal to the angle BAT 
[Bucel. iii. 21], therefore the triangle ABE is equi- 
angular with the triangle BI'A ; 
a BA:AE=BA: AT; (Euel. vi. 4 
Ba BA.AT=BA. AE, [Eucl. vi. 6 
But it was shown that 
Br.AA=BA.TE3 
and .. AI. BA=AB.AT4+AA.BIr; 
(Eucl. ii. 1 
which was to be proved. 


(v.) sin (0-)=sin 0 cos b~cos 6 sind 
Ibid. 37. 19-39. 3 


This having first been proved, let ABI'A be a semi- 
circle having AA for its diameter, and from A Ict 
the two [chords] AB, AI’ be drawn, and let each of 
them be given in length, in terms of the 120? in the 
diameter, and let BI‘ be joined. I say that this also 
is given. 

Tor let BA, PA be joined ; then clearly these also 
are given because they are the chords subtending 
the remainder of the semicircle, Then since ABTA 
is a quadrilateral in a circle, 
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bro tHv AA, BI’ ioov éeorivy 7H tzo AT, BA. 


kat éotw 76 Te bd Tov AT, BA So0bév Kal rd 


Ee 


d76 AB, TA: xai Aowrév dpa 76 bad AA, BY 
S00év eorw. Kai éorw 4 AA 8tdperpos: Sobeica 
dpa éoriv cal » BY edéeia. 

Kat davepov Tiv yéyovev, én, éav Sofdow So 
Trepupeperar Kal ai tn adrtas evOetar, Sofecica 
€ora Kal 4 TH vTEpoyiv Tov bdo mepupeperdy 
droteivovea edOeia. SiAov Sé, dre Sua Tovrou Tob 
Gewpypiatos dAdas te odk dAlyas edbelas eyypd- 
spoprev amd Taév ev Tats Kab avras SeSopevev 
omTEpox@v rat 57) Kat Thy d10 Tas dadexa Holpas, 
emewBrjmrep éxouev THY Te Ud Tas E Kai Ti Ud 
ras of. 
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AB. TA+AA,.Br=AT'. BA, 


[‘‘ Ptolemy’s theorem ” 


And AI’. BA is given, and also AB.T'A; therefore 
the remaining term AA. BI is also given. And AA 
is the diameter; therefore the straight line BI 
is given.* . 

And it has become clear to us that, if two arcs are 
‘given and the chords subtending them, the chord 
subtending the difference of the arcs will also be 
given. It is obvious that, by this theorem we can 
inscribe ® many other chords subtending the differ- 
ence between given chords, and in particular we 
may obtain the chord subtending 12°, since we have 
that subtending 60° and that subtending 72°. 


* If AT subtends an angle 20 and AB an angle 2¢ at the 
centre, the theorem asserts that 


erd. 29-24) . (erd. 180°) =(crd. 26) . (erd. 180° — 24) - 
(erd. 2¢) . (erd. 180° — 24) 
G.6sy sin (0@— ¢) =sin 9 cos ¢-cos @ sin ¢. 
> Or “calculate,” as we might almost translate éyypdypoper; 


ef. supra, p. 414. n. @ on é« rév ypappdv. 
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(vi.) sin? 16=4(1 —cos 6) 
Ibid. 89. 4-41. 3 


IIdAw mpoxeicbw Sofetons twos etfelas év 
KUKAw@ THY bd TO YuLoV THs broTewouerns Tepti- 
fepeias evOetay edpetv. Kal éorw AyiKdKAcov TO 
ABD émi Scauérpou tis AT kai S00etca edbcia 
VB, wai 4 TB mepipdpeca Siva retuHoOw Karta 
to A, kai éemelevyOwoav ai AB, AA, BA, AT, 
kal dno tod A ént ryv AT Kaberos HyOw 4 AZ. 
réyw, Gru ZT iced eam ris trav AB kat 
AT’ trepoyfs. 

Keto8w yap 77 AB ton 7 AE, Kai éemelevyOw 
4 AE. ézet ion éoriv 4 AB 7H AE, Kou? Sé F 
AA, 8vo 87 ai AB, AA 8vo rats AE, AA tom 
elolv éxatépa éxarépa. Kal ywria 9» io BAA 
ywvia tH tnd EAA ton éoriv: xai Bdows dpa 4 
BA Bdoe rH AE ton éoriv. ddd 4 BA 7H AT 
ton €ortv: cat y AT’ dpa rH AE ton éeoriv. éxet 
otv icooxedots évtos tprydvou rob AET and 
Tis Kopudhs ént rv Bdow Kdbetos Hera 7 AZ, 
ion €orly Y EZ rH ZT. GAN 4} EY OAy 7 dzep- 
oxy €or tav AB cal AT edOedv: 7 dpa ZI jyi- 
ced €or Ths THY adtav imepoxfs. wate, eel 
tis tno thy BI" mepipeperay edOelas droKxewpevns 
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(vi.) sin? 46 =4(1 -— cos 6) 
Ibid. 39. 4-41. 3 


Again, given any chord ina circle, let it be required 
to find the chord subtending half the arc subtended 
by the given chord. Let ABI" be a semicircle upon 
the diameter AT and let the chord I'B be given, and 


B 
A 


A ey oa G 


let the arc I'B be bisected at A, and let AB, AA, BA, 
AY be joined, and from A let AZ be drawn perpen- 
dicular to AI’. I say that ZI is half of the difference 
between AB and AI’. 

For let AE be placed equal to AB, and let AE be 
joined. Since AB=AKE and AA is common, [in the 
triangles ABA, AEA] the two [sides] AB, AA are 
equal to AE, AA each to each; and the angle BAA is 
equal to the angle EAA [Eucl. iii. 27] ; and therefore 
the base BA is equal to the base AE [Eucl. i. 4]. But 
BA=AT; and therefore A'=AE. Then since the 
triangle AET is isosceles and AZ has been drawn from 
the vertex perpendicular to the base, EZ=ZT' [Eucl. 
i. 26]. But the whole ET’ is the difference between 
the chords AB and AI’; therefore ZI is half of the 
difference. Thus, since the chord subtending the are 
BI is given, the chord AB subtending the remainder 
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avrdbev Sédo0ran Kat 7, Acimovea eis 70 Tyuexdicheov 
7 AB, So0xjoera kal x) ZD. 7 Typeioea odoa Ths Tay 
AD «ai AB dsrepoyiis: add’ éxet ev dpBoyevign 
TO ATA kabérou axbelons Tis AZ i tooydbviov yi 
verau vo AAT opfoycdviov 7@ ATZ, Kat corw, as 
4 AT zpos TA, 7 TA apos TZ, 76 pa. ord Tov 
Ar, TZ meplexopevov épboydniov t toov cotly TH 
ano THs TA TeTpayave, dobev be TO O10 TOY Ar, 
QZ. Sofev dpa. coriy kal 76 amo tas TA rerpa- 
ywvov. wore Kab pajicer 4 TA edécia Sobijcerat 
Tiv npicaav dmotelvovea tis BI wepipepeias. 

Kai 81a rovrou 8%) amdAw Tob Bewprjparos dat 
te Andljoovrat melorau Kara Tas: Tyucelas Tov 
mpoexreDeipevanv, kat 87 Kal amd Tis. Tas iB 
ploipas daroTEewovons ed0eias 4 yn TE v0 Tas > Kat 
q v10 Tas Y Kal 4 bird THY piav Huo Kal 4 bad 
TO Nutov TéTapTov THs puds poipas. edpioxomev 
8é éx Tav emdoyiopay Thy pev bmo Thy pia 
Tusov poipav ToLovTwWY & Ad te éyytora, otewy 
éotlv Stderpos pk, THY Bé bd TO ZL’ 8 ray 
atrav O pl 7. 


(vii.) cos (9 +¢)=cos 0 cos f—sin 0 sind 
Ibid. 41. 4-43. 5 

TldAw gotw Kixros 6 ABTA cept Siduerpov 

4 x re A ‘ A > 4 ~ 
pev tov AA, Kévtpov 8¢ 7d Z, Kai dad rob A 
dred pOroar Svo mepipeperat Bobeiout KaTd TO 
ébijs at AB, BY, xai _emeledxyIwoav ai AB, Br 
in adrtas edfeiar kai adrai Sedopevas. No 
or, eav emletEwpev tiv AT, dSoPijcerat Kal adri. 

“e If BI subtends an angle 26 at the centre the proposition 
asserts that 
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of the semicircle is immediately given, and ZI will 
also be given, being half of the difference between 
AT and AB. But since the perpendicular AZ has 
been drawn in the right-angled triangle ATA, the 
right-angled triangle AAT’ is equiangular with ATZ 
(Eucl. vi. 8], and : 
AT : TA=TA:TZ, 
and therefore AY. TZ=PA2, 


But AI .[Z is given; therefore TA? is also given. 
Therefore the chord ['A, subtending half of the arc 
BI, is also given.* 

And again by this theorem many other chords can 
be obtained as the halves of known chords, and in 
particular from the chord subtending 12° can be 
obtained the chord subtending 6° and that subtend- 
ing 3° and that subtending 14° and that subtending 
4° +4°(=2°). We shall find, when we come to make 
the calculation, that the chord subtending 14° is 
approximately 1? 34’ 15" (the diameter being 120?) 
and that subtending 3° is 0? 47’ 8”. 


(vii.) cos (8 +) =cos 0 cos f—sin 6 sin > 
Ibid. 41, 4-43. 5 


Again, let ABTA be a circle about the diameter 
AA and with centre Z, and from A let there be cut off 
in succession two given arcs AB, BP, and let there 
be joined AB, BI’, which, being the chords subtending 
them, are also given. I say that, if we join AT, it 
also will be given. 


{erd. 6)? = }(erd. 180) . {(erd. 180°) -erd. 180° - 26} 
i.e, sin? 46 =43(1-cos 6). 
* The symbol in the Greek for O should be noted; v. 
vol. i. p. 47 n. a 
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Auyy8w yap da tod B duduetpos rod KvKAov 
4 BZE, kal emeledyOwoav ai BA, AT, TE, AE: 
dfjAov 87) adbrdbev, Srv Sia ev tiv BY SoOyjcerac 
kai 7 TE, da Sé rv AB S00jnceTa F re BA Kat 
9 AE. kal dca ra adra tots éumpocbev, émet ev 

ta ta la 3 ‘ A ta 
KUKAw teTpdmevpdv éatw 76 BIAE, xal dinypevar 
elaiy ai BA, TE, 16 tad trav Sinypevuw repi- 

4 > “ Ww > A / 
exopevov oploywuov icov early ovvapdorépois 

~ € Al ~ > iz oe > ‘3 a 
tots bmd tay amevavtiovy date, émel SeSopévov 
70d b76 tTav BA, TE 8é80rat Kai 76 bd THv BI, 
AE, Sé80rTa dpa xai ro bvd BE, TA. 8€807ar 
dé Kai 7 BE Sidyerpos, Kat Aowr) TA éoras 
Sedopevn, Kat Sa todro Kai 4 Aelmovca els 7d 
jyexdKAcov 4 TA: doe, édyv S00daw Sv0 mepi- 

£ A € e 9 3 A 3 a ta aT 
féperar kai al bn’ adras edOciar, SoPijcerar Kal 
4 ovvaudorépas tas mepidpepetas Kara oavvbecw 


€ o a. ~ A , ~ la 
UTTOTELVOVOa ev0ecia dua TOUTOU TOV Oewprpuartos. 





* If AB subtends an angle 29 and BY an angle 2¢ at the 
centre, the theorem asserts that 


(crd. 180°) . (erd. 180°= 28-24) =(erd. 180°— 98) . (crd. 


180° - 24) - (erd. 26) . (crd. 24), 
4.6., cos (6 + ¢) =cos § cos $—sin @ sin ¢. 
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For through B let BZE, the diameter of the circle, 
be drawn, and let BA, AT, TE, AE be joined ; it is 


ie 


then immediately obvious that, by reason of BI’ being 
given, I'E is also given, and by reason of AB being 
given, both BA and AE are given. And by the same 
reasoning as before, since BIAE is a quadrilateral in 
a circle, and BA, PE are the diagonals, the rectangle 
contained by the diagonals is equal to the sum of the 
rectangles contained by the opposite sides. - And 
so, since BA.TE is given, while BI’. AE is also 
given, therefore BE .TAis given. But the diameter 
BE is given, and [therefore] the remaining term TA 
will be given, and therefore the chord 'A subtending 
the remainder of the semicircle * 3 accordingly, if two 
ares be given, and the chords subtending them, by 
this theorem the chord subtending the sum of the 
arcs will also be given. 
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Mavepov dé, dtu auvTibévres del era TaV mpo- 
exteGeipevwv Tmacdyv tiv tro a 2’ potpav Kal 
Tas ovvarronevas emAoyilouevor macas amdAds 
eyyparpoper, doa dls yuvdpevar Tpirov peepos 
eovow, Kal pedvau ez. mreptdepOyjoovrar ai petakd 
Tav ava &@ &° poipay SiaoTHpdtey Sto Kad” 
éxaoTov éodpevar, ered yep cad” Tueuproiprov 
mrovovpeBa Thy eyypagyy. wore, éav THY om 76 
2pLtprotprov evdeiav etpuptev, airy Kad. Te THY 
avvOecw Kal THY Sarepoxny THY Tmpos Tas Ta 
Svaoripara Teptexovoas Kat SeSoprevas ed0eias 
Kal Tas Aouras Tas peTald méoas Typev ouvava- 
mAnpwoe.. eel Sé Sobeions Tivos edbeias Ws THs 
bro TH a potpay 4 70 Tpizov THs abrijs Trept- 
depeias tmovewovoa Sud TaY ypappay ob Si8orai 
ms: et b€ ye Suvarey 7 Wy, etxopev av abrobev Kat 
Thy oro 70 Typerpotpiov: mporepov pebodetoopev 
THY bm Ti a poipay and Te THs bad THY aL’ 
poipay Kat ths bra L’ 8" broreBdpevor Anupdriov, 
6, Kav [Lm 7pds 70 xalerou Svvyra Tas mAr- 
KéTyntas opilew, emi ye THY otTwS edaxioTwY TO 
mpos Tas wpiopévas anapddAakrov Svvair’ av 
avvTnpetv. 

(viii.) Method of Interpolation 
Ibid, 43. 6-46. 20 

Aéyw yap, ott éav ev KixdAw Siay8aow duos 
Svo <vbciat, a peiCev mpos tiv éAdooova éAdccove, 
Adyov é€ éxet irep 7 ent THs peilovos elelas Trepi- 
ghépeva mpos Thy emt Tis eAdooovos, 

“Eorw yap kuxdos 6 ABTA, kal 8ujyOwoar év 
ait@ dvo edOeiar dvuco edAdoowy pev 4 AB, 
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It is clear that, by continually putting next to all 
known chords a chord subtending 14° and calculating 
the chords joining them, we may compute in a simple 
manner all chords subtending multiples of 14°, and 
there will still be left only those within the 14° 
intervals—two in each case, since we are making the 
diagram in half degrees. Therefore, if we find the 
chord subtending }°, this will enable us to complete, 
by the method of addition and subtraction with 
respect to the chords bounding the intervals, both 
the given chords and all the remaining, intervening 
chords. But when any chord subtending, say, 14°, is 
given, the chord subtending the third part of the 
same arc is not given by the [above] calculations—if 
it were, we should obtain immediately the chord sub- 
tending 34°; therefore we shall first give a method 
for finding the chord subtending 1° from the chord 
subtending 14° and that subtending #°, assuming a 
little lemma which, even though it cannot be used 
for calculating lengths in general, in the case of such 
small chords will enable us to make an approximation 
indistinguishable from the correct figure. 


(viii.) Method of Interpolation 
Ibid. 48. 6-46. 20 


For I say that, if two unequal chords be drawn in a 
circle, the greater will bear to the less a less ratio than that 
which the arc on the greater chord bears to the arc on the 
lesser. 

For let ABTA be a circle, and in it let there be 
drawn two unequal chords, of which AB is the lesser 
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petlwy dé 4 BI. Adyw, dre 4 TB edOeia mpds 
athv BA ed0eiav eAdooova Adyov exer Wrep 7 BI 
mepipepea mpos tv BA mrepiddpecay. 

Terpryjotw yap 4 io ABY ywria diya bad tis 
BA, kat éveledxOwoav 4 re AEDT cai 4 AA Kai 
4 TA. Kai évet 4 dad ABI ywvia diya réruyrat 
bo THs BEA edOeias, ion pév eorw 7) TA edfeia 
7H AA, peilwy 5é 4 TE ris EA. 7x8 81) dad 
tod A xdberos emt riv AET 7 AZ, eset roivyy 
petlwr eoriv } péev AA ris EA, 4 8€ EA ris AZ, 
6 dpa Kévrpw pev 7H A, diaorypare S¢ 7H AE 
ypapopevos KuKros thy pwev AA repel, daepte- 
ociras 5é riv AZ. yeypdddw 8) 6 HEO, kai 
éxPeBaAjobw % AZO. Kal éwet 6 wev AEO topeds 
peilwy éeorilv tro} AZ tprydvov, to 5é AEA 
tpiywrov peilov trod AEH ropéws, ro apa AEZ 





© Lit. ‘* let AZO be produced.” 
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and BI the greater. I say that 
TB: BA <are BI’: are BA. 
For let the angle ABT’ be bisected by BA, and let 


B 


7, 


AEDT and AA and TA be joined. Then since the 
angle ABI is bisected by the chord BEA, the chord 
TA=AA [Euel. iii. 26, 29], while [E> EA (Eucl. vi. 3]. 
Now let AZ be drawn from A perpendicular to 
AEY. Then since AA> KA, and EA> AZ, the circle 
described with centre A and radius AE will cut AA, 
and will fall beyond AZ. Let [the arc] HEO be 
described, and let AZ be produced to 8.4 Then since 


sector AEO> triangle AEZ, 
and triangle AKA> sector AEH, 
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tptywrov mpos 76 AEA tpiywvov eAdcaova Adyov 
eet aimep 6 AEO Topeds mpos Tov AEH. GAN’ 
ws pev 70 AEZ Tplywvov mpos TO AEA Tpiywvov, 
odrws 7 EZ ev0eta ™pos Ty EA, ws be é AEO 
Topeds m™pos Tov AEH TOMEG, | otrws 4 bao ZAE 
yeovta, mpos THY bd KAA: a dpa. ZE <d0eta ampos 
my EA éAdooova Adyov exer irEp 7 % b70 ZAE 
ywvia mpds THY bm0 BAA. kai ouviévre dpa. 7 
ZA <dfeta mpos tiv BA eAdooova Aédyor exet 
iTEp 7) ond ZAA yevia ™pos Thy bao AAE- Kal 
Tay Yyovpévwy Ta SimAdoua, 7, TA eteta pos 
mv AE eAdooova Adyov € exee HmEp 4 U7 TAA 
yovia mpos Thy dzo EAA: xai SueAdvre i) TE 
edbeia pos Ty EA eAdocova. Adyov € exer NITEp a 
b70 J AE yoavia mpos ld b770 EAA. dAN’ ws 
pev a] TE <v0eta ™pos Thy EA, ovTws i] TB <vbeia 
mpos THY BA, ws be q v7 TAB yeovia mpos THY 
ord BAA, otTws TB mrepupépera mpos Tav BA: 
uy TB dpa. ed0eia T™mpos TV BA éAdooova Adyov 
exer Hep 4 IB mepipdpera mpos tiv BA zepi- 
pepevav. 

Tovrov 81 odv Urroxeypevou éorw Kticos é 
ABP, wat SinxPwoav ev aitG Svo <detar q Te 
AB Kaul 4 AT, droxetoben Se mparov 4 pev AB 
troreivovca pds poipas 2’ 8, a dé AI potpav 
a. evel F AD evbeia mpos ty BA <dciav 
éAdeoova Adyov € exer Wmep 7 AD | Tepubepera mpos 
TH AB, y be AT mepupepeta émitpitos éorw Tis 
AB, » TA dpa <d0eia tis BA eAdoowy éorly 7 
énizptros. ara 4 AB ev0eta edetxOn TowoUTwy 
O po i, oiwy €orly 4 Siduerpos pk: 7 dpa TA 
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«. triangle AEZ ; triangle AEA <sector AKO: 
sector AEH. 
But triangle AEZ : triangle AEA =EZ: EA, 
{Euel. vi. 1 


and 
sector AEO : sector AEH =angle ZAE : angle EAA, 

ZE : EA <angle ZAE ; angle EAA, 

© ames ZA : EA <angle ZAA ; angle AAE ; 
er by doubling the antecedents, 

TA : AE<angle TAA : angle EAA ; 
and dirimendo, VK: EA <angle DAE: angle EAA. 
But TE: EA=IB: BA, {Euel. vi. 3 
and 

angle TAB : angle BAA =are I'B: are BA; 

({Eucl. vi. 33 

ats TB: BA <are DB: are BA. 
: On this basis, then, let ABI be a circle, and in it 

let there be drawn the two chords AB and AT, and let 
it first be supposed that AB subtends an angle of 2° 
and AT an angle of 1°. Then since 

AT: BA <are AT: are AB, 

while are AI‘=4.arce AB, 
. TA:BA<4, 
But the chord AB was shown to be 0? 47’ 8” (the 
diameter being 1207); therefore the chord TA 


* If the chords PB, BA subtend angles 20, 2¢ at the centre, 
this is equivalent to the formula, 
sin 8 0 


sin oe 





where 0<¢<}n. 
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ev0cia eAdcowr éoriv rev abtav a B v radra yap 
> 3 » Fo ~~ = 
enitpitd eotw éyyiota THY O pl 7. 

IIdAw emi ris adris Kataypadis 4 pév AB 
ed0eia drroKxeicbw droreivovoa poipav a, y S¢ AT 
poipav a Z", Kata Ta aba 57, émel 4 AT wepi- 
g¢épea tHs AB corw Hyworia, 4 TA dpa edbeta 
ths BA e€Adooav éotiv  tyuddAvos. adda Thy 
AT’ amedeiEapev rovodrwy otcav & Ad ie, olwv 
eotiv 4 Sudyerpos px: » dpa AB cdvécia peilwv 
: b n 2 a -_- - tf ‘ Li 
corly trav atrav & B b rodrwy yap *yu- 
’) 7 2 \ , - yo = ° beach 
ddd €otw Ta mpoKelweva a AO te. Wore, ezet 

~ a ~ ? é ‘ / 2? , ¢ A 
Tav adta&v éeixOn Kal weiLwv Kal eldoowy H Thy 

t n c é 36) a ‘ 4 8 A 
play potpav droreivovea edfcia, Kat Tavryv Sydov- 
, oe , - - ww oe > ‘ ¢ 
drt ELopev TowdTwr & BF eyyiora, olwy eoriv 7 
Sudjetpos pr, Kal dud Ta mpodcderypeva Kal THV 
¢ ‘ A ¢ a oa e a ~ ? ~ 
v7o TO HiLLLoLpLov, ATS EUPLOKET AL TWY GAUTWY 
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<1” 2’ 50"; for this is approximately four-thirds of 
OP 47’ 8”. 
Again, with the same diagram, let the chord AB 


B 


be supposed to subtend an angle of 1°, and AT an 
angle of 14°. By the same reasoning, 
since arc AT’ =3. are AB, 
TA : BA <3. 
But we have proved AI’ to be 1? 34’ 15” (the diameter 
being 120?) ; therefore the chord AB> 1? 2’ 50” ; for 
1? 34° 15” is one-and-a-half times this number. There- 
fore, since the chord subtending an angle of 1° has 
been shown to be both greater and less than [ap- 
proximately] the same [length], manifestly we shall 
find it to have approximately this identical value 
1 2’ 50” (the diameter being 120), and by what has 
been proved before we shall obtain the chord sub- 
tending 4°, which is found to be approximately 
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O da KE éyploTa. Kal ouvavarrAnpubijcerat 7a. 
Acura, ws Ef Paper, _Staornpara. eK bev Tis Mos 
THY pelav Husou potpay Adyou evexev ws emt Tob 
mpwrov Siaotiatos ovvidcews Tot Hytporpiov 
decxvuperns tis bad tas B poipas, ex S€ ris 
bmEepoxns THs mpds Tas Y poipas Kal THs bad TAs 

X’ ddopervns: woavrws dé Kai emi tav Aowrdv. 


(ix.) The Table 
Ibid. 46. 21-63. 46 


‘H pev odv mpaypareia tév ev TO KUKAW edOerdv 
otrws av oluar pdora perayeipicbein. iva be, 
ws édnv, ef? éexdorns Trav yperdv e& érolov TAs 
amydixeryntras éxwpev Tov evOedv exKeipevas, 
Kavovia vmoTdfopev ava atiyous fre bid TO ovp- 
peTpov, Ov Td perv mpara pepy wepre€er Tas maHA- 
KornTas rev mepupeperdv Kal? ptpLoiprov mapyuéy- 
pévas, Ta 5€ SevTEpa Tas THY Twapakepevwy Tais 
mepipepetais ev0erav mydukdTyTas Ws THS SiapeTpov 
TaY pK TundTwv broKkeérvns, Ta € Tpira TO dX’ 
pépos THs Kal? exacrov tytpotpioy TOv edberav 
mapavéjcews, iva €xovres Kal TH Tob évos é&n- 
KooToU peony emtPodjy ddiapopotoav mpos _aioOn- 
ow Tijs dxptBods Kad tev petagd Tob jyicous 
pep@v ée& éroipov Tas emtBadrovcas mAKornras 
emdoyilecOar Suvwipela.  edKatavdnrov 8, ote 
dua tay abrav Kal mpoKeyevwy Gewpnudrov, 
Kav ev Siotayye yevesueBo, ypaducts dpaprias 
mept Twa TOV ev TH Kavovtes TapaKereveov eb- 
Gedv, padiav romnospeba riv te e&éracw Kal Thy 
4.42 


TRIGONOMETRY 


oP 31’ 25". The remaining intervals may be com- 
pleted, as we said, by means of the chord subtending 
14°—in the case of the first interval, for example, by 
adding }° we obtain the chord subtending 2°, and 
from the difference between this and 3° we obtain the 
chord subtending 23°, and so on for the remainder. 


{ix.) The Table 
Ibid. 46. 21-63. 46 


The theory of the chords in the circle may thus, 
I think, be very easily grasped. In order that, as I 
said, we may have the lengths of all the chords in 
common use immediately available, we shall draw 
up tables arranged in forty-five symmetrical rows.? 
The first section will contain the magnitudes of the 
arcs increasing by half degrees, the second will con- 
tain the lengths of the chords subtending the arcs 
measured in parts of which the diameter contains 
120, and the third will give the thirtieth part of the 
increase in the chords for each half degree, in order 
that for every sixtieth part of a degree we may have 
a mean approximation differing imperceptibly from 
the true figure and so be able readily to calculate the 
lengths corresponding to the fractions between 
the half degrees. It should be well noted that, by 
these same theorems now before us, if we should 
suspect an error in the computation of any of the 
chords in the table,’ we can easily make a test and 
2 As there are 360 half degrees in the table, the statement 
appears to mean that the table occupied eight pages each 
of 45 rows; so Manitius, Des Claudius Piolemdus Handbuch 
der Astronomie, 1° Bd., p. 35 n. a. 
> Such an error might be accumulated by using the ap- 
proximations for 1° and 4°; but, in fact, the sines in the 
table are generally correct to five places of decimals. 
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erravdpOwow x qrou dao Tijs bo TH Simaciova Tis 
embyrouuerys 7} a Ths mpos das Twas TOV 5ed0- 
pevwv trepoxts 7 Tijs Th Actmoveav els TO 
apeexdKALov _Tepipeperay o dmotewovons evfeias. Kat 
€or 4 TOO Kavoviov Kataypadi ToLavrn: 


ta’, Kavéwov tav ev Kicaw edbercav 
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apply a correction, either from the chord subtending 
double of the arc which is under investigation, or 
from the difference with respect to any others of the 
given magnitudes, or from the chord subtending 
the remainder of the semicircular are. And this is 
the diagram of the table: 


11. Taste or THE CuHorps in A CiRcLE 


Chords 


31’ 25" 
2 50 
34 15 


40 











60 | 60 | 





176 | 119 | 
1764 | 119 
77 «| «119 
1774 | 119 
178 | 119 
178} | 119 
179 | 119 
179} | 119 
180 } 120 
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c) Menevaus’s THEOREM 
(c) 
(i.) Lemmas 


Ibid. 68. 14-74. 8 


wy’. THpodapBavopeva eis tds opaipixds 


f 
ei€eus 
*AxodovGov 8 dovros azrodei~at Kai Tas KaTa 
/ ff , “~ > 
pépos ywopuevas mndKdrntas Ta&v amoAapBavo- 
fa ~ AY ~ & 3 fol ‘ 
pévww mepideperav pera€d tod re ionyepwod Kal 
Tob Sid pieowy tv Zwdiwy Kvkrov tdv ypado- 
f , ¥: . “~ a 3? ~ 
pévwv peytotwv KiKAwy 81a TOV TOO lonpepwod 
mréAwy mpoekOnadpeba Anppdtia Bpaxéa Kal cv- 
xpnora, &” dv tas meloras oxeddv Seiers tOv 
adaipixds Sewpoupevwv, ws éu pddvora, dmdov- 
A td 4 
atepov Kai peBodixwTepov Tmoioopeba. 
Eis dvo0 87 etfeias tas AB wai AT dtaxecioa 


Svo edbciar 7 ve BE wal 4 TA repvérwoav adAdjAas 
446 


TRIGONOMETRY 


(c) Menezaus’s THEOREM 
(i.) Lemmas 
Ibid. 68, 14-74. 8 


13. Preliminary matter for the spherical proofs 


The next subject for investigation being to show 
the lengths of the ares, intercepted between the 
celestial equator and the zodiac circle, of great circles 
drawn through the poles of the equator, we shall set 
out some brief and serviceable little lemmas, by 
means of which we shall be able to prove more simply 
and more systematically most of the qnestions 
investigated spherically. 

Let two straight lines BE and 'A be drawn so as 


A 





B YP 


to meet the straight lines AB and AT and to cut one 
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kava To Z anpetiov. Adyw, dre 6 rs TA mpos AE 
Adyos ovvimra: ex te Tod tTHS TA ampds AZ kat 
rod 74s ZB apos BE. 

"HyOw yap dia rod E 77 TA wapaAdndos 7) EH. 
emet TapaAAnAot eiow ai TA cat EH, 6 ris TA 
mpos EA Adyos 6 abrés dorw 7H ris TA apds 
EH. ewev dé 4 ZA- 6 dpa ris TA apds EH 
Adyos avyKeievos Eatat Ex te Tot THs TA mpés 
AZ xati rob ris AZ mpos HE: dore kal 6 rijs 
TA apes AE Adyos adyKeirar éx te Tod ris TA 
apos AZ nat rob rijs AZ mpos HE. éorw 8€ xai 
6 ths AZ mpos HE Adyos 6 abros 7 tHs ZB apds 
BE &a 76 mrapadArjAovs maAw elvar tas EH xai 
ZA: 6 dpa ris TA mpos AE Adyos ovyxesras ex 
te tod THs TA apos AZ Kat tod rHs ZB mpos 
BE: dmep mpoéxerro Setéat, 

Kara, 7a atta 8€ SevyOyoerar, Ste Kal Kara 
Statpeow 6 THs TE pos EA Adyos ovvijarar ex 
te tod THS TZ mpos AZ kat rod ris AB apds 
BA, &a tod A rH EB mapaddAjAov axfetons Kat 


* Lit. “ the ratio of TA to AE is compounded of the ratio 
of TA to AZ and ZB to BE.” 
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another at the point Z. I say that 
TA: AE=(1A: AZ)(ZB : BE).2 
For through E let EH be drawn parallel to TA. 
Since T'A and EH are parallel, 
TA:EA=PA: EH. (Eucl. vi. 4 
But ZA is an external [straight line] ; 
TA: EH =(VA : AZ)(AZ : HE) ; 
v TA: AN=(TA : AZ)AZ : HE). 
But AZ:HE=ZB : BE, [Bucel. vi. 4 
by reason of the fact that NH and ZA are parallels ; 
: TA:AE=((A:AZ)(ZB:BE); . (1) 
which was set to be proved. 
With the same premises, it will be shown by trans- 
formation of ratios that 


TE : EA =(PZ : AZ)(AB : BA), 





B 


a parallel to EB being drawn through A and TAH 
449 


GREEK MATHEMATICS 
mpocexPAnGeians én’ adriy tis TAH. énei yap 
mddw trapddAnids eorw 4 AH 77H EZ, fies, as 
4 TE mpés EA, 4 TZ mpos ZH. Ga tis ZA 
&uwbev AapBavoperns 6 ris TZ mpos ZH Adyos 
odykerrar €x te ToG rhs TZ mpos ZA kai rod ris 
AZ apes ZH: éorw 8é 6 ras AZ apos ZH ddyos 
6 atros t@ tis AB apos BA 81a 76 eis trapaaA- 
Ajdovs tas AH xai ZB ScAx8an tas BA wai ZH- 
6 dpa rhs TZ mpds ZH Adyos ovvijmra ex te 
tod ths TZ mpos AZ xai rod ris AB apos BA. 
GdAd 7H THS TZ mpds ZH Adyw 6 adrds éorw 6 
tis TE apds EA- xat 6 ris TE dpa mpos EA 
Adyos atyKerras Ex re Tob THs TZ apos AZ 
kat to0 ris AB mpés BA+ émep Set Seifau. 

Ildvw €orw xixros 6 ABI, 08 Kévrpov 76 A, 


kai elAjddw ent tas mepupepeias adbroo ruxdvra 
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being produced toit. For, again, since AH is parallel 


to EZ, 
TE: EA=TZ: ZH. (Eucl. vi. 2 


But, an external straight line ZA having been taken, 
TZ: ZH=(TZ : ZA)AZ : ZH) 3 

and AZ :ZH=AB: BA, 

by reason of BA and ZH being drawn to meet the 

parallels AH and ZB ; 


ee TZ: ZH=(0Z : AZ)(AB : BA). 
But TZ:ZH=TE:EA; [supra 
and .*. TE: EA=(TZ: AZYAB:BA); . (2) 


which was to be proved. 
Again, let ABI’ be a circle with centre A, and let 


B 


Biase 
—— 


there be taken on its circumference any three points 
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tpia onueta ta A, B,D, dore éxarépay trav AB, 
BY zepidepady éAdooova elvar nuixvkdAiov: Kal 
ent tav ffs dé AapBavonevwy mepipeperdv rd 
Gpotov dbraKovécdw: Kal emeledyOwoav ai AT 
kai AEB. déyw, dru éotiv, ads % tro TH SunAqv 
tis AB mepigpepeias mpds thy bro Thy SumAqv ris 
BI, ovrws 7 AE edOeta mpos riv ET eddciav. 

"Hydwoav yap xdlero. amo tv A Kal T on- 
pelwy eri tyv AB 7 re AZ wai 7 TH. = emet 
maparAnrds éorw 4 AZ rH TH, Kal SujKrae eds 
adras ev0cta 7 AET, eorw, ws » AZ mpos riv 
TH, ovrws 7 AE mpds ELT. GA’ 6 ards éorw 
Adbyos 6 THs AZ apos TH kai ris bd rhv SirAjv 
rhs AB mepipepeias mpdos Thy bad Thy SimdAqv ris 
BI: qyioewa yap éxarépa éexarépas kal 6 ris AE 
dpa mpos ED Adyos 6 adrés eotw TQ THs bad THY 
duadqv ris AB apds rv tad riv Sindy ris 
BI: dep Seu SeiEau. 

Tlapaxodovbet 8 atrdfev, dm, Kav Soldow 7 
re AI’ 6An mepidepera Kai 6 Adyos 6 THs bro Thy 
SumAqv ris AB mpos thy bro riy dindAqv ris BY, 
SoPjoera. Kal éxarépa tav AB xai BI repi- 
depaay. exrefelons yap ris abtis Kataypadijs 
ereledxOw 7 AA, Kai 7xy8w azo tod A Kdberos 
ext tnv AET 7 AZ, Ore pev odv ris AT zepe- 
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A, B, I’, in such a manner that each of the arcs AB, 
BI is less than a semicircle ; and upon the ares taken 
in succession let there be a similar relationship ; and 
let AT be joined and AEB. I say that 


the chord subtended by double of the are AB: 
the chord subtended by double of the are BI 
[z.e., sin AB:sin BP *])=AE: ED. 
For let perpendiculars AZ and TH be drawn from 
the points A and I’ to AB. Since AZ is parallel to 
TH, and the straight line AET has been drawn to 


meet them, 
AZ:TH=AE: ET. (Buel. vi. 4 


But AZ:TH=the chord subtended by double of the 
arc AB: 
the chord subtended by double of 
the are BI, 
for each term is half of the corresponding term ; 
and therefore 
AE:ET =the chord subtended by double of 
the arc AB: 
the chord subtended by double of 
the arc BI... . - (3) 
[=sin AB : sin BI}, 
which was to be proved. 

It follows immediately that, if the whole are AT’ be 
given, and the ratio of the chord subtended by double 
of the are AB to the chord subtended by double of 
the are BP [ze. sin AB:sin BP], each of the arcs 
AB and BI’ will also be given. For let the same 
diagram be set out, and let AA be joined, and from 
A let AZ be drawn perpendicular to AET, Ifthe are 


* v. supra, p. 420 n. a uss 


GREEK MATHEMATICS 


depeias Sobeions q Te ind AAZ yevia. Thy hin 
oevav auras dmoretvovca dedopevy éorat Kat 


dAov ro AAZ spiywrov, Sidov- évet 5é rhs AT 


— 
Gi 


ed0elas GAns Sedopevns tadKerra Kal 6 Tis AB 
apos ET Adyos 6 abros dv 7@ ris bd Thy Sumdqv 
ths AB mpos tiv tnd riv Sumdqv ris BI, 7 re 
AE éorat S00etoa Kat Aoww) } ZE. Kai dia Tobro 
kat tis AZ SeSoudvns S00jceras Kai y re drd 
EAZ ywvia rod EAZ dp8oywviov cai dAn % dad 
AAB: adore Kai 4 te AB repiddpera S08nceras 
Kal Aon 4 BI: ézep eet Setar. 

Iddw é éotw Kixdos 6 ABI wept Kévrpov 70 A, 
Kal émi Tis Ri eases avrob eihndOw Tpia 
onpeta ta A, B, TD, wore éxarépay trav AB, AD 
mepipepevov Adooova elvas qptkuKdiouv’ Kat én 
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AT is given, it is then clear that the angle AAZ, sub- 
tending half the same arc, will also be given and 
therefore the whole triangle AAZ; and since the 
whole chord AT is given, and by hypothesis 


AE:EI'=the chord subtended by double of the 

arc AB: 
the chord subtended by double of the 

are BY, 

[i.e.=sin AB: sin BI’, 
therefore AE will be given [Eucl. Dat. 7], and the 
remainder ZE. And for this reason, AZ also being 
given, the angle EAZ will be given in the right-angled 
triangle EAZ, and [therefore] the whole angle AAB ; 
therefore the arc AB will be given and also the 
remainder BI ; which was to be proved. 

Again, let ABI be a circle about centre 4, and let 





three points A, B, T be taken on its circumference so 
that each of the arcs AB, AT is less than a semicircle ; 
455 


GREEK MATHEMATICS 


tav é€ijs Se AapPavopéevey wepipepertv rd Sporov 
dmaxovecOw: Kai émlevybeioa 7 tre AA Kal % 
TB éxBeBrAjoOwoar Kai cupmarérwoav Kare TO 
E onpetov. Aéyw, or éoriv, bs h bd ri Sumdiv 
tis TA mepipepeias mpos riv dno thy Sunday rijs 
AB, ovrws 4 TE ed6eia zpos rv BE. 

‘Opoiws yap 7 mpotépw Anupatiw, édv dd 
tév B Kai P dydywpev Kabérous ext riv AA riy 
te BZ cai ray VH, ora did 76 mapaddAjAous 
adras elvar, ds 7 TI apos rv BZ, otrws 7 TE 
apos THY EB adore Kai, ds 4 bad tiv Sumdiy ris 
TA xpos riv tro rh Sundfv ris AB, obtws F 
TE zpos tiv EB: érep eu Setar. 

Kai évratfa S€ adbrdbev mapaxodovbe?, Sidre, 
kav 7 TB mepipepeca povn S007, Kat 6 Adyos 6 
Tis vmod ri dindqv ris TA apds tiv bao rip 
Sumdqv ris AB S069, cai 4) AB aepipépera 800%4- 
cera. amddw yap énmi ths opotas KaTaypagpis 
emlevxbeions zis AB Kal Kabérov dxbelons émt 





ray BI ris AZ 4 ev ind BAZ ywvia riv jyul- 
getav vmoteivovoa tas BI’ zepidepeias eoras 
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and upon the arcs taken in succession let there be a 
similar relationship; and let AA be joined and let 
IB be produced so as to meet it at the point EK. I 
say that 


the chord subtended by double of the are TA: 
the chord subtended by double of the are AB 


[.e., sin TA : sin AB]=TE : BE. 
For, as in the previous lemma, if from B and T' we 


draw BZ and TH perpendicular to AA, then, by 
reason of the fact that they are parallel, 


TH : BZ=TE: EB. (Euel. vi. 4 


.. the chord subtended by double of the are T'A : 
the chord subtended by double of the arc AB 
(z.e., sin TA : sin ABJ]=TE:EB;. . . (4) 
which was to be proved. 

And thence it immediately follows why, if the are 
TB alone be given, and the ratio of the chord sub- 
tended by double of the are I'A to the chord sub- 
tended by double of the are AB [i.e., sin T'A : sin AB], 
the are AB will also be given. Tor again, in a similar 
diagram let AB be joined and let AZ be drawn per- 
pendicular to BI ; then the angle BAZ subtended by 


half the are BI will be given; and therefore the 
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SeSopevy: kat dAov dpa 76 BAZ dpboydvuov. emet 
dé Kal é re THs TE apos tiv EB Adyos dédorat 
Kat ert 7, TB evdeia, Sobijcerae Kat 4 te EB Kal 
ere GAn EBZ.- ore Kat, ere 4 AZ Sé5orat, 
SoPjoerar Kal a TE bo EAZ yeoovia | Tob avrob 
dp0oywvriov Kal row % b7d EAB. dore Kal 7 
AB mepidépera Eorar Sedopern. 


ii.) The Theorem 
Ibid. 74. 9-76. 9 


Tovrwy mpoanpbévrev yeypadOwaav émt odat- 
puis empavetas peyiorewy KUKA@Y mepupéperar, 
OTE ets dvo Tas AB xai AT So ypapeioas Tas 
BE kai TA réuvew addjras Kata To Z onpetov 
€oTw S€ éxdoTn adtav eAdcowy uKuKAiou: TO 
dé adto Kali emi macaw tév Kataypadady in- 
axouéoOw. 

Aéyw 8, ort 6 Tis uno Ty SunAqy Tijs TE 
mrepupepeias mpos Thy b7d Thy Suadiv rhs EA 
Adyos ouviinra ex Te TOD THs bro THY Sundfiv Tijs 
TZ mpas tiv bao tiv Sundqv ris ZA Kai tob ris 
bro tiv Sundqv tis AB mpos Tiv td THY SetAqv 
THs BA. 

Daidoe yap TO KévTpov Tijs opaipas kal éorw 
70 H, Kal nxPwoay amo Tou H emi Tas B, ae E 
Tomas TOY KUKAwY 4 Te HB Kat 4 HZ cat 7 5 HE, 
Kat emleuxGeioa 4 AA éxBeBrjoda Kal oun. 
mréra TH, HB éxPAnbeion Kai avri KaTa To (0) 
onytetov, opoiws be émlevxbetoat ai AP Kal AP 
teuverwoav tas HZ nai HIS xara ro K cai A 
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whole of the right-angled triangle BAZ. But since 
the ratio TE: EB is given and also the chord IB, 
therefore EB will also be given and, further, the 
whole [straight line] EBZ; therefore, since AZ is 
given, the angle EAZ in the same right-angled tri- 
angle will be given, and the remainder EAB. There- 
fore the are AB will be given. 


(ii.) The Theorem 
Ibid. 74. 9-76. 9 


These things having first been grasped, let there be 
described on the surface of a sphere arcs of great 
circles such that the two arcs BE and IA will meet 
the two ares AB and AT and will cut one another at 
the point Z; let each of them be less than a semi- 
circle ; and let this hold for all the diagrams. 

Now I say that the ratio of the chord subtended by 
double of the arc I'E to the chord subtended by 
double of the are EA is compounded of (a) the ratio 
of the chord subtended by double of the are T'Z to 
the chord subtended by double of the are ZA, and 
(6) the ratio of the chord subtended by double of the 
are AB to the chord subtended by double of the are 
BA, 





ie, Sin TE _sinTZ | sin AB) 
“sin EA sin ZA sin BA 

For let the centre of the sphere be taken, and let 
it be H, and from H let HB and HZ and HE be drawn 
to B, Z, E, the points of intersection of the circles, 
and let AA be joined and produced, and let it meet 
HB produced at the point 9, and similarly let AT’ and 
AY be joined and cut HZ and HE at K and the point 
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onpetov: emi puds 87 yiverat edbeias ra. ©, K, A 
onueta dia TO ev Svolv dua elvar émmédois TH Te 
tod ADA tprydivou Kal r@ Tob BZE Kvxdov, Ars 





H 


emlevybeioa moet eis Svo edleias tas OA Kat 
TA denypevas tas OA Kat TA repvovoas ddAjAas 
xara To K onpeiov: 6 dpa rhs TA apés AA Adyos 
ouvymrat x te Too THs TK apds KA kal rod ris 
A® mpos OA. GA ads pev 7 TA apds AA, 
ovrws 7 bo THY SumAqv rhs TE mpos viv bad ri 
SumaAjv tis EA mepifepeias, ws S¢ 4 TK zpos 
KA, ovrws % b7d Thy dumAqy ris TZ mepupepeias 
apos thy bro Thy Simdqv tis ZA, ds b€ 7 OA 
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A; then the points 9, K, A will lie on one straight 
line because they lie simultaneously in two planes, 
that of the triangle ATA and that of the circle BZE, 
and therefore we have straight lines OA and TA 
meeting the two straight lines OA and IA and cutting 


one another at the point K ; therefore 
TA: AA=(IK : KA)(AO : OA). [by (2) 
But TA:AA=the chord subtended by double of 
the are TE: 


the chord subtended by double 


of the arc KA 
{i.e., sin TE: sin EA], 
while [K : KA=the chord subtended by double of 
the are TZ: 


the chord subtended by double of 
the are ZA [by (3) 


[é-e., sin TZ isin ZA), 
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npos OA, ovrws 4 iad rHv Sumdqv ris AB wepi- 
pepeias mpos tHv bad THY SumAqv tis BA: Kal 6 
Adyos dpa 6 THs bd rhv Sundqv ris TE apcs tiv 
bro THY Sundfv ris EA ovvijrra éx te Tob Tis 
bro Thy Sindy ris TZ apes thy bd rHv Semdjv 
ths ZA Kai rob ths bo Thy SumAfv ris AB apés 
thy tnd Thy SumAqv ris BA. 

Kara ra adra 8} Kal womep ent ris ememédou 
Karaypapis T&v edOedv Selxvyrar, drt kal 6 THs 
bao rHv Sindy ris TA apos tiv dad tiv Sumdqv 
ths EA ddyos avviinta ex re tod ris bad rh 
Simdqv tis TA mpos riv bao thy SindAqv ris AZ 
kal Tob Tis bad thy SirAqv rhs ZB mpds Thy dad 


chy Sundiv ris BE: dzep apoékerto dei€a. 


* From the Arabic version, it is known that ‘‘ Menelaus’s 
Theorem ” was the first proposition in Book iii. of his 
Sphaerica, and several interesting deductions follow. 


462 


TRIGONOMETRY 
and O©A:60A=the chord subtended by double of 


the arc AB: 
the chord subtended by double of 
the are BA [by (4) 


[t.e.,sin AB : sin BA], 

and therefore the ratio of the chord subtended by 
double of the arc TE to the chord subtended by 
double of the are EA is compounded of (a) the ratio 
of the chord subtended by double of the arc 'Z to 
the chord subtended by double of the arc ZA, and 
(6) the ratio of the chord subtended by double of the 
arc AB to the chord subtended by double of the 
are BA, 





a sinTE sin TZ _ sin AB 
[ “sin EA” sin ZA sin FE | : 

Now with the same premises, and as in the case of 
the straight lines in the plane diagram [by (1)], it 
is shown that the ratio of the chord subtended by 
double of the are T'A to the chord subtended by 
double of the are EA is compounded of (a) the ratio 
of the chord subtended by double of the are TA to 
the chord subtended by double of the are AZ, and 
(b) the ratio of the chord subtended by double of 
the arc ZB to the chord subtended by double of the 
chord BE, 

[ie sin PA_sinTA sin ZB], 





sin EA sin AZ * sin BE’ 
which was set to be proved.? 
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XXII. MENSURATION : 
HERON OF ALEXANDRIA 


XXII. MENSURATION : HERON OF 
ALEXANDRIA 


(a) Derinrtions 
Heron, Deff., ed. Heiberg (Heron iv.) 14. 1-24 


Kai ra prev apo ris yewpetpiriis orowyewdoews 
Texvodoyovpeva vroypadwy gow Kai srotumov- 
Hevos, ws exet pddvora ovvrdps, Avoviore Aap- 
mporare, THY TE apxnY Kal THy ody ovvragw 
Toujsopat Kata THY Tod EdxAcidov Tob Xrovyew- 
Tod Tis év yewpeT pia Bewpias didacKadiay- olan 
yap otrws od povov tas éxelvov mpaypareias 





® The problem of Heron’s date is one of the most disputed 
questions in the history of Greek mathematics. The only 
details certainly known are that he lived after Apollonius, 
whom he quotes, and before Pappus, who cites him, say 
between 150 p.c. and a.p. 250. Many scraps of evidence 
have been thrown into the dispute, including the passage 
here first cited ; for it is argued that the title Aapapéraros 
corresponds to the Latin clarissimus, which was not in com- 
mon use in the third century a.p. Both Heiberg (Heron, 
vol. v. p. ix) and Heath (1/.@. M. ii. 306) place him, however, 
in the third century .p., only a little earlier than Pappus. 

The chief works of Heron are now definitively published in 
five volumes of the Teubner series. Perhaps the best known 
are his Pneumatica and the Automata, in which he shows 
how to use the force of compressed air, water or steam ; they 
are of grcat interest in the history of physics, and have led 
some to describe Heron as “‘ the father of the turbine,” but 
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ALEXANDRIA 4 


(a) DeFInitTIons 
Heron, Definitions, ed. Heiberg (Heron iv.) 14, 1-24 


In setting out for you as briefly as possible, O most 
excellent Dionysius, a sketch of the technical terms 
premised in the elements of geometry, I shall take as 
my starting point, and shall base my whole arrange- 
ment upon, the teaching of Euclid, the writer of the 
elements of theoretical geometry ; for in this way I 
think I shall give you a good general understanding, 


as they have no mathematical interest they cannot be noticed 
here. Heron also wrote a Belopoeica on the construction of 
engines of war, and a Mechanics, which has survived in 
Arabic and in a few fragments of the Greek. 

In geometry, Heron’s elaborate collection of Definitions 
has survived, but his Commentary on Huclid’s Elements is 
known only from extracts preserved by Proclus and an- 
Nairizi, the Arabic commentator. In mensuration there are 
extant the MAMetrica, Geometrica, Stereometrica, Geodaesia, 
Mensurae and Liber Geponicus. The Metrica, discovered 
in a Constantinople ms. in 1896 by R. Schéne and edited by 
his son H. Schine, seems to have preserved its original form 
more closely than the others, and will be relied on here in 
preference to them. Heron’s Dioptra, describing an instru- 
ment of the nature of a theodolite and its application to 
surveying, is also extant and will be cited here. 

For a full list of Heron’s many works, v. Heath, H.@.M. 
ii. 308-310. 
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evouvdmrous éaecbai cot, dAAd Kal TAEeiatas GAAas 
Tov els yewperpiay dvnkdvtTwv. apfopat rolvuy 
amd onetov. 

a’, Lnpetdv eotw, od pépos odfev 4% mépas 
adidotatov 7) mépas ypaypas, mépuxe 5é Siavola 
peovn Anmrov elvar Woavel dpepés Te Kal dpeyefes 
Toy xdvov. Tovobrov ody atto dacw elvan olov év 
xpoven 70 éveoros Kal olov povdda Ogaw éyovcay. 
core! peev odv TH ovoig TavTOV TH povddu: ddvatpera 
yap dudw kal domdpyara Kal duepiora: rH Sé ém- 

avela Kal TH oxéaet Sade per:  pev yap povas 
dpxy pub p108, to de€ onctov Tis yewpeTpouperns 
odbaias apy), apy | S€ xara exfeow, ob7x as Hépos 
av THs Yas, ws Too dpiluod Lépos 1 povds, 
mpoetvoovjevov S€ adras: KwnOevTos ‘yap 7} LaAAov 
vonOevros ev pice. voeirar ypaypyn, Kal ovrw 
onpeiov dpxy cote ypappts, émpdvera dé orepeod 

f 
owpatos. 


Ibid. 60. 22-62. 9 


CC’. Lmetpa yiverar, otav KvKAos émi KvKdov 
70 Kévtpov éxwv dpbos Dv mpds Td Tob KUKAOV 
emimedov meptevexOeis els TO adTO TdAWw atroKaTa- 
oraff 76 dé avTo tobro Kal Kpikos KaAetrat. 
deexts pev obv éote omeipa 4 exovoa SirdAcppa, 
auvexyts dé) Kal” év onpelov cupmimrovea, emad- 
Nattovoa dé, Kal? iv 6 repipepdpevos KUKAOS 


1 gore Friedlein, ére codd.. 





@ The first definition is that of Euclid i. Def. 1, the third 
in effect that of Plato, who defined a point as apy) ypaypas 
(Aristot. Afetaph. 992 a 20); the second is reminiscent of 
Nicomachus, Arith. Introd. ii. 7. 1, v. vol. i. pp. 86-89. 
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not only of Euclid’s works, but of many others per- 
taining to geometry. J shall begin, then, with the 
point. 

1. A point is that which has no parts, or an ex- 
tremity without extension, or the extremity of a line,4 
and, being both without parts and without magnitude, 
it can be grasped by the understanding only. It is 
said to have the same character as the moment in 
time or the unit having position. It is the same as 
the unit in its fundamental nature, for they are both 
indivisible and incorporeal and without parts, but in 
relation to surface and position they differ ; for the 
unit is the beginning of number, while the point is 
the beginning of geometrical being—but a beginning 
by way of setting out only, not as a part of a line, 
in the way that the unit is a part of number—and 
is prior to geometrical being in conception ; for when 
a point moves, or rather is conceived in motion, a 
line is conceived, and in this way a point is the be- 
ginning of a line and a surface is the beginning of a 
solid body. 


Ibid. 60. 22-62. 9 


97. A spire is generated when a circle revolves and 
returns to its original position in such a manner that 
its centre traces a circle, the original circle remaining 
at right angles to the plane of this circle ; this same 
curve is also called a ring. A spire is open when there 
is a gap, continuous when it touches at one point, and 
self-crossing when the revolving circle cuts itself. 


> The Pythagorean definition of a point: ». Proclus, in 
Eucl. i., ed. Friedlein 95. 22. Proclus’s whole comment is 
worth reading, and among modern writers there is a full 
discussion in Heath, The Thirteen Books of Euclid’s Elements, 
vol. i. pp. 155-158, 
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abros abrov répver. yivovrat dé Kal TovTwY Tomal 
ypappat TwWeEs iidlovea. ot de Terpdywvor 
KpuKor exmpiopard elou kuivdpu- ywvovrar dé 
Kal da Twa Touida mpiopata ex Te ohaipav 
Kal €x puxrady emdavedr. 


(6) MeasurEMENT oF AREAS AND VOLUMES 
(i.) Area of a Triangle Given the Sides 
Heron, Metr. i. 8, ed. H. Schdne (Heron iii.) 18. 12-24. 21 


"Kore dé Kabodicy pdbodos wore tpidyv mrev- 
pav Sobeodv olovdnrotoby Tpryw@vov 70 euBaddy 
edpetv ywpis kabérou: oloy éoTwoay at Tob TpLycivov 
mAevpal povdduw l, 7, 9. ovvOes ra § wal ra 7 
kal 7d 0+ yiyverau Kd. todtwv AaB rd Tpucv: 
ylyverar iB. dere ras € _povddas: Aourai x 
madw adede amo ray iB Tas Ts Aourat 5. «al ere 
ras 8 Aourat 7. moingov 7a op emt ra. & yiyvovras, 
E. radra émt rov 5: yiyvovra: Ti tadra éml tov 

- plyverar px: todtww AaBE mAcvpav Kal Eorat 76 
éupaddyv rob Tpuycvon. evel ovy ai pe pyTyy Thy 
TAeupav ovK éxovet, AnypopeBa pera dtadd pov 
ag vy mAcupdv ovTws: erel 6 ouveyyilew 
TO YK tetpdyavds eoTw 6 wud Kal mAcupay éxet 
Tov xb, pepicov tas wx ets TOV Kee yiyveras Kg 
Kal Tpira dvo: mpoobes Tas Ko: ylyverau aby, Tpira, 
Sv0. Tovrwy TO jyiou: ylyvera KS Ly’, €oras 
dpa rot dK 7 mAcupa éyyora Ta KS Ly’, Ta ydp 
Ks Ly’ ef” daura ylpverar pe AS’ wore TO did- 
dopov povddos eori pdpiov AS’, av dé Bovdwpeba 
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Certain special curves are generated by sections of 
these spires. But the square rings are prismatic 
sections of cylinders ; various other kinds of prismatic 
sections are formed from spheres and mized surfaces. 


(b) MEasuREMENT oF AREAS AND VOLUMES 


(i.) Area of a Triangle Given the Sides 
Heron, Metrica i. 8, ed. H. Schéne (Heron iii.) 18. 12-24. 21 


There is a general method for finding, without 
drawing a perpendicular, the area of any triangle 
whose three sides are given. For example, let the 
sides of the triangle be 7, 8 and 9. Add together 
7,8 and 9; the result is 24. Take half of this, which 
gives 12. Take away 7; the remainderis 5. Again, 
from 12 take away 8; the remainder is 4. And 
again 9; the remainder is $3. Multiply 12 by 5; the 
result is 60. Multiply this by 4; the result is 240. 
Multiply this by 3; the result is 720. Take the 
square root of this and it will be the area of the tri- 
angle. Since 720 has not a rational square root, we 
shall make a close approximation to the root in this 
manner. Since the square nearest to 720 is 729, 
having a root 27, divide 27 into 720; the result is 
262; add 27; the result is 532. Take half of this ; 
the result is 26} +3(=262). Therefore the square 
root of 720 will be very nearly 268. For 263 multi- 
plied by itself gives 7203, ; so that the difference 
is sy. If we wish to make the difference less than 2, 


* The passage should be read in conjunction with those 
from Proclus cited supra, pp. 360-365 ; note the slight differ- 
ence in terminology—self-crossing for interlaced. 
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ev eAdacovt popiw rob AS’ rijv Siadopay yiyvecBar, 
avrt Tob PO rafopev Ta viv edpeBdvra tk Kal As’, 
Kal Tatra TovjcavrTes etpyooper TOAAG eAdrTova 
<rovy' As’ tiv Sadopay yryvopevny. 
© A x A f > 58 f > 4 
H 6€ yewperpixy tovrov anddekis eorw 7Se- 
, A “~ a € ~ A 9 ‘ 
Tprywvou So0ecav Tav mAcupav ebpeiv 7d éuBaSdv. 
duvarov perv obv eorw dayaydvrals} pilav xdberov 
Kal topiodpevov adtis to péyeOos etpely rob 
vA ‘ ? cad s 4 wy 4 ~ 
tprydvou To é€uBaddv, Séov 5€ EoTw xupis rijs 
Kabérov Td éuBaddov tropicacbat, 
“Eorw ro dobév tpiywvov 76 ABT kat éorw 
éxdotn 7Tav AB, BI, TA So00eica: edpety 7d euBa- 


1 so add. Heiberg. 
® dyaydvra{s] corr. HI. Schéne, 





* If a non-square number A is equal to a?+06, Heron’s 
method gives as a first approximation to VA, 


a,=3 (a + *) » 
and as a second approximation, 
A 
ani(ard)- 


An equivalent formula is used by Rhabdas (v. vol. 1. p. 30 
n, 6) and by a fourteenth century Calabrian monk Barlaam, 
who wrote in Greek and who indicated that the process could 
be continued indefinitely. Several modern writers have used 
the formula to account for Archimedes’ approximations to 
4/3 (v. vol. i. p. 322 n. a). 

> Heron had. previously shown how to do this. 
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instead of 729 we shall take the number now found, 
720,, and by the same method we shall find an 
approximation differing by much less than .j,.4 

The geometrical proof of this is as follows: In a 
triangle whose sides are given to find the area. Now it is 
possible to find the area of the triangle by drawing 
one perpendicular and calculating its magnitude,® 
but let it be required to calculate the area without 
the perpendicular. 

Let ABI be the given triangle, and let each of 





A 


AB, BI, PA be given; to find the area. Let the 
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Sov. evyeypagbw ets 70 Tplywvov KUKXos 6 AEZ, 
od Kévtpov éotw to H, Kal emelevxOwoay at AH, 
BH, [H, AH, EH, Zelaces pev dpa bad BY, 
EH Dia Neatee canoe BHT Tpuycivou, To de 
tro TA, ZH vod ATH Tprycivou, «76 5e o dao AB, 
AH vob ABH Tpuydvou)" TO apa omo THS TEpt- 
peTpou Tob ABP Tpuycvou kat ths EH, touvréote 
Tijs ex Tob KEVTpOV rob AEZ xkuxaou, ‘SenAdousy 
éore TOU ABT Tpuydivou. ekBeBAjc8e 1 TB, al 
Th AAt ton Ketaw 7; 7 BO: 4 dpa MBO 4 tpicerd €ort 
THs TEpuLeTpov vou ABP Tpuyaivou bua 70 wes 
elvat TH pev AA Th AZ, Ty d¢ AB 79 BE, 77 

$e Z[ 77 TE. 76 dpa bad Tay LO, EH toov tee 
TO ABI’ Tprydvy. ada ro tnd Tav TO, EH 
mAcupd éorw tod ano THs TO ent TO ae THs 
EH: éorat dpa Tob ABP Tprywvov TO eu Badov 
ep EavTo yevdpevoy icov TQ amo THs or ent TO 
do Tis EH. 7ydw Th pev TH mpos opbas u] 
HA, Th be TB 9 u] BA, Kal emeledxOu 4 TA. émet 
ouv pO éorw exarépa tév ono THA, BA, ev 
KvKA@ apa é€o7t 76 THBA ee aie e at dpa 
bro THB, TAB dvoiv dpbais ctow ica. eloiv dé 
kat ai t7d THB, AHA duotv dpbais ioar da 7d 
diya teTpHo0a Tas mpds TH H.ywvrias tats AH, 
BH, PH Kal toas eva Tas bao TOV PHB, AHA 
tats ono Tov AHT, AHB Kat Tas mdoas TéTpaow 
dpbais i ioas elvan: ion dpa eorty 4 bo AHA 7rF 
vo TAB. éore oe Kal 6p hr) 7 umd AAH 367} 
th to VBA ton: dpovov dpa eari ro AHA zpi- 
ywvov 7 TBA tpvyovw. ws dpa 4 BI’ zpos 


1rd 8€ . . © tpeydvov: these words, along with several 
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circle AEZ be inscribed in the triangle with centre H 
[Euel. iv. 4], and let AH, BH, TH, AH, EH, ZH be 
joined. Then 
BI. EH=2. triangle BHT, [Eucl. i. 41 
TA.ZH=2. triangle AHT, [ebed. 
AB. AH=2., triangle ABH. [ebed. 


Therefore the rectangle contained by the perimeter 
of the triangle ABI and EII, that is the radius of 
the circle AKZ, is double of the triangle ABI’. Let 
I'B be produced and let BO be placed equal to AA; 
then I'BO is half of the perimeter of the triangle ABT 
because AA=AZ, AB=BE, ZPD =F [by Eucl. iii. 17]. 
Therefore 


TO. EH =triangle ABI. [ibid. 
But T@. EH =4/TO?. EH? ; 


therefore (triangle ABT)?=OF?. EH2, 


Let HA be drawn perpendicular to TH and BA per- 
pendicular to I'B, and let PA be joined. Then since 
each of the angles ['HA, 'BA is right, a circle can be 
described about the quadrilateral [HBA [by Eucl. 
iii. 31]; therefore the angles [HB, PAB are together 
equal to two right angles [Eucl. iii. 22]. But the 
angles PHB, AHA are together equal to two right 
angles because the angles at H are bisected by AH, 
BH, I'H and the angles THB, AHA together with 
AHTY, AHB are equal to four right angles; therefore 
the angle AHA is equal to the angle TAB. But the 
right angle AAH is equal to the right angle TBA; 
therefore the triangle AHA is similar to the triangle 
TBA. 





other obvious corrections not specified in this edition, were 
rightly added to the text by a fifteenth-century scribe. 
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BA, 7 AA mpos AH, TouréoTw ] BO mpos EH, 
cal ‘evade, ws 4 TB a pos BO, 4 BA zpos EH, 
TouTéoTW 4 BK mpos KE &a 70 mapdAXn)ov etvas- 
Ty BA Th EH, kat auv0evre, as 7, TO mpos. BO, 
ovTws 7 BE mpos EK: wore xa os TO dad Tis 
TO mpos 76 tno tHv TO, ©B, otrws 70 tno 
BET mpos TO U7 DEK, Touréore ™pos TO dino 
EW: é& opboywvicn yap dr6 Tis opbijs emt TH 
Bdow Kdberos 7 Tyerae 9 EH: wore 79 dé ths TO 
emt TO and THs EH, o8 mAcupa Fv ro euBaddov 
tot ABY tpuydvou, tcov eorae 7@ tro TOB emi 
zo b7o TEB. Kat €ore dobeica. éxdory TOv ro, 
OB, BE, TE: 4 pev yap ro pioed éore Ths 
TEpyLeT pov Tod AbP Tpeydivov, H dé BO 7 drep- 
ox a Urrepexer 4 jpioesa Tis TE PUyLeT pov Ths 

B, 4 Se BE 7 Umepoxn, a Urrepexer 7 pices. 
vis, TEpLLeTpoV Tis AIT, 4 8¢ ED 7 Urrepoyy}, 
77) trepexer 7 jpioea Tis eee Tijs AB, 
emerdyrep U ton cory 4 pev E l ry TZ, 9 be BO 
Th AZ, émei xai rH AA éoriy ion. Bobev a dpa. Kal 
To epBadov rod ABT zpeydvov. 


(ii.) Volume of a Spire 
Ibid. ii. 13, ed. H. Schéne (Heron iii.) 126. 10-130. 3 


"Eorw yap Tes ev emumedp edbeia 7 AB kal 
duo TuxvTa en” adrijs onpeta. ele J 6 BTAE 
(thos) 6p8ds @v mpos 76 droKetpevov émimedov, 
ev @ eotw 4 AB edOeia, kat pévovtos too A 


1 xvxdos add. H. Schine, 
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Therefore Br: BA=AA: AH 
=BO:EH, 
and permutando, T'B: BO=BA : EH 
=BK : KE, 


because BA is parallel to EH, 

and componendo T@:BO=BE:EK; 
therefore YO?:TO.OB=BE.El:TE. EK, 
te. =BE.ED : EH, 


for in a right-angled triangle EH has been drawn 
from the right angle perpendicular to the base; 
therefore [0?. EH?, whose square root is the area 
of the triangle ABI’, is equal to (TO. OB\(TE . EB). 
And each of TO, OB, BE, I'E is given; for IO is half 
of the perimeter of the triangle ABT’, while B@ is the 
excess of half the perimeter over I'B, BE is the excess 
of half the perimeter over AI’, and EI’ is the excess 
of half the perimeter over AB, inasmuch as ET =TZ, 
BO=AA=AZ, Therefore the area of the triangle 
ABI is given. 


(ii.) Volume of a Spire 
Ibid. ii. 18, ed. H, Schéne (Heron iii.) 126. 10-180. 3 


Let AB be any straight line in a plane and A, B 
any two points taken on it. Let the circle BrAE be 
taken perpendicular to the plane of the horizontal, 
in which lies the straight line AB, and, while the point 

® If the sides of the triangle are a, b, c, and s=}(a+b +c), 
Heron’s formula may be stated in the familiar terms, 

area of triangle = +/s(s — a)(s — b)(s — ¢). 
Heron also proves the formula in his Dioptra 30, but it is 


now known from Arabian sources to have been discovered by 
Archimedes. 
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onjciov mepipepéoOw Kata 16 émimedov 4 AB, 
dypt of eis 76 abrd droKxaracral cupmepipepo- 
peévov kal tod BPAE xvdxAov dplo0b diapévovtos 
mpos TO UroKketsevov émimedov. anoyevvyncet dpa 
Twd, émpdverav 7 BTAE aepipdpea, jv oy 
onepixyy KaAotow: Kav pn # 5€ GAos 6 KvKdos, 
GMa tpia abrod, mdAw anoyewvijoe 76 Tob 
KUKAov TUAA aTeipiKns émipavelas Taha, Kab- 
dep eici Kai at tals Kloow droKeipevar oreipar 
tpidv yap odody empaverdv ev TH Kadoupévp 
dvaypadet, dv Sy tuwes Kal euBodza KaAcdaw, dvo 
pev Koidwy Ta&v dxkpwv, mids 6€ eons Kat Kuprijs, 
dua mepipepopevar al tpeis dtoyevdiar 76 €ldos 
THs Tots Kloow sroxeyevns o7eipas. 

Adov ody éorw riv droyernbelcay oneipay td 
rob BIAE xvmdou petphoa. S<dd00w % per 
AB povddwv k, 7 S€ BI Staperpos povddwr of. 

A 
H 


E © 


eid hbw 76 Kévtpov Tob KUKAou 76 Z, kal ao TOv 
A, Z7@ droxeyevm emimédw mpds dpbas x8woav 
ai AZE, HAO. «al &a 7av A, E79 AB mapda- 
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A remains stationary, let AB revolve in the plane 
until it concludes its motion at the place where it 
started, the circle BAK remaining throughout 
perpendicular to the plane of the horizontal. Then 
the circumference BI’AK will generate a certain sur- 
face, which is called spiric; and if the whole circle 
do not revolve, but only a segment of it, the seg- 
ment of the circle will again generate a segment 
of a spiric surface, such as are the spirae on which 
columns rest ; for as there are three surfaces in the 
so-called anagrapheus, which some call also emboleus, 
two concave (the extremes) and one (the middle) 
convex, when the three are moved round simultane- 
ously they generate the form of the spira on which 
columns rest.* 

Let it then be required to measure the spire gener- 
ated by the circle BVAE. Let AB be given as 20, 
and the diameter BI’ as 12. Let Z be the centre of 
the circle, and through® A, Z let HAO, AZE be 
drawn perpendicular to the plane of the horizontal. 
And through A, E let AH, FO be drawn parallel to 


® The dvaypadevs or euBorev’s is the pattern or templet for 
applying to an architectural feature, in this case an Attic-Ionic 
column-base. The Attic-Ionic base 
consists essentially of two convex 
mouldings, separated by a concave 
one. In practice, there are always 
narrow vertical ribbons between the 
convex mouldings and the concave y 
one, but Heron ignores them. In the 
templet, there are naturally two con- 
cave surfaces separated by a convex, 4 
and the kind of figure Heron had in 
mind appears to be that here illus- 
trated. I am indebted to Mr. D. S. Robertson, Regius 
Professor of Greek in the University of Cambridge, for help 
in elucidating this passage. > Lit. “from.” 
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AnAor 7xOwoav ai AH, EO. 8Seucrar 8é Arovy- 
coddipw év rH Tlept ris onetpas émypadouévy, 
oe a rd MM ¢ tA A ‘ 4 

O7t dv Adyov éxet 6 BY'AE Kddos mpds 7d Hpuov 
to} AEHO xapaddndoypdypov, rotrov eye Kat 
% yernbeica oncipa ind to6 BIAE xvxdou mpés 

‘ cs ef mM iA > e e a > 
Tov KUAwWSpov, od d€wv pév eo7rw 6 HO, % Se ex 

~ ra fod 4s ¢ > ‘ > ¢ 
Tob Kevtpov rijs Bdoews 4 EO. eret odv BT 

td 2 f e ww Ww di pF 
povddwy oB éoriv, 4 dpa ZT éora povddav &. 
¥ ¥ 1 e 4 - ww ” € 
€ore b€ Kat 4 AT povddwy 7: gota dpa 4 AZ 

4 aN : € @ > os ? a 
povddwy 18, touréorw 4 EQ, yrs early x rob 
Kévtpov Ths Bdoews Tob cipnuécvov xvAty8pov: 
dobels dpa éariv 6 KUKAos: GAG Kai 6 dEwy Sobeis: 
¥ ec , To ae ees \ oe ¢ 
€o7w yap povddwy 1B, éemet Kat 4 AE. core 
Sobeis Kal 6 cipnudvos KvAvSpos: Kal ga7t 76 AO 

, NA @ \ en 

mrapadAnAdypappov <Sofév)': ware Kal TO ypc 
atrob. add kai 6 BYAE kvcdos- Sobcioa ya 
4 TB dudperpos. Adyos dpa ro6 BIAE kvicAov 

‘ A 4 t oe A 
mpos To AO mapadAndrdoypappov Sobeis: wore Kat 
Tis oneipas mpdos Tov KUAWOpoV Adyos att Sobeis. 

‘ ” ra € , ‘Y ww \ ‘ 
kat €a7t dobeis 6 KvAwSpos: So6ev dpa Kal 7d 
oTepedv THs ometpas. 

LuvreOjoerar &) dxorovOws 7H avaddcer ovrws. 
™ > AN A = 8 OD 1 = \ , \ 
dere dnd ta&v K 7a UB: NoMa 7. Kal mpdabes 7a 
K* ylyverat RH Kat wétrpnoov KvAwSpov, od H ev 
Siduetpos THs Baceds dort povddwy ky, TO Se 
typos uB> Kat ylyverar 70 orepedv abrod (ErSB. 
Kai étpyoov KuKAov, od SudpeTpds ea7t povddwy 
“a s ASS 5) 2 am 6c > 4) 
iB yiyverat 7d éBaddv adrob, Kabds eudBopev, 
pry f’ nat AaBe rdv KH 7d qysov: yiyveras 18. 
ent TO qytov Tay uB- yiyverat 7S: Kai moAda- 

1 800é add. H. Schine, 
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AB. Now it is proved by Dionysodorus @ in the book 
which he wrote On the Spire that the circle BVAE 
bears to half of the parallelogram AEKHO the same 
ratio as the spire generated by the circle BL‘AE bears 
to the cylinder having HO for its axis and EO for the 
radius of its base. Now, since BI’ is 12, ZP will be 6. 
But AT is 8; therefore AZ will be 14, and likewise 
0, which is the radius of the base of the aforesaid 
cylinder. Therefore the circle is given; but the 
axis is also given ; for it is 12, since this is the length 
of AK. Therefore the aforesaid cylinder is also given ; 
and the parallelogram AO is given, so that its half 
is also given. But the circle BI‘AE is also given ; 
for the diameter I'B is given. Therefore the ratio of 
the circle BIAE to the parallelogram is given; and 
so the ratio of the spire to the cylinder is given. 
And the cylinder is given; therefore the volume of 
the spire is also given, 

Following the analysis, the synthesis may thus be 
done. Take 12 from 20; the remainder is 8. And 
add 20; the result is 28. Let the measure be taken 
of the cylinder having for the diameter of its base 28 
and for height 12; the resulting volume is 7392. 
Now let the area be found of a circle having a dia- 
meter 12; the resulting area, as we learnt, is 113!. 
Take the half of 28; the result is 14. Multiply it 
by the half of 12; the result is 84. Now multiply 

@ For Dionysodorus v. supra, p. 162 n. a and p, 364 n. a, 

If AE=HO=2r and E©@=a, then the volume of the spire 
bears to the volume of the cylinder the ratio 27a . ar? : 2r . ra 
or wr; a, which, as Dionysodorus points out, is identical with 


the ratio of the circle to half the parallelogram, that is, ar? : ra 
or ar: a. 
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mAacidoas Ta ,CrSB emi ta pry C% Kal ra yevdueva 
napdéBadre mapa tov 7° ylyvera 0 Apso : ToG- 


ovtou €oTat TO oTEpEedv THs o7elpas. 


(iii.) Division of a Circle 
Ibid. iii. 18, ed. H. Schdne (Heron iii.) 172. 18-174, 2 


Tov d00évra Kirov diedelv eis tpla toa Svotv 
ed0elais. TO pev odv mpdBAnya Sti od pyrdv éoTt, 
SHrov, Tihs edypnorias Sé Eevexev SireAodpev adrov 
€ ¢ x € ‘ , e 
ws éyyiora ovTw. éoTw 6 Sobels Kvudos, od 

, 1 19 , 5 > 4 , 
Kévtpov To A, Kal évnpydobw eis adrov tpiywvov 
lodrAevpov, ob mAevpa 7 BI, kal wapdddAndos abrh 
7x9w 4 AAE Kal émeledxOwocarv ai BA, AT. ddyu, 
ért 76 ABY ty hpa tpirov éyywora éote pépos Tob 
GArov KvKAov. emeledyOwoar yap af BA, AT. 6 
dpa ABY'ZB ropeds tpirov éori pépos tod GAov 
KUKAov. Kal éotw toov 7d ABT tplywrov 7a 
BIA cpryavm- to dpa BATZ oxo ctpirov 

ta > A na L-4 , vw i! ay? > 
pépos eati tod GAov KvKAov, @ 5H petldv ear 
avrod 76 ABI’ tyfjpa dveraobyjrov dvtos wes 

A . o , Lg 4 A ‘ ee 
mpos Tov dAov KUKAov. spoiws 8€ Kai érépay 
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7392 by 113} and divide the product by 84; the 
result is 99567. ‘This will be the volume of the spire. 


(iii.) Division of a Circle 
Ibid. iii. 18, ed. H. Schdne (Heron iii.) 172. 13-174. 2 


To divide a given circle into three equal parts by two 
straight lines. It is clear that this problem is not 
rational, and for practical convenience we shall make 
the division as closely as possible in this way. Let 
the given circle have A for its centre, and let there be 
inserted in it an equilateral triangle with side BI’, 
and let AAK be drawn parallel to it, and let BA, AT 


be joined. I say that the segment ABT is approxi- 
mately a third part of the whole circle. For let 
BA, AT be joined. Then the sector ABI'ZB is a third 
part of the whole circle. And the triangle ABI is 
equal to the triangle BPA [Eucl. i. 37]; therefore the 
figure BAYZ is a third part of the whole circle, and 
the excess of the segment ABT over it is negligible 
in comparison with the whole circle. Similarly, if we 
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mXeupav icomAevpou tprywvou eyypdiypavres ade- 
Aodpev erepov tpitov pépos: wore Kal Td KaTa-' 
Aetwopevov tpitov pépos éorat [pépos]' tod GAov 
KUKAov. 


(iv.) Measurement of an Irregular Area 


Heron, Diopt. 23, ed. H. penne (Heron iii.) 
260. 18-264. 


To d08év xywpiov perpijcas a Sidrtpas. €orw 
70 Solév ywpiov mepreydpevov td ypappas 





araxtov THs ABTAEZHO. ézet otv eudbopev 
dua. THs KatacKkevacbeions Sidrrrpas didyew mdon 
TH Sofeton evdeig <érépav)” mpos épbas, eda Pov 
Tt onpeiov ent THs TEepiexovons TO ywpiov ypapuAs 
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inscribe another side of the equilateral triangle, we 
may take away another third part; and therefore 
the remainder will also be a third part of the whole 
circle.4 


(iv.) Measurement of an Irregular Area 


Heron, Dioptra > 23, ed. H. Schéne (Heron iii.) 
260. 18-264. 15 


To measure a given area by means of the dioptra. Let 
the given area be bounded by the irregular line 
ABIPAEZHO, Since we learnt to draw, by setting 
the dioptra, a straight line perpendicular to any 
other straight line, I took any point B on the line en- 


* Euclid, in his book On Divisions of Figures which has 
partly survived in Arabic, solved a similar problem—to draw 
in a given circle two parallel chords cutting off a certain 
fraction of the circle; Euclid actually takes the fraction as 
one-third. The general character of the third book of 
Heron’s Metrics is very similar to Euclid’s treatise. 

It is in the course of this book (iii. 20) that Heron extracts 
the ae root of 100 by a method already noted (vol. i. pp. 
60-63). 

> The dioptra was an instrument fulfilling the same pur- 
poses as the modern theodolite. An elaborate description of 
the instrument prefaces Heron’s treatise on the subject, and 
it was obviously a fine piece of craftsmanship, much superior 
to the ‘‘ parallactic * instrument with which Ptolemy had to 
work—another piece of evidence against an early date for 
Heron. 


1 yépos om. H. Schine, 
® érépay add. H. Schine. 
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zo B, Kat jyayov ebOetav Tuxobcay bud Tis 
Sidmrpas THY BH, Kal Tavry pos dpbas cmv BI, 
(Kat Tarn) érépav T™pos dpBds Thy TZ, Kal 
opotws 7h UZ apds dpfas 7Hv ZO. Kai eAaBov 
éni Tav axOaaay edbermv avvexf onueta, emt per 
ths BH 7a K, A, M,N, &, O- emi 8é ris BI ra 
Il, P- éwi dé ris TZ 7a x, T, Y, ®, X, ¥, Q- 
én 5€ ris ZO ra 5, S$. Kal dno ta&v Andb&twr 
onpetwv tats etfeias, ef dv ort 7a onuela, 
mpos dpbas yyayov tas K~%, AA, M,A, NLB, 
e.P, O.A, ILE, Pe 22, “EH, 1-0, an, 


a 
a B 6 
XM, YM, QE, ©M, 6M obras core [ras emi]? rd 
mrépata THY axbevaa@y mpos dpbas [émlevyvupevas]* 
drodapBdvew ypappas dno Tis Teptexovons 78 
xwplov ypaupts odveyyus edbelas- Kal ToUTwy 
yernbévtwy éorat Suvarov 76 xwpiov petpelv. 7d 


pev yap BrZM mapadAnAdsypappov opBoydvidv 
€orw* Eeita Tas mAeupas dAvoet Q oxowiw Be- 
Bacancpévw, TovréoTw pyr’ éxretvecOat pyre 
ovardArcobar Suvapevw, petpyoavres eLopev 7d 
eupaddv tod mapadAndoypaupov. ta 8 éxrds 
TovTov Tpiywva opoywua Kal tpamelia cpoiws 
peetpnoopev, exovres tas mAeupas adrév: éorae 
yap tpiywva péev dpboywua ta BK, BII,E, 


rPs, TE,Z, ZOE, ZeM, OHM: 7d 88 Aovmd 
rpanélia Spboydna. 70 poev oby Tpiywva pe~ 
tpetra Tév mept Ti opOrv _yuviay modAamaova~ 
Coudvww én’ GAAnAa: Kal Tob yevopéevov To Fuov. 
Ta S€ tpamrélia: cuvapdhotépwy tev trapadAjAwy 
TO pov emt ri én’ abras KdBerov odcarv, ofov 
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closing the area, and by means of the dioptra drew 
any straight line BH, and drew BI perpendicular 
to it, and drew another straight line ['Z perpen- 
dicular to this last, and similarly drew ZO per- 
pendicular to I'Z. And on the straight lines so 
drawn I took a series of points—on BH taking 
K, A, M, N, &, O, on BY taking I, P, on UZ taking 
=, T, Y, &, X, ¥, Q, and on ZO taking ¢, ¢. And 
from the points so taken on the straight lines de- 
signated by the letters, I drew the perpendiculars 
K, AA, M,A, N_B, 2,I', O,A, ILE, Ps, 2,2, TH, 


a é 
V0, SA, XM, YM, QE, ctf, CM in such a manner 
that the extremities of the perpendiculars cut off 
from the line enclosing the area approximately 
straight lines. When this is done it will be possible 


to measure the area. For the parallelogram BCZM 
is right-angled ; so that if we measure the sides by 
a chain or measuring-rod, which has been carefully 
tested so that it can neither expand nor contract, we 
shall obtain the area of the parallelogram. We may 
similarly measure the right-angled triangles and 
trapezia outside this by taking their sides ; for BK >, 


BILE, IPs, (SZ, ZOE, ZeM, OHM are right- 
angled triangles, and the remaining figures are 
right-angled trapezia. The triangles are measured 
by multiplying together the sides about the right 
angle and taking half the product. As for the 
trapezia—take half of the sum of the two parallel 
sides and multiply it by the perpendicular upon 


1 «ai ravrn add. H. Schine. 
2 ras émit om. H, Schine. 
3 emlevyvupevas om. H. Schéne. 
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sav KA, AA ro ytov eni trav KA> Kat rdv 
Aourdyv bé dpolws. éorat dpa peperpynycvoy ddov 
TO _Xwpioy Sud Te Tob péoov mapaddAnAoypdppov 
Kat Tov exros airob Tprydvesy Kat tpameliov. 
édy 8é réyn more perabd attdv trav aydeodv 
mpos opbas tais Tod _TapadAnoypdppov mAcupais 
Kapmvan YpapLpe) By ouveyyilovea ev0eia (olov 
peta€d Tay Er, 0,A y YPapyen) 7 BA), aaAd 


Tepipepel, pLeTpHaopey oUTwWS- dyaydvres «ry 
OA apds dpbas ri AM, Kal én” abrijs AaBdvtes 
onpeta ovveyh Ta M, M, Kal am atrav nee 
opbas dayaydvres TH MA Tas MM, MM, @orTe 
ras petad Tay axbeodv atveyyus edeias elvat, 
amdaAw Heredraliey TO TE MEO, A rapaddAnAcypap- 
pov Kal 76 MM, A Tpiywvov, Kal Td MMM 


tparéliov, Kal ér. TO erepov tpaméluov, Kal ecouay 
TO Tepieyopevoy ywptov tnd re THs MMA 
ypappys Kat vdv TS, (EO, OA eddecdv 
pepeTpypevov. 
(c) Mecianics 
Heron, Diopt. 87, ed. H. Schine (Heron iif.) 306. 22-312, 22 
Ty Sodeion Suvdye 76 S00ev Bdpos Kwica 
4 +f add. H. Schine. 2 EO add. H. Schine. 


* Heron’s Mechanics in three books has survived in Arabic, 
but has obviously undergone changes in form. It begins 
with the problem of arranging toothed wheels so as to move 
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them, as, for example, half of K2, AA by KA; and 


similarly for the remainder. Then the whole area 
will have been measured by means of the parallelo- 
gram in the middle and the triangles and trapezia 
outside it. If perchance the curved line between 
the perpendiculars drawn to the sides of the parallelo- 
gram should not approximate to a straight line (as, 
for example, the curve IA between & TT, 0A), but 


om 
to an arc, we may measure it thus: Draw ,AM per- 
pendicular to O,A, and on it take a series of points 


0) Oe g 
M, M, and from them draw MM, MM perpendicular to 


= 
M_A, so that the portions between the straight lines 
so drawn approximate to straight lines, and again we 


can measure the parallelogram M2O_A and the tri- 


¢ Sor 
angle M M_A, and the trapezium ['MMM, and also the 
other trapezium, and so we shall obtain the area 


wg 
bounded by the line ,[MM_A and the straight lines 
A=, =O, 0,A. 


(ce) Mecuanics 4 
Heron, Dioptra 37, ed. H. Schéne (Heron iii.) 306. 22-312, 22 
With a given force to move a given weight by the 


a given weight by a given force. This account is the same 
as that given in the passage here reproduced from the Dioptra, 
and it is obviously the same as the account found by Pappus 
ae 19, ed. Hultsch 1060. 1-1068. 23) in a work of Heron’s 
now lost) entitled Bapovaxds (‘ weight-lifter ’)—though 
Pappus himself took the ratio of force to weight as 4: 160 
and the ratio of successive diameters as 2:1, It is suggested 
by Heath (H.G.M, ii. 346-347) that the chapter from the 
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Sia tupmdvev ddovTwrdv mapabécews. Karte- 
oxevdodw miypwa Kabarep yAwoadkopov: els Tovs 
pakpovs Kal TapanArjAous Totxous Siaretofuoav 
doves wapdMAnror éavrois, év Siaor7jpaor Keipevor 





adore 7a ovpduy adrots ddovrastda rUprava Tapa- 
a A / > fA A / 

KetoOas kat cvpmemr€y Oat arAjAots, Kaba péAdAopLev 
dnAodv. éorw TO _ eipneevov yAucadKopov TO 
ABE A, ev & déwv éorw Suaretpevos, ws eipyTau, 
Kal Suvdpevos evdtrws otpépeobar, 6 EZ. rovrw 
be oupdves € €oTw TUpmavov wdovrwyevov to HO 
éxov Thy Sidperpov, ef TOL, mevramAaatova tris) 
rod EZ doves Svaperpou. Kal iva emi mapadety- 
patos THY KaTacKeviVy momnowpeDa, EoTwW TO pLeV 
aydpevov Bdpos tardvrwv xiriwv, % dé Ktiwotca 
Sivas eoTw Taddvrwy é, TovTéoTw 6 Kiar 
dvOpwmos 7) maddpiov, dare Sivacba Kal” éavrdv 
dvev pnyavis eAxew Tddavra é. ovdKotv édv Ta 
3 ~ , > a a 4 > a 
ex Tod Popriov exdedeueva d7Aa bid twos Comfs 
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justaposttion of toothed wheels.* Let a framework be 
prepared like a chest ; and in the long, parallel walls 
let there lie axles parallel one to another, resting at 
such intervals that the toothed wheels fitting on to 
them will be adjacent and will engage one with the 
other, as we shall explain. Let ABTA be the afore- 
said chest, and let EZ be an axle lying in it, as stated 
above, and able to revolve freely. Fitting on to this 
axle let there be a toothed wheel HO whose diameter, 
say, is five times the diameter of the axle EZ. In 
order that the construction may serve as an illustra- 
tion, let the weight to be raised be 1000 talents, and 
let the moving force be 5 talents, that is, let the man 
or slave who moves it be able by himself, without 
mechanical aid, to lift 5 talents. Then if the rope 


holding the load passes through some aperture in 


BapovAxés was substituted for the original opening of the 
Mechanics, which had become lost. 

Other problems dealt with in the Mechanics are the para- 
dox of motion known as Aristotle’s wheel, the parallelogram 
of velocities, motion on an inclined plane, centres of gravity, 
the five mechanical powers, and the construction of engines. 
Edited with a German translation by L. Nix and W. Schmidt, 
it is pulsed as vol. ii. in the Teubner Heron. 

2 Perhaps “rollers.” 





2 rs add. Vincentius. 
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otonsy év Ta AB toixw emery Oh mept tov EZ 
ae Grverentione _katevAodpeva Ta €K TOU poptiou 
émha Kwioe TO PBdpos*: iva dé Kxunb7 ro HO 
TUpmavov, (Set Suvd per drdpyew wAdov TaAdvrwv 
Siaxooiwy, Sa 7O THY Suduetpov Too Tupmdvou 
Ths Suapérpov Tob dfovos, ws dmeBeueba, mevTa= 
adv {elvar)* taira yap dmredetxOn év rats Tey 
é Suvdewy admodetEeaw. GAA’ <......>° exopev Tt 
THY Svvapw tahdvrwy dtaxoctwy, aAAa zévre. 
yeyoverw obv Erepos dfwv CrapddAnros)’ Svaxet- 
pevos TH EZ, 6 KA, exwv cupdves TUpmavoy 
dSovrwpevov 76 MN, BSovrades b€ kat ro HO 
TUpTavov, wore evoppolew Tats ddovTrwocct Tob 
MN Tupmdvou. TO be abr@ dfove 7 KA cupdues 
rupmavov 6 BO, éxov opolws mip Sidretpov 
mevramAaciova THs Tob MN rvpmdvou Sdiapérpov. 
dua 87) Todo Serjoet TOV BovAdevoy Kuwety dia Tod 
=O tupmdvov rd Bdpos éxew Sdvapuy TaAdvr ay 
ft, éevedymep TOV & TaAdvrewy TO Téuntov eort 
rddavra. fi. wdédAw odv mapaxeiobw <7O =O 
TUpTavy wdovrenpevyp )® TUpmavoy ddovTwOev ére- 
pov (ro TIP, Kai €otw 7) rupTdvw wdovTwpevep 
T@ ITP cupdves érepov tupumavoy 76 XT" eyo 
dpoiws mevramAiy Thy Sidpetpov THs TIP hee 
Stapeerpov" q be dXvddoyos €orat SUvayisy" 7 

XT rupmdvov 4 exovoa to Bdpos taddvrwy ? 


1 Oris ovons add. Hultsch et H. Schine. 
3 After afova there is a lacuna of five letters. 
Ta €x Tod gopriou SmAa Kuve. 70 Bdapos H. Schine, ra. éx 
tot dopriov émAaxwy ev tiot To Bdpos cod. 
* b8e¢ Suvdues—‘ septem litteris madore absumptis, supplevi 
dubitanter,” H. Schine. 
5 elvar add. H. Schine. 
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the wall AB and is coiled round the axle EZ, the rope 
holding the load will move the weight as it winds up. 
In order that the wheel HO may be moved, a force of 
more than 200 talents is necessary, owing to the 
diameter of the wheel being, as postulated, five times 
the diameter of the axle ; for this was shown in the 
proofs of the five mechanical powers. We have 
{not, however . . .] a force of 200 talents, but only 
of 5. Therefore let there be another axle KA, lying 
parallel to EZ, and having the toothed wheel MN 
fitting on to it. Now let the teeth of the wheel HO 
be such as to engage with the teeth of the wheel 
MN. On the same axle KA let there be fitted the 
wheel =O, whose diameter is likewise five times 
the diameter of the wheel MN. Now, in consequence, 
anyone wishing to move the weight by means of the 
“wheel =O will need a force of 40 talents, since the 
fifth part of 200 talents is 40 talents. Again, then, let 
another toothed wheel IIP lie alongside the toothed 
wheel £O, and let there be fitted to the toothed 
wheel IIP another toothed wheel =©T whose diameter 
is likewise five times the diameter of the wheel IIP ; 
then the force needing to be applied to the wheel 
2T will be 8 talents ; but the force actually available 


® The wheel and axle, the lever, the pulley, the wedge and 
the screw, which are dealt with in Book ii. of Heron's 
Mechanics. 


* After dA\’ is a special sign and a lacuna of 22 letters. 

7 wapdAAndos add. H. Schone. 

8 7G EO tuprdvw woovrwpérw add. H. Schéne, 

® so TIP, xal €orw 7G add. H. Schéne. 

10 z¥pmavov t6 XT, so I read in place of the ovpdués in 
Schine’s text. 

4 drddoyos Eoras SUvayis—so H. Schine completes the 
lacuna. 
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aan’ a imdpyouea Hysty SUvapius deBorae TaAdvrey 
é. opoius eTEpov mapaxeiodw TUpmavov WdovTw- 
pévov 70 YO 7H XT cSovtwhévre robSe tod YO 
Tumavoy TH afove oupdves éoTw TUpmavoy TO 
xXY BSovrwpevov, od 7 Sudperpos mpos THY Tob 
YO Tupardvou Sudyrerpov Adyov éxérw, dv Ta CKTO 
TdAavra mpos Ta THS Sobeions Surduews TéAavra € é. 

Kat rovrwy mapackevacbdrvtwy, é eav emivojawpey 
TO ABTA (yAwaodxopov)" beTéwpov KelpLevov, 
Kat ek bev rou EZ dfovos To Bapos eabwper, 
éx dé tod XY Tupmavov THY EAkovoay Sdvapt, 
odSomdrepoy adTav KatevexOrycerat, evAuTws oTpe- 
gopevuy tv afdvwv, Kal Tis rev ToTdvwy 
mrapabéceus Kadds dppolotons, GAN adorep bvyod 
Tivos iooppomijoet 7 Suvapies 7@ Bape. édv be 
evi abray mpoo8apev dAlyov & érepov Bdpos, xarap- 
perfec al evexOnaerau ep’ 6 mpoceréby Pdpos, 
wore édv év r&v € tahavrwy Suvape ¢.......>* 
el Tuxot bvatatov mpootebh Bapos, KaTaKxpaTnaet 
kal émomdcerau 76 Bdpos. avri be Tis mpoade- 
ews Toure mrapaxetobe Kkoxdias éxav thy dua 
appoarny rots dobar Tob Tupmdvou,  oTpepopevos 
evAdTws rept Téppous évdvras év Tpnpace o7poy- 
yUrous, dv 6 ev ErEepos drrepexeren els TO éxTOs 
pEpos Tob yAwocoxdpou Kara Tov Jr 4 Aroixov 
Tov TapaKketmevovy)’ TH KoyAlas % dpa drrepoxy 
retpaywuiabeioa AaBérw xeiporaBny Thy cs, ov 
is emda Baveperds tis Kal emaTpepuv emuoT perpen 
Tov KoyAiav Kal 76 XY TUpmavov, dare Kal TO 
Y@ oupudués adrd. Sia 5€é roiro Kat 76 Trapa~ 
weipevov vo ST émorpagiacrat, ral TO ouppues 
av7@ 70 IIP, cal 7d tovTw mapakeipevoy 7d EO, 
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to us is 5 talents. Let there be placed another 
toothed wheel Y® engaging with the toothed wheel 
ZT; and fitting on to the axle of the wheel Y@ let 
there be a toothed wheel XW, whose diameter bears 
to the diameter of the wheel Y® the same ratio as 
8 talents bears to the given force 5 talents. 

When this construction is done, if we imagine the 
chest ABI'A as lying above the ground, with the 
weight hanging from the axle EZ and the force rais- 
ing it applied to the wheel XW, neither of them will 
descend, provided the axles revolve freely and the 
juxtaposition of the wheels is accurate, but as in a 
beam the force will balance the weight. But if to one 
of them we add another small weight, the one to which 
the weight was added will tend to sink down and will 
descend, so that if, say, a mina is added to one of 
the 5 talents in the force it will overcome and draw 
the weight. But instead of this addition to the force, 
let there be a screw having a spiral which engages 
the teeth of the whecl, and let it revolve freely about 
pins in round holes, of which one projects beyond 
the chest through the wall TA adjacent to the screw; 
and then let the projecting piece be made square and 
be given a handle ¢s._ Anyone who takes this handle 
and turns, will turn the screw and the wheel XW, and 
therefore the whecl Y® joined to it. Similarly the 
adjacent wheel 2T will revolve, and IIP joined to it, 
and then the adjacent wheel 40, and then MN fitting 


1 yAwoodxopov add. H. Schine. 
* After duvduee is a lacuna of seven letters. 
® In Schéne’s text 8¢ is printed after rov7@ 
4 rotyov rov mapaxeiyevory add. H. Schine. 
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Kal TO ToUTw ouppues TO MN, Kal 7O ToUTw 
Ta,pasetpLevov 78 HO, dove xal 6 rourw _ovppurjs 
akwy 6 EZ, mepl ov émethovpeva. Ta éx Tob popriov 
onda KuUpoe 76 Bdpos. ore yap Kiwioe, mpddnAov 
éx Tob mpootebiivar érépa. Suvdyet <rnvy" TAs 
xetpoAdBns, irs meprypader KUKAOV Tis Tob 
KoxAtov TepuLérpou Heilova: anedeiyOn yap sr 
ot peiloves Kdior rev eAacodvwy KaTaKkpatotaw, 
Grav Tept TO adro Kévtpov KvAlwyrat. a 


(d) Opvrics : Equatity or ANGLES oF INncIDENCE 
AND REFLECTION 


Damian. Opt. 14, ed. R. Schine 20. 12-18 


*Amébeke yap 6 pnxaveros “Hpwy é ev trois adrob 
Karomrptxots, ott ai mpos t ioas _yeovias KAdspuevar 
evBeiou eAdxeorat elou macdv* ray dard Ths abriis 
Kal dpovopepots ypayyas mpos Ta alta KAwpevey 
[pds avioous yeovias] TobTo be dmodeitas 
pyoiy én ef py peAdor a pvors padrqy mepidyew 
THY HueTtépay oysw, mpos toas adtiv avaxAdoet 
ywvias. 


Olympiod. In Meteor. iii. 2 (Aristot. 871 b 18), 
ed. Stiive 212. 5-213. 21 


°E 87, 4 fo € A i > \ a 

mews yap Toro wyodoynudvoy éo7i mapa 

mdow, OT. oddev pdryv éepydlerar n pious oddé 

paravotrovel, cay pu) Sawowpev mpds ioas ywvias 

yivecOar Thy avakdacw, mpds dvicovs paraioTrovet 
1 shy add. H. Schine. 


8 zacdv G. Schmidt, rav péowv codd. 
® apds avicous ywrias om. R. Schine. 
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on to this last, and then the adjacent wheel HO, and 
so finally the axle EZ fitting on to it; and the rope, 
winding round the axle, will move the weight. That 
it will move the weight is obvious because there has 
been added to the one force that moving the handle 
which describes a circle greater than that of the screw; 
for it has been proved that greater circles prevail over 
lesser when they revolve about the same centre. 


(d) Oprics: Equatrry or Ancies or INncipENce 
AND REFLECTION 


Damianus,* On the Hypotheses in Optics 14, 
ed. R. Schinie 20. 12-18 


For the mechanician Heron showed in his Catoptrica 
that of all [mutually] inclined straight lines drawn 
from the same homogenous straight line [surface] to 
the same [points], those are the least which are so 
inclined as to make equal angles. In his proof he says 
that if Nature did not wish to lead our sight in vain, 
she would incline it so as to make equal angles. 


Olympiodorus, Commentary on Aristotle’s Meteora iii. 2 
(371 b 18), ed. Sttive 212. 5-213. 21 


For this would be agreed by all, that Nature does 
nothing in vain nor labours in vain ; but if we do not 
grant that the angles of incidence and reflection are 
equal, Nature would be labouring in vain by following 


* Damianus, or Heliodorus, of Larissa (date unknown) is 
the author of a small work on optics, which seems to be an 
abridgement of a large work based on Euclid’s treatise. 
The full title given in some Mss.—Aautavod diAdoaddou 70d 
"HaAwdcipov Aapiocatou Tept érrxdv tmodécewr BiBAla B leaves 
uncertain which was his real name. 
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% pve, Kal avTi rob dia Bpayelas mepiddov 
Placa: 76 dpudpevov THY dy, did waxpGs mepiddou 
tobro ¢avyoerat KatadapBdvovea.' etpeOjcovrar 
yap ai tas dvicouvs ywvrias trepicyoucat edhetat, 
aitwes amd THs diews [repiexovoa]® dépovras* 
mpos 70 KdToTTpov KaKeiBev mpds TO dpwpevor, 
peiloves odoar Tav Tas loas ywrias mepieyoucdv 
evdadyv. Kal drt Tobro dAnOes, SHAov éevredbev. 
*YroxetoOw yap To Kadtortpov dbeid tis 7 AB, 
Kal €orw 7o pev dpdv I, 70 8” dpwpevov ro A, 
to 5€ E onyciov tod Kxarémrpov, ev @ mpooni- 
mrovoa 1 oyus dvaxAdrae mpds TO cpwpevov, eoTw, 


© 


ys LS 


« ) ond AET 


Oz 
be | 


kal eveledyOeu 4 TE, FA. Aéyw 
ywria ton €ort 7H bro AEB. 
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unequal angles, and instead of the eye apprehending 
the visible object by the shortest route it would do 
so by alonger. For straight lines so drawn from the 
eye to the mirror and thence to the visible object as 
to make unequal angles will be found to be greater 
than straight lines so drawn as to make equal angles. 
That this is true, is here made clear. 

For let the straight line AB be supposed to be the 
mirror, and let T' be the observer, A the visible object, 
and let E be a point on the mirror, falling on which 
the sight is bent towards the visible object, and let 
TE, EA be joined. Isay that the angle AET is equal 
to the angle AEB. 


© Different figures are given in different mss., with corre- 
sponding small variants in the text. With G. Schmidt, I 
have reproduced the figure in the Aldine edition. 





1 xaradapBdvovea om. Ideler. 
® sepiéxovoat om. R. Schone, sepiéxover Ideler, Stiive. 
® $épovras R. Schone, d¢epopévas codd. 
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Ki yap po éorw ton, €otw erepov anpetov rod 
Katéntpov, év @ mpoomintovca  oyus mpos 
dvicous ywrias dvakAdra, To Z, Kal éemeledyOw 
4 UZ, ZA. SHAov dr b7d0 TZA ywvia peilwv 
€otl tis b7d AZE ywvias. Aéyw Orr af TZ, ZA 
ed0eiar, aitwes tas dvicovs ywvrias meptéxovow 
€ , a > f / / > ~ 
broxeyserns THs AB cdOeias, peilovds elor ra&v 
TE, EA edOadv, aitwes tas icas ywrias mepi~ 
, x ~ us A 4 > % lol 
€xovar peta THS AB. yyxOw yap Kaberos amd Tod 
A ént tv AB kata to H onpeiov Kal éxBeBrjobe 
>> 2 iy € 24 \ \ 1 @¢ ¢ \ 
é7 evdelas ws emt 76 Q. pavepov &1 O74 at mpos 
7 H yooviae ioae etoty: opbai yap clot. Kal éorw 
7 ‘AH TH HO ion, xai erreLevx0u 1) v] OZ Kal ) OE. 

airy pev 7 7) KaraoKeuy). emel ovv ton coriy 4 AH 
ti) HO, dAAd Kal 7 bmr0 AHE yeovi 7H tro OHE 
yeovia ton €or, Kou?) dé mAeupa 7av Svo Tpuycoveny 

4 HE, [xat Bdous 7 OE Bacew 7H EA i lon eo7l, 
rail! To HOE tpiywrov 7@ AHE rpryave tcov 
€ati, Kal (ai) Aoural ywriae Tais Aoutais ywviais. 
eloly toa, op as ai tcar wAevpat staoretvovow. 
ton dpa 7 OE 7H EA. madw ered) rH HO ion 
éotiv ) HA Kat ywria 4 tad AHZ ywvia ri bao 
OUZ ton ori, cow? 8€ 4 HZ rdv dvo tprycvev 
tav AHZ nai OHZ, [kai Bdow dpa 4 OZ Baoe 
tH ZA ion éori, cal? to ZHA zpiywvov 7 OHZ 

tf ” 5 is W Mw * i. « ~ ™ 
Tpry@ve@ toov €ariv. ton dpa early 4 OZ rH ZA: 

. > Low > 1 ¢ 7 La \ ’ oe 
Kal émet ton éotiv 7 OE 7H EA, xown mpooxeicbu 
9 EV. 8vo dpa ai TE, EA Sveti rais TE, EO 
igat etotv. GAn dpa 4 VO dual rats TE, EA ton 


> F: .7 > A \ ra € f nd 
€or, Kal €mel mavtds tprywvov at dvo0 mAevpal 
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For if it be not equal, let there be another point 
Z, on the mirror, falling on which the sight makes 
unequal angles, and let ('Z, ZA be joined. It is clear 
that the angle [ZA is greater than the angle AZE. 
I say that the sum of the straight lines FZ, ZA 
which make unequal angles with the base line 
AB, is greater than the sum of the straight lines 
TE, EA, which make equal angles with AB. For let 
a perpendicular be drawn from A to AB at the 
point H and let it be produced in a straight line to 0. 
Then it is obvious that the angles at H are equal; 
for they are right angles. And let AH =HO, and let 
6Z and OE be joined. This is the construction. 
Then since AH = HO, and the angle AHE is equal to 
the angle OHE, while HE is a common side of the two 
triangles, the triangle HOE is equal to the triangle 
AHE, and the remaining angles, subtended by the 
equal sides are severally equal one to the other [Fucl. 
i. 4]. Therefore OE=EA. Again, since HA=HO 
and angle AHZ=angle OHZ, while HZ is common 
to the two triangles AHZ and OHZ, the triangle ZHA 
is equal to the triangle OHZ [zbid.). Therefore 
O@Z=ZA. And since OE =EA, let EL be added to 
both. Then the sum of the two straight lines PE, 
EA is equal to the sum of the two straight lines TE, 
KO. Therefore the whole IO is equal to the sum of 
the two straight lines TE, EA. And since in any 
triangle the sum of two sides is always greater than 








1 «at... xai. These words are out of place here and 
superfluous. 

2 af add. Schmidt. But possibly «ai... taoretvovaty, 
being superfluous, should be omitted. 

Skat... «al. These words are out of place here and 
superfluous, 
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Ths Aourfs petloves eiow mavTn petaAapPavdepevar, 
, ” ~ € ta 4 € 
Tpvywvov dpa tos OZT af dvo mAeupal ai OZ, 
ZV beds Tis ro peilovés elow. Grd 4 TO i ton 
éoti tais TE, EA: at OZ, ZV dpa yelbovés cto 
Tov TE, EA. aan’ 7 CeOye 7H ZA éortiv toy: ai 
ZY, ZA dpa trav TE, BA peiloveds eior. Kai elow 

€ ¢ A > 2 é Lt 
ai TZ, ZA ai tas dvicovs ywvias mepiéxovoat: 
ai dpa Tas avicovs ywrias mepiéyouoat peiloves 
«lot THY Tas icas ywrias mEepieyovody: Gmep det 
Setar. 
(e) Quapratic Equations 
Heron, Geom, 21. 9-10, ed. Heiberg (Heron iv.) 380. 15-31 


Aobévrwy ouvapporépeov Tov dpOucy 7 Tyouy TAs 
Siaerpou, Tis mepyteTpov Kal Too euBadod 708 
KUKAov ev apiou@ évi daoreiAa Kal edpeiv exa- 

> ra f M4 Mv ¢ ‘ > A 
orov apiOudv. Tole ovTws- €oTw 6 Sobeis apiOuos 

f ae ~ Le ee es ‘ pvo t 

povddes a8. Tatra det emt ta pvd- yivovrat 
poupiddes F Kal ,Byun. Tovrois mpooTiber Kab- 
onKads @pa: yivovran pupiddes 7 tpeis al syurd: dv 
mAeupa TeTpaywvos yiveras pry: ad TovTwy Kov- 
pucov «6: Aourd. pvd: dv pepos 1a’ ylverau wd: Too- 
ovtov % Siduerpos Tod KUKAov. éav Se 9éAns 
Kai Thy Tepupeperav edpeiv, Udedov 7a KO dnd TOV 
pry: Aowa pvd- taita moinoov Sis: yivovrat TH: 
rovtwy AaB pepos f’- yivovrat pd: TooovTov %} 


* The proof here given appears to have been taken by 
Olympiodorus from Heron’s Catoptrica, and it is substanti- 
ally identical with the proof in De Speculis 4, This work 
was formerly attributed to Ptolemy, but the discovery of 
Ptolemy’s Optics in Arabic has encouraged the belief, now 
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the remaining side, in whatever way these may be 
taken [Eucl. i. 20], therefore in the triangle OZI' the 
sum of the two sides 0Z, ZI is greater than the one 
side TO. But 


TO=TE+EA; 
“e 0Z+ZT>TE+EA, 
But OZ =ZA; 
“ ZT +ZA>TE+EA, 


And TZ, ZA make unequal angles; therefore the 
sum of straight lines making unequal angles is greater 
than the sum of straight lines making equal angles ; 
which was to be proved.? 


(e) Quapratic Equations 


Heron, Geometrica 21. 9-10, ed. Heiberg 
(Heron iv.) 380. 15-31 


Given the sum of the diameter, perimeter and area of 
a circle, to find each of them separately. It is done 
thus: Let the given sum be 212. Multiply this by 
154; the result is 32648. To this add 841, making 
$3489, whose square root is 183. From this take 
away 29, leaving 154, whose eleventh part is 14; this 
will be the diameter of the circle. If you wish to 
find the circumference, take 29 from 183, leaving 
154; double this, making 308, and take the seventh 
part, which is 44; this will be the perimeter. To 


usually held, that it is a translation of Heron’s Catoptrica. 
The translation, made by William of Moerbeke in 1269, can 
be shown by internal evidence to have been made from the 
Greek original and not from an Arabic translation. It is 
published in the Teubner edition of Heron’s works, vol. ii. 
part i. 
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mrepipetpos. 706 5€ éuBaddv etpety. roles ofrws* 
ra tS Tis Suapérpou ent ra pd rhs mepysérpov- 
yWwovrat Xo" ToUTwWY AaBe €pos TéTapToV" yivovTat 
pvd: tocotrov 76 euBaddov Tob KvKAov. spot rav 
tpidv apiOpar povddes aif. 


(f) InpETERMINATE ANaLysIs 


Heron, Geom. 24. 1, ed. Heiberg 
(Heron iv.) 414. 28-415. 10 


Edpety S00 ywpia retpdywva, dmws TO Tot 
mputov éuBaddv Tob Tod Sevtépov euBadod éorae 
TpimAdowov. mod odtws: TA Y KUBicov: yivovrat 


* If d is the diameter of the circle, then the given relation 
is that 


a ee 
did +74d*=212, 


11 
14 
To solve this quadratic equation, we should divide by }} so as 
to make the first term a square ; Heron makes the first term 
a square by multiplying by the lowest requisite factor, in this 
case 154, obtaining the equation 


117d? 42.29. 11d=154. 212. 
By adding 841 he completes the square on the left-hand side 
(11d +29)? = 154. 212 +841 


i, @ +2a=12, 


= 32648 + 841 
= 33489, 

ate 11d+29 =183. 

“ lid = 154, 

and d =14, 


The same equation ts again solved in Geom. 24. 46 and a 
similar one in Geom. 24. 47. Another quadratic equation is 
solved in Geom. 24. 3 and the result of yet another is given 
in Metr, iii. 4, 
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find the area. It is done thus: Multiply the dia- 
meter, 14, by the perimeter, 44, making 616; take 
the fourth part of this, which is 154 this will be the 
area of the circle. The sum of the three numbers 
is 212.4 


(f) Inpererminars ANacysis ® 


Heron, Geometrica 24. 1, ed. Heiberg 
(Heron iv.) 414. 28-415. 10 


To find two rectangles such that the area of the first is 
three times the area of the second. J proceed thus: 


> The Constantinople ms. in which Heron’s Metrica was 
found in 1896 contains also a number of interesting problems 
in indeterminate analysis; and two were already extant in 
Heron’s Geéponicus. The problems, thirteen in all, are now 
published by Heiberg in Heron iv. 414. 28-426. 29. 

¢ It appears also to be a condition that the perimeter of 
the second should be three times the perimeter of the first. 
If we substitute any factor m for 3 the general problem 
becomes: To solve the equations 


utv=en(ety)  . . « (1) 


xy=n.uv ° . « (2) 
The solution given is equivalent to 
2=2n>-1, y=2ns 
u=n(4ni — 2), v=n, 


Zeuthen (Bibliotheca mathematica, viii. (1907-1908), pp. 118- 
134) solves the problem thus: Let us start with the hypo- 
thesis that v=n. It follows from (1) that u is a multiple 
of x, say nz. We have then 


ut+y=1+z, 
while by (2) ay =nz, 
whence ay =n(x+y) — n® 
or (a — n®)\(y — n*) = n(n? ~ 1), 


An obvious solution of this equation is 

x-ni=n3- 1, y—n=n3, 
which gives z=4n?-2, whence u=n(4n?-2). The other 
values follow. 
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Fy a , fs 7s 

KC: raira dis: ylvovras vo. viv dpov povdda a 
Aowrov yivovras vy. EoTw oby % pev pla mAcupa 
Today vy, 9 Sé érépa mAcupa Today vd. Kal Tod 
¥ , ” ‘ en ‘ 1, Te 
dArov ywpiov ovTws: és Guot ta Ty Kal rd vo" 
yivovrat modes pl: Tatra moter ent Ta ye wick 
Aoumov ylvovrat mds Ti s TH. éorw obv % TOd Tpo- 
Tépov mAeupa TOG TO}, n 5é érdépa mAcupa r0dav 


y 7a S€ euBada rod évds yiverar todadv Avs Kal 


Tob ddov rodav ,BwéB. 





Ibid, 24. 10, ed. Heiberg (Heron iv.) 422. 15-424. 5 


Tprycvou opboywriov 76 éuBaddv pera Tis Tept- 
perpou Today on droStacrethat Tas mrevpas wat 
evpely TO eupaddv. mod ovrws: dei byre. Tous 
amaprilovras appiods: darapriter 5eé Tov on 6 Sis 
TOV PH, 6 5° Tov 6, 6 ¢’ Tov vs, 6 Cf Tov fi, 6 79" TOV 
Ne, bv’ tov KG, 6 8’ Tév ke. eoxeypduny, Tr 6 H 
Kat Ae woujaovar 76 Sobev emitaypa. tev oF 76 
n> yivovras wédes Xe. 81a TavrTds AduBave Svdda 
tav %° Aourdv pévovew © wddes. Ta odv Ae Kal 
7a 5 ouod yivovrar médes fia. taidra mole éd’ 
éavTa yivovra, mdédes jayma. Ta re ent ta F 
ywovra 7édes Gir Taira mole det émi Ta 7° yivov- 
rat mddes 7OXT ratra dpov dio Tay jayna: 
Aoumov peéver a* wv mrevpa TeTpayeovery yiverau a. 
dpte Bes 7a. Ha Kal dpov povada a* Aourov pir dv 
ZL’ yivera kK: Tobré éorw 7 «dBeros, moody K, 
kat Ges mdAw 7a jua Kal mpdobes a yivovrar OSES 
pp> dv 2’ yivera mddes Ka: eoTw 4 Bdos moddv 
Ka. Kat Oés ta re Kat dpov Ta F* Aowwov pévovor 
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Take the cube of 3, making 27; double this, making 
54. Now take away 1, leaving 53. Then let one 
side be 53 feet and the other 54 feet. As for the 
other rectangle, [I proceed] thus: Add together 53 
and 54, making 107 feet : multiply this by 3, [making 
321; take away 3), leaving 318. Then let one side 
be 318 feet and the other 3 feet. The area of the 
one will be 954 feet and of the other 2862 feet.? 


Ibid. 24. 10, ed. Heiberg (Heron iv.) 422. 15-424, & 


In a right-angled triangle the sum of the area and 
the perimeter is 280 feet; to separate the sides and 
jind the area. J proceed thus: Always look for the 
factors; now 280 can be factorized into 2.140, 4.70, 
5.56, 7.40, 8.35, 10.28, 14.20. By inspection, we 
find 8 and 35 fulfil the requirements. For take one- 
eighth of 280, getting 35 feet. Take 2 from 8, 
leaving 6 feet. Then 35 and 6 together make 41 feet. 
Multiply this by itself, making 1681 feet. Now 
multiply 35 by 6, getting 210 feet. Multiply this 
by 8, getting 1680 feet. Take this away from the 
1681, leaving 1, whose square root is 1. Now take 
the 41 and subtract 1, leaving 40, of which the half 
is 20; this is the perpendicular, 20 feet. And again 
take 41 and add 1, getting 42 feet, of which the 
half is 21; and let this be the base, 21 feet. And 
take 35 and subtract 6, leaving 29 feet. Now multiply 

« The term “ feet,’ z0Ses, is used by Heron indiscrimin- 


ately of lineal feet, square feet and the sum of numbers of 
lineal and square feet. 
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moses KO. aptt Bes tiv Kaberov emi thy Bdow: 
dv L’ yiverar mdbes Gt: Kal ai tpels mAevpal 
TepteTpovpevar Exouor 7ddas 5° Suod ovvOes pera 
Tob éuBadod- yivovra: médes G7. 


* Heath (H.G.M. ii. 446-447) shows how this solution can 
be generalized. Let a, b be the sides of the triangle con- 
taining the right angle, ¢ the hypotenuse, S the area of the 
triangle, r the radius of the inscribed circle ; and let 


s=}(atb+e). 
Then 
S=rs=}ab, r+s=at+b,c=s-1r 


Solving the first two equations, we have 


$} =$[rt+sF/{(r +8)? - 8rs}], 
and this formula is actually used in the problem. The 
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the perpendicular and the base together, [getting 
420], of which the half is 210 feet ; and the three 
sides comprising the perimeter amount to 70 feet ; 
add them to the area, getting 280 feet.* 


method is to take the sum of the area and the perimeter 
S+2s, separated into its two obvious factors s(r+2), to put 
s(r +2) =A (the given number), and then to separate 4 into 
suitable factors to which s and r+2 may be equated. They 
‘must obviously be such that sr, the area, is divisible by 6. 

In the given problem .4 =280, and the suitable factors are 
r+2=8, s=35, because r is then equal to 6 and rs is a 
multiple of 6. Then 


a=4[6 +35 - +/{(6 +35)?- 8.6. 35}] =4(41 - 1) =20, 
6=3(41 +1) =21, 
e=35-6 =29., 

This problem is followed by three more of the same type. 
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XXIII. ALGEBRA: DIOPHANTUS 


(a) GENERAL 


Anthol. Palat, xiv. 126, The Greek Anthology, ed. 
Paton (L.C.L.) v. 92-93 


Ourds ror Acchavrov éxet tados: d péya Oatpa: 
Kat tagos ek réxyvns pérpa Biowo Aéyer. 

extyy Koupile Bidtou Beds wmace poipny: 
Swbexdtyv 8° émbeis, whAa mépev yvodew: 

7H 8 ad’ éf’ EBSopdry TO yapnrAov ibato déyyos, 
ex 5€ yduwy méuntw maid’ éemévevoev ere. 

alat, THAvyerov SeAdv Tékos, AuLov maTpos 
Tobe Kal 7) Kpuepds peetpov eAwY BudTov. 

mévOos 8 abd moavpecot mapnyopéwy eviautots 
THd< mdc0u codin tépy” enépynae Biov. 


® There are in the Anthology 46 epigrams which are 
algebraical problems. Most of them (xiv. 116-146) were 
tNlceted by Metrodorus, a grammarian who lived about 
a.p. 500, but their origin is obviously much earlier and many 
belong to a type described by Plato and the scholiast to the 
Charmides (v. vol. i. pp. 16, 20). 

Problems in indeterminate analysis solved before the time 
of Diophantus include the Pythagorean and Platonic methods 
of finding numbers representing the sides of right-angled 
triangles (v. vol. i. pp. 90-95), the methods (also Pytha- 
gorean) of finding ‘‘ side- and diameter-numbers ” (vol. i. 
pp. 132-139), Archimedes’ Cattle Problem (v. supra, pp. 202- 
205) and Heron’s problems (v. supra, pp. 504-509). 
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Palatine Anthology * xiv. 126, The Greek Anthology, ed. 
Paton (L.C.L.) v. 92-93 


Tuis tomb holds Diophantus. Ah, what a marvel! 
And the tomb tells scientifically the measure of his 
life. God vouchsafed that he should be a boy for the 
sixth part of his life ; when a twelfth was added, his 
cheeks acquired a beard; He kindled for him the 
light of marriage after a seventh, and in the fifth year 
after his marriage He granted him a son. Alas! 
late-begotten and miserable child, when he had 
reached the measure of half his father’s life, the chill 
grave took him. After consoling his grief by this 
science of numbers for four years, he reached the end 
of his life.® 


Diophantus’s surviving works and ancillary material are 
admirably edited by Tannery in two volumes of the Teubner 
series (Leipzig, 1895). There is a French translation by 
Paul Ver Eecke, Diophante d’ Alexandre (Bruges, 1926). 
The history of Greek algebra as a whole is well treated by 
G. F. Nesselmann, Die Algebra der Griechen, and by T. L. 
Heath, Diophantus of Alexandria: A Study in the History 
of Greek Algebra, 2nd ed. 1910. 

> Ifa was his age at death, then 


$0 + ye t+ fat+S5+hat+4=a, 


whence a= 84. 
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Theon Alex. in Ptol. Math. Syn. Comm. i. 10, ed. 
Rome, Studi e Testi, Ixxii. (1936), 453. 4-6 


Ka? & kai Auddavrds dao “rijs yap povddos 
dperabérov otons Kal éotwons mavrote, 76d 
troManiacvaldpevoy clos én’ adriy atro Td 

4 ae 
eldos Eorat. 


Dioph. De polyg. num. [5], Dioph. ed. Tannery £ 
470. 27-472. 4 


Kai daedeix0n 76 mapa “Yyuxre? ev dpw deyd- 
@ ee ON Sy 3 1 3 A , b ” 
pevov, Ott, “ édav dow apiOpot did porddos ev ion 
brrepox] STroco.oby, povddos pevodons THs vrep- 
A ¢ , > 4 , , 1 
oxns, 6 otpmas éoriv <rpiywvos, Suddos 82), 
TeTpdywyros, Tpiddos dé, aevrdywros: réyerar Sé 
70 TARO0s THY ywridy Kata Tov Suad. petLova. 
Ths brepoxis, mAcuvpai Sé adrav ro mARO0s Tav 
exreDevrwy odv TH povad:.” 
Mich. Psell. Epist., Dioph. ed. Tannery ii. 38, 22-39. 1 
Tlept 8¢ ris Alyuariaxis peOd80u tavrns Aw- 
gavros pev diéAaBev axpiBéorepov, 6 5€ AoywwiTaTos 
"AvatéAos 7a ovuvertiKwTaTa pépn Ths Kar’ 


1 spiywvos, SuaSos 5é add, Bachet. 





* Cf. Dioph. ed. Tannery i. 8. 18-15. The word fos, as 
will be seen in due course, is regularly used by Diophantus 
for a term of an equation. 
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Theon of Alexandria, Commentary on Ptolemy's Syntaxis 
i. 10, ed. Rome, Studi e Testi, Ixxii. (1936), 453. 4-6 


As Diophantus says: “The unit being without 
dimensions and everywhere the same, a term that is 
multiplied by it will remain the same term.” 


Diophantus, On Polygonal Numbers [5], Dioph. ed. 
Tannery i. 470. 27-472. 4 


There has also been proved what was stated by 
Hypsicles in a definition, namely, that ‘if there be 
as many numbers as we please beginnivg from 1 and 
increasing by the same common difference, then, 
when the common difference is 1, the sum of all the 
numbers is a triangular number ; when 2, a square 
number ; when 3, a pentagonal number [; and so 
on]. The number of angles is called after the number 
which exceeds the common difference by 2, and the 
sides after the number of terms including 1.” > 


Michael Psellus,° 4 Letter, Dioph. ed. Tannery ti, 
38. 22-39. 1 


Diophantus dealt more accurately with this Egypt- 
ian method, but the most learned Anatolius collected 
the most essential parts of the theory as stated by 


> i.e, the nth a-gonal number (1 being the first) is 
4n {2 +(n- 1)(a-2)} = v. vol. i. p. 98 n. a. 
¢ Michael Psellus, “ first of philosophers” in a barren 
age, flourished in the latter part of the eleventh century a.p. 
There has survived a book purporting to be by Psellus on 
arithmetic, music, geometry and astronomy, but it is clearly 
not all hisown work. In the geometrical section it is observed 
that the most favoured method of finding the area of a circle 
is to take the mean between the inscribed and circumscribed 
squares, which would give 7 =4/8 =2°8284271, 
515 


GREEK MATHEMATICS 


eee > , + ToAced er 1 , 
éxetvoy emoripns aToreEduevos érépws* Atopavt 
OvvoTITLKWTATA TpocEpuVycE. 


Dioph. Arith. i, Praef., Dioph. ed. Tannery i. 14. 25-16. 7 

Niv 8 emi tds mpotdces ywprowpev ddr, 
mAcioTny exovtes THY en” adtois tots eidect ovv- 
nOporcpevny BAyv. mActoTwr 8 dvTwy TH aprOu@ 
kal peyiotwy TO dyxw, Kai dia Todro Bpaddws 
BeBaroupévwy tad ta&v rapadapBavevtwy aidra 
Kat dvrwy év adtois Svopvnpovevtdy, edoxipaca 
7a év adtois éemidexdpeva Siaipetv, Kal pddAcora Ta 
év dpyh éxovTa arowyeewdws amd amdovoTépwv 
emt oxokwwrepa Steely Ws mpoofKev. ovTws yap 
evddevTa yevijceTat Tots apyopevois, Kal 7) aywyt) 
adtav puvnpoveviijoerar, THs mpaypatetas abtadv 


év tpioxaidexa BiBAlors yeyevnpevys. 
dvid. v. 3, Dioph. ed. Tannery i. 316. 6 
“Eyoper ev tots Jlopiopact, 


1 érépws Tannery, €répw codd. 








* The two passages cited before this one allow us to infer 
that Diophantus must have lived between Hypsicles and 
Theon, say 150 3.c. to a.p. 350. Before Tannery edited 
Michael Psellus’s letter, there was no further evidence, but 
it is reasonable to infer from this letter that Diophantus was 
a contemporary of Anatolius, bishop of Laodicea about 
a.p. 280 (v. vol. i. pp. 2-3). For references by Plato and a 
scholiast to the Egyptian methods of reckoning, v. vol. i. 
pp. 16, 20, 

> Of these thirteen books in the Arithmetica, only six 


516 


ALGEBRA: DIOPHANTUS 


him in a different way and in the most concise form, 
and dedicated his work to Diophantus.* 


Diophantus, Arithmetica i., Preface, Dioph. ed. Tannery L 
14, 25-16. 7 


Now let us tread the path to the propositions 
themselves, which contain a great mass of material 
compressed into the several species. As they are 
both numerous and very complex to express, they 
are only slowly grasped by those into whose hands 
they are put, and include things hard to remember ; 
for this reason I have tried to divide them up ac- 
cording to their subject-matter, and especially to 
place, as is fitting, the elementary propositions at 
the beginning in order that passage may be made 
from the simpler to the more complex. For thus 
the way will be made easy for beginners and what 
they learn will be fixed in their memory ; the treatise 
is divided into thirteen books.® 


Ibid. y. 3, Dioph. ed. Tannery i. 316. 6 
We have it in the Porisms.¢ 


‘have survived. Tannery suggests that the commentary on 
it written by Hypatia, danehier of Theon of Alexandria, 
extended only to these first six books, and that consequently 
little notice was taken of the remaining seven. There would 
be a parallel in Entocius’s commentaries on Apolionius’s 
Conics. Nesselmann argues that the lost books came in the 
middle, but Tannery (Dioph. ii. xix-xxi) gives strong reasons 
for thinking it is the last and most difficult books which have 
been lost. 

© Whether this collection of propositions in the Theory of 
Numbers, several times referred to in the Arithmetica, 
formed a separate treatise from, or was included in, that 
work is disputed ; Hultsch and Heath take the former view, 
in my opinion judiciously, but Tannery takes the latter. 
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(6) Notation 
Ibid. 1., Praef., Dioph. ed. Tannery 1, 2. 8-6. 21 


A ~ a n 

Thy etpeow Ta&v ev Trois apiOpois mpoBAnudtwr, 
tyudtaté proc Acovore, ywwwoKwy oe omovdaiws 
éxovra pabetv, [dpyavioar tiv peBodov]}' ézei- 
pabny, dpfdpevos ad’ av ouvéornke Ta Tpdypara 
Oepedionv, broorjoa: THy év Tois apiOpois pvow 
TE Kal Suvapuv. 

“lows pév odv Soxet 76 mpa&ypa Svayepéorepoy, 
> ¥ , > 
emretd?) pnw yvwmpipov éeotw, SuaéAmorto. yap «is 
KatdépOwoly eiow al TOv dpyopevwy yuxat, opws 

A 
& evdxardAnnrév aor yevyoerar, Sid te THY OV 
a > 
mpobvpiay Kal Tiv ey amddekw: Taxeta yap is 
pabnow émOupia mpocdAaBotoa diday7v. 
"AMA Kal mpos Totade ywooKorvTi aor mavrTas 
, 
tous apiOuods avyKeysevous €x povddwy mAjnOous 
Ay 
twos, pavepov KabéoryKev eis dmetpov Exew Ti 
dnapfiv. tuyxavdvrwy 817 obv év rodrous 

dv pev tetpaywvev, of elow €€ apiOuod Twos 
2po ¢ ‘ r t 2 Se «3 6 \ 
ed’ éavrov toduTtAacacbevtos: obtos 5é 6 dpiOpucs 
KaAetrat mAcupa Tob TeTpaywrov' 

a de - @ > > , ean AY 

dv 5€ KvBwv, ot ciow ex Tetpaywvuy ent tas 
atvTt&y mAcupas todvmAacacbévrwy, 

dv S€ Suvapoduvdpewv, of elow ex TeTpaywvuv 
wt € ‘ EA 
ef’ éavtods moAuTAaciacbevTwy, 

e y , °° > , ca) 

adv &€ SuvapoxdBwv, ot eiow éx rerpaywvey ent 


1 épyavdca tiv pébodov om. Tannery, following the most 
ancient Ms, 
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(0) Notation ¢ 
Ibid. i., Preface, Dioph. ed. Tannery i. 2. 3-6. 21 


Knowing that you are anxious, my most esteemed 
Dionysius, to learn how to solve problems in numbers, 
I have tried, beginning from the foundations on 
which the subject is built, to set forth the nature and 
power in numbers. 

Perhaps the subject will appear to you rather 
difficult, as it is not yet common knowledge, and the 
minds of beginners are apt to be discouraged by 
mistakes ; but it will be easy for you to grasp, with 
your enthusiasm and my teaching; for keenness 
backed by teaching is a swift road to knowledge. 

As you know, in addition to these things, that all 
numbers are made up of some multitude of units, it 
is clear that their formation has no limit. Among 
them are— 

squares, which are formed when any number is 
multiplied by itself; the number itself is called the 
side of the square ® ; 

cubes, which are formed when squares are multi- 
plied by their sides, 

square-squares, which are formed when squares are 
multiplied by themselves ; 

square-cubes, which are formed when squares are 

* This subject is admirably treated, with two original con- 
tributions, by Heath, Diophantus of Alexandria, 2nd ed., 
pp. 34-53. _ Diophantus’s method of representing large 


numbers and fractions has already been discussed (vol. i. 
pp. 44-45). Among other abbreviations used by Diophantus 
are (7°, declined throughout its cases, for rerpdywvos; and 
ta. (apparently «7 in the archetype) for the sign =, connecting 
two sides of an equation, 

» Or “ square root.” 
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tovs ano Tis avtis abrois meupGs KUBous modv= 
TtrAactaabevruv, 

dv 8€ nvBordBwv, of etow éx KiBuv ed’ éavrods 
moAuTAactacbévrwy, 

éx te Tis tovrwy row ovvOdcews 7 brepoyxs 
7) modvTAacvacpod 7 Adyov Too mpds GAAyjAous } 
kal éxdotwy mpos tas idias mAeupas ovpBatver 
mr€éxeoIa mretoTa mpoBArjpata apiOpnrixd: Averas 
dé PadiLorrds cov ri trodetxOnoopérny dSédv. 

"Edoxipdobn obv éxaotos rovrww r&v dpOuar 
ourropwrépay erwvupiay KTnadpLEVvos OTOLXELOV THs 
apiOunrecfis Yewpias elvar: Kadeira ody 6 ev 
tetpdywvos Stvayus Kal éorw adrijs onpetov 7d 
A éntonuov éxov Y, A* Sdvapus: 

6 8€ KvBos Kal gorw adtod onpeiov K éxionpov 
exov Y, K¥ «dBos: 

6 8é éx retpaywrov éf’ eavtdv moAvmAaota~ 
abévros Suvapoddvayis Kal éorw adrob onpetov 
déAra S80 emionpov éxovra TY, AYA Suvapoddvapus: 

6 d€ ex retpaydvou emi rov dx6 Tis adrijs aire 
mAcupas KvBov modvmAaciacbevtos SvvaydxuBos 
kat €orwy adrod onueiov ra AK émionpov éyovra 
Y, AKY 8uvapd«vBos- 

6 d€ €x KUBou éavrdv moAvmAacidoavros KvBd- 
xuBos kal éorw abrod onpciov Sto Kdama éricnpov 
éxovra Y, KYK xuBdxuBos. 
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multiplied by the cubes formed from the same 
side ; 

cube-cubes, which are formed when cubes are multi- 
plied by themselves ; 

and it is from the addition, subtraction, or multi- 
plication of these numbers or from the ratio which 
they bear one to another or to their own sides that 
most arithmetical problems are formed ; you will be 
able to solve them if you follow the method shown 
below. 

Now each of these numbers, which have been given 
abbreviated names, is recognized as an element in 
arithmetical science; the square [of the unknown 
quantity] is called dynamis and its sign is A with the 
index Y, that is AY ; 

the cube is called cubus and has for its sign K with 
the index Y, that is K* ; 

the square multiplied by itself is called dynamo- 
dynamis and its sign is two deltas with the index Y, 
that is AYA ; 

the square multiplied by the cube formed from the 
same root is called dynamocubus and its sign is AK 
with the index Y, that is AK* ; 

the cube multiplied by itself is called cubocubus and 
its sign is two kappas with the index Y, KYK. 


* It is not here stated in so many words, but becomes 
obvious as the argument proceeds that dvvay:s and its 
abbreviation are restricted to the square of the unknown 
quantity; the square of a determinate number is rerpdywvos. 
There is only one term, xvfos, for the cube both of a deter- 
minate and of the unknown quantity. The higher terms, 
when written in full as SvvapoSdvapis, SuvapdxuBos and xvBd- 
xuBos, are used respectively for the fourth, fifth and sixth 
ors both of determinate que nen and of the unknown, 

ut their abbreviations, and that for xvBos, are used to 
denote powers of the unknown only, 
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‘oO 8e de 4 a“ io ’ , 
€ under TovTwv Tdv Biwpdtwr KTnadpevos, 
éxwy Se ev éavt@ rAROos povddwv dépicrov, 
dpOucs xadetras Kal eorw abrod onpetov 76 &. 

“Eort 5€ kal erepov onpeiov 76 dperdberov Trav 
apiopevwy, ) povds, Kal cori adrijs onpetov 76 M 
toe wy A ¥ 
evianpov exov To O, M. 

¢, bY ~ > a pK gE , 

Qomep 5€ trav dpOyadv Ta dudvupa pdpta trap- 

a “~ a“ ~ + 

opotws Kadcirar Tots dpiOjois, Tod pev tpla 7d 
tpirov, Tob b€ téscapa TO TérapTov, otTws Kat 
Tav viv énovonacbdvrav apiudy 7a spavupa 
popia KAnOycera. mapopoiws trois aprOuois: 


Tob pev apiOod 70 apiOjocrer, 
THs dé Suvdpews 70 Suvapoordy, 
tod bé KvBou 70 KuBoorov, 

Cal A fe A , 
Tijs b€ Suvapodurduews 7d Svvapoduvapoardy, 
Tot dé SuvapoxvBov TO OuvapzoKxuBoordv, 
Tob 5é xuBoxvBov 76 xuBoxvBoordy: 


eo * 4 A 21% A a £ a 
ee 5€ Exacrov abrdv emi 76 rod duwvipouv 
apiOot onpetov ypaypivy X SiaordMovoay 76 
eldos. 








* I am entirely convinced by Heath’s argument, based on 
the Bodleian ms. of Diophantus and general considerations, 
that this symbol is really the first two letters of dpiOuds; this 
suggestion brings the symbol into line with Diophantus’s 
abbreviations for 8vvayes, xvBos, and so on. It may be 
declined throughout its cases, ¢.g., $°” for the genitive plural, 
infra p. 552, line 5. 

Diophantus has only one symbol for an unknown quantity, 
but his problems often lead to subsidiary equations involving 
other unknowns. He shows great ingenuity in isolating 
these subsidiary unknowns. In the translation I shall use 
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The number which has none of these character- 
istics, but merely has in it an undetermined multitude 
of units, is called artthmos, and its sign is 5 [2].* 

There is also another sign denoting the invariable 
element in determinate numbers, the unit, and its 


sign is M with the index O, that is M. 

As in the case of numbers the corresponding 
fractions are called after the numbers, a third being 
called after 3 and a fourth after 4, so the functions 
named above will have reciprocals called after them : 


arithmos [a] arithmoston BI 

dynamis [x*] dynamoston [=} 

cubus [a3] cuboston [ =} 

dynamodynamis [x*] dynamodynamoston [a} 
I 

dynamocubus [a5] dynamocuboston [2] 

cubocubus («°] cubocuboston Ey 


And each of these will have the same sign as the 
corresponding process, but with the mark % to dis- 
tinguish its nature.” 


different letters for the different unknowns as they occur, for 
example, 2, z, m. 

Diophantus does not admit negative or zero values of the 
unknown, but positive fractional values are admitted. 

» So the symbol is printed by Tannery, but there are many 
variants in the mss. 
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Ibid. i., Praef., Dioph. ed. Tannery i. 12.,19-21 


Aeifis eri det modAdamAactacbeioa § rovet 
trapéw, Actus Sé emt drapEw wore Hei, Kai 


Ths Ackbews onuetov ‘VY édAumés Katw vedov, M. 


(c) DeTERMINATE Equations 
(i.) Pure Determinate Equations 
Ibid. i., Praef., Dioph. ed. Tannery i, 14. 11-20 

Mera d€ tatra édv amo mpoBAjpatds twos 

E cd SN. ae a 3 a . ¢ 
yevnrat et6n Twa toa eldeot Tots atrois, [7 Opo- 

a , > ‘ - , ~ ~ , > 

mAnOH Sé, dwo éxatépwv Tav pepOv Serjcer adat- 

a A e > ‘ ~ *, t Lig bal a 8 
peiv TA Gora amd THY dpotwr, ews dv ev eldos 
ey ow ” fd 3A fa ? Lz ta 
évl eider toov yévntra. éav S€ mws ev dmordpw 
> La nn > > ze > > a a, mw 
evuTTapxn 7) €v apdordpos ev eAreiibeot twa e€ldn, 

4 a” ae t mt > 3 , 
Sejoer mpocbeivar Ta Acirovta cldy ev aydorépors 
Tois pépeciv, ews av éxarépwv TOV pepav Ta €ldy 
évuTdpxovra yérntar, Kal madw dadedetv ra Spore 
> A] a ¢ ia a n € s ~ ~ a 
amo Tv opoiwy, Ews av éxatépw Trav pepav ev 


elSos xataderpOf. 





* Lit. “a deficiency multiplied by a deficiency makes a 
forthcoming.” 

> The sign has nothing to do with ¥, but I see no reason 
why Diophantus should not have described it by means of ¥, 
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Ibid. i., Preface, Dioph. ed. Tannery i. 12. 19-21 


A minus multiplied by a minus makes a plus,* a 
minus multiplied by a plus makes a minus, and the 
sign of a minus is a truncated V turned upside down, 
that is A? 


(c) DererminaTE Equations 
(i.) Pure ¢ Determinate Equations 
Ibid, i., Preface, Dioph. ed. Tannery i. 14. 11-20 


Next, if there result from a problem an equation 
in which certain terms are equal to terms of the same 
species, but with different coefficients, it will be 
necessary to subtract like from like on both sides 
until one term is found equal to one term. If per- 
chance there be on either side or on both sides any 
negative terms, it will be necessary to add the nega- 
tive terms on both sides, until the terms on both sides 
become positive, and again to subtract like from like 
until on each side one term only is left.¢ 


and cannot agree with Heath (H.G.M. ii. 459) that ‘ the 
description is evidently interpolated.” But Heath seems 
right in his conjecture, first made in 1885, that the sign M is 
a compendium for the root of the verb Aedreww, and is, in fact, 
a A with an I placed in the middle. When the sign is resolved 
in the manuscripts into a word, the dative Aciper is generally 
used, but there is no conclusive proof that Diophantus himself 
used this non-classical form. 

© A pure equation is one containing only one power of the 
unknown, whatever its degree; a mixed equation contains 
more than one power of the unknown. 

@ In modern notation, Diophantus manipulates the equa- 
tion until it is of the form Aw"=B; as he recognizes only 
one value of 2 satisfying this equation, it is then considered 
solved. 
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(ii.) Quadratic Equations 
Ibid. iv. 39, Dioph. ed. Tannery i. 298. 7-306. 8 

Edpety tpets dpOuods Smws 4 trepoyt Tob 
peilovos Kai tod péoou mpds tiv trepoyny Too 
pécov Kal tod éddoaovos Adyov exn Sedopevor, 
ert b€ Kal adv So AapBardpevor, towwot TeTpdyw- 
vov. 

*EmrerdxOw 8) rhv dmepoxiv rob pellovos Kat 
To pécov Tis Umepoxts Too pécov Kal Tod éAa- 
xlorou elvar y™., 

"Emel 5€ ouvayddrepos 6 pcos Kat 6 eAdcowy 
moet (]", roretrw MS. dpa péoos petlw éari 
Suddos: goTw saMB. 6 dpa éAdyioros éorat 
°°. 

MBAEa. . 

Kal eed) 4 daepoyy tod peilovos Kat rob 
Héoou Tis brepoxfs Tob pécov Kal Tob éAayicrou 
y™ Céort),’ Kal 7 daepoxn too péaou Kal rob 
edaxtarov SB, % dpa wrepoy rod pellovos Kal 
Tod pécov €orar SS, kal 6 pellwy dpa éoras 
s&MB. 

Aourdv ear 800 émrdypara, 76 Te ovvapddrepov 
(rov peilova Kal rov eAdyiorov moeiy [J], Kat 
70 Tov petlova)* Kal tov pécov wovely T°”. Kat 
yiveral pot SurAG % lodrys: 


sq M Sic. Ol’, cat s= M Sic. Oy. 


° 
, 
kal Sua to Tas M elvar retpaywrixds, edyeprs 
éotw 7 towats. 
1 éo7é add. Bachet, 
2 rv pellova . . . Tov peiLova add. Tannery. 
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(ii.) Quadratic Equations 4 
Ibid. iv. 39, Dioph. ed. Tannery i. 298. 7-306. 8 


To find three numbers such that the difference of the 
greatest and the middle has to the difference of the middle 
and the least a given ratio, and further such that the sum 
of any two is a square. 

Let it be laid down that the difference of the 
greatest and the middle has to the difference of the 
middle and the least the ratio 3 : 1. 

Since the sum of the middle term and the least 
makes a square, let it be 4. Then the middle term 
>2. Letit be «+2. Then the least term=2-.2. 

And since the difference of the greatest and the 
middle has to the difference of the middle and 
the least the ratio 3:1, and the difference of the 
middle and the least is 2x, therefore the difference 
of the greatest and the middle is 62, and therefore 
the greatest will be 7x +2. 

There remain two conditions, that the sum of the 
greatest and the least make a square and the sum of 
the greatest and the middle make a square. And I 
am left with the double equation ® 


8x +4=a square, 
62 +4=a square. 


And as the units are squares, the equation is con- 
venient to solve. 


* The quadratic equation takes up only a small part of this 
problem, but the whole problem qillgive an excellent illustra- 
tion of Diophantus’s methods, and especially of his ingenuity 
in passing from one unknown to another. The geometrical 
solution of quadratic equations by the application of areas 
is treated in vol. i. pp. 192-215, and Heron’s algebraical 
formula for solving quadratics, supra, pp. 502-505. 
* For double equations, v. infra p. 543 n. 6. 
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TAdcow aptOpods duo iva o in adrav 7 ri] sB, 
Kabeas i one SEN lodryra. éorw otv SL’ Kai 
M5- Kal yivetat 6 3M pip. eAOay emi ras bro- 

° 
oTdcets, ov Svvapas adereiv ard MB rov S& 
TouTéaTt Tas M pep: OéAw odv tov S edpeORvas 
eAdrrova MB, dare kat 3° M5 éeAdovoves Ecovrat 
Mi. éay yap 7, duds emi 35 yévnrat Kal mpoo- 
Ad Bn M5, mort Mie. 

*Emel otv Cnr@ 89M5 tc. OY nai S=MS 
io. (]*, adda Kal 6 amo tis Suddos, rourdate 
M5, (1% éor, yeydvact tpets [%, $4M5, «ai 
s=M64, nai MS, wal # brepoy?) Tod jeilovos 
Kal Tob pécov THs Urepoyis tod pécov Kal Tod 
éAaxiorou y” pépos coriv. darfierae obv pot ets 
TO evpetv Crpeisy' TeTpaydvous, Saws 4 drepoxn 


708 peiLovos Kal Tot pécouv Tis trrepox ys. Tou 
péaov Kai Tob ékaxiotou y” pépos 7, ere dé 6 pev 


eAdxtoros 7} M5, 6 8é péaos eAdoowy Mé. 


1 tpeis add. Bachet. 





* If we put 
82+4=(p+q)%, 
6z+4=(p-q), 
on subtracting, 2u=4pq. 


Substituting 2p =42, 2q¢=4 (i.¢, p=4}2, q=2) in the first 
equation we get 
8x +4=(fa +2), 


or 1122 =23, 
whence w=112. 
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I form two numbers whose product is 2a, according 
to what we know about a double equation ; let them 
be $a and 4; and therefore e=112.¢ But, returning 
to the conditions, I cannot subtract x, that is 112, 
from 2; I desire, then, that x be found <2, so that 
6r+4<16. For 2.64+4=16. 

Then since I seek to make 82 +4=a square, and 
6x +4=a square, while 2. 2=4 is a square, there are 
three squares, 82 +4, 6x +4, and 4, and the difference 
of the greatest and the middle is one-third ® of the 
difference of the middie and least. My problem 
therefore resolves itself into finding three squares 
such that the difference of the greatest and the 
middle is one-third of the difference of the middle 
and least, and further such that the least =4 and the 
middle <16. 

This method of solving such equations is explicitly given 
by Diophantus in ii. 11, Dioph. ed. Tannery i. 96. 8-14: 
éorat dpa o péev $GM§, 6 8¢ § AM ¥, ic. OO: wai robro 70 los 
xaAcirat Simdotadrns: ioofras S¢ tov tpdrev tobrov. idav tiv 
Umepoxyy, Cjret Sv0 apiOuods a 16 bn” adtav moh THY brepoxyv 
eit 82 M8 Kat M* 8%. rodrev qrou THs bmepoxys To 4’ ef? 
éavro igov cori 1G eAdocon, 7 Tijs ovvbdcews 7d 1’ éf? éavrd 
igov 7@ petCou—‘* The equations will then be « +2 =a square, 
@+3=a square; and this species is called a double equation. 
It is solved in this manner: observe the difference, and seek 
two [suitable] numbers whose product is equal to the differ- 
ence; they are 4 and}. Then, either the square of half the 
difference of these numbers is equated to the lesser, or the 
square of half the sum to the greater.” 

+ The ratio of the differences in this subordinate problem 
has, of course, nothing to do with the ratio of the differences 


in the main problem; the fact that they are reciprocals may 
lead the casual reader to suspect an error. 
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° 
Terdyw 6 pev eAdyiatos M 5, 1 8€ rod pécov 
° 
nm £4M B: abrés dpa éorar 6 F]®, ATaShM6. 
Exel obv 1) brrepox?) Tod petlovos Kal tod pécov 
THs Urepoyhs tod pecov Kal tod eAayiorou y” 
pépos eotiv, kal gotw % dmepoxyn rot pécov Kal 
tod éAayiorov A*a5S5, wore % trepoy} Tod 
peyiorov Kal tod pécov éorar AY y* Say*- Kai 
oC 
gorw 6 péoos AXaS5M5- 6 dpa péyoros 
o 
gorau AYG yX =e y* M5 io. De: wdvra Os A® 
x nes 
dpa iB2pnMaAs io. Cl? Kal rd 8” atrdv 
—_ oO 
AY ys.BM@ ic. De. 
"Eh Se Oér A , é Ad 
Ti S€ Oédw tov péoov TeTpaywvov éAdcoova 
o ° 
elvan Mis, Kai riv mn 8yAady Adocovos M5. 
° 
% 5é mAeupda tod pécov éorly SAM B: eddrroves 
° °. 
eiou MS. kal Kowdv ddapebecdy tov BM, 6 
° 
S éora €\dcoovos MB. 
— oO 
Téyover ody por AY PSiBMO ic. sojoa 
° 
Ov. mdrdcow 1” twa dro MY Aarovedy $ 
tivas Kal yiverar 6 = éx Twos apiOuod S*5 yevo-~ 
pévov Kat mpocdaBdvros tov 1B, Toutéott Tis 
lowcews THs = uB, Kal pepicbevtos els TV Urrepoyyy 
bmepéxet 6 amd Tob apiuyotd []*% trav AY trav 
§ eae Mee ~ > oa EN ’ 4 toa 
ev TH lowoe Y. ariKrar obv prow eis TO edpetv 
‘obud a KS ‘ ‘ r \ 
twa apiOudy, ds S*S yevduevos Kal mpoodaBaw 
o — 
MiB cai pepilopevos eis tiv drrepoyny F brepéxer 
6 dio Tob abrod (]% tpiddos, move? rHv mapaPodny 
o 
éAdaoovos M B. 
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Let the least be taken as 4, and the side of the 
middle as ¢ +2; then the square is 2? +42 +4. 

Then since the difference of the greatest and the 
middle is one-third of the difference of the middle 
and the least, and the difference of the middle and 
the least is 2*+42, so that the difference of the 
greatest and the least is 4s?+14s, while the 
middle term is 2*+42¢+4, therefore the greatest 
term=1}4s? +53¢+4=a square. Multiply through- 
out by 9: 

122? +483 +36 =a square 5 
and take the fourth part : 
327 +122 +9=a square. 

Further, I desire that the middle square <16, 
whence clearly its side <4. But the side of the 
middle square is +2, and so z+2<4, Take away 
2 from each side, and z<2, 

My equation is now 

$27 +128 +9=a square. 
== (mz — 3)", say.® 
6m +12 

Then s= a9? 
and the equation to which my problem is now re- 
solved is 

6m +12 

m3 <* 


t.€.y <- 


* As a literal translation of the Greek at this point would 
be intolerably prolix, I have made free use of modern 
notation. 
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“Eorw 6 Cytovpevos Sa‘ otrws $** yevdopevos 
o — eS ea: 
kal mpoodraBav M iB, mote? S&M up: 6 b€ aw” 
°o ° 
av7vod CT", AMY, wore? AX GAM. OéAw odv 

—_ Nteey 1 - a - ~ 
55M iB pepifecbar eis” A’ aN MY Kai aovety ri 
napapodAny eAdccovos MB. Gdda Kai 6 B pepilo- 

iJ 
pevos es Ma, moet rv mapaPody B- doe 
=e o — ee ao fe 
55 MtB mpos AYE MMP CAcooova Adyov Exovow 
SF Mo pos . 7 you ex 
qmep B mpos a. 
—_— oO 

Kal xwpiov xwpiw dvcov: 6 dpa tro SS MiB 

A _ 3 4 > A a“ € ‘ Fg A 
kal Ma éAdoowv éoriv tod sbmd Svddos «Kal 

3° 7 —~_ Oo 
AYaAMY¥, rovréorw S5MiB eAdocovds <ciow 
° °o 
AYBAMS.  xai Kowal mpookeisbwoav ai Me. 
oO 
SFM édadagoves A’ B. 

"Orav $€ rowatrny iowow lowowper, ToLodpev 
trav § 76 L! ed? éaurd, yiverar 8, Kai tas AY 
> OY X Cy 2 Na , a 6 , 
éni tas Mim, yivovrar AS+ apdobes Tots G, yivovrat 

oO 
pe, Gv w+ ode darrév eo. M+ apdcbes 76 
€ ig ~ f > wy ¥ - \ 
jpioevpa Tav S Cyiverar odk €Aarrov Mit: Kat 
a 
péptoov eis tas A*-)' yiveras odx éAartov Mé. 
—- _o 
Téyovev ody por AX ySiB M6 ic. Ov 76 dae 
veo - = aq, ta 
a MYMsé, Kal yiverar 6 5M", rouréotw 
BB Ka 


° 


Téraya 8¢ tHv Tod péoou TI 7 saMB- 


1 yiverar. . . tas AY add. Tannery. 





* This is not strictly true. But since of 45 lies between 
6 and 7, no smaller integral value than 7 will satisfy the 
conditions of the problem, 
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The inequality will be preserved when the term 
are cross-multiplied, 


i.e. (6m +12).1<2.(m®—3); 
1.e.5 6m +12 <2m?—-6. 
By adding 6 to both sides, 

6m +18 <2m?, 


When we solve such an equation, we multiply half 
the coefficient of x for m] into itself—getting 9; 
then multiply the coefficient of 2? into the units 
—2.18=36 ; add this last number to the 9—getting 
45; take the square root—which is +74; add half 
the coefficient of #—making a number «10; and 
divide the result by the coefficient of 2*—getting a 
number +5. 

My equation is therefore 


3s? +122 +9=a square on side (3 — 52), 


42 21 
and aT Te 
I have made the side of the middle square to be 


* This shows that Diophantus had a perfectly general 
formula for solving the equation 


az*=bx +e, 


ae 
namely aa Vive oe 


From vi. 6 it becomes clear that he had @ similar general 
formula for solving 
ax? + ba=c, 
and from v. 10 and vi. 22 it may be inferred that he had a 
general solution for 
2207 +¢=be, 
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“ op ba. ; 
éorat Too T]* a ys attés 52 6 [ 
Mt pe 

amp 
"“Epxopat otv ent 7o €& dpyfs Kal rdcow 
v KO -. ctw 
pP 9 év7ra CO”, to. trois SSM 5- Kal wdvra 
dent 
_—_—_ ,oe € bes . 27 
els pea: Kal yiverat 6 5 , Kal €orw eAdoowy 
jartke 

duddos. 

*Emt ras baoardceis roi mpoBAnparos tod && 

° 

apis: indornyev 8) Tov pev pécov £aMB, tov 
a 257 ¥ ag A A 4 ¥ 
5é eAdyuorov MB ASG, tov 8€ péyorov SEMB. 
éorat 6 pev péyotos a. al, 6 Sé B* Bank, 6 
dé eAdyioTos 6 ys wl. Kal eet 76 pdprov, €or Td 
YK’, odk eotw []%, 5% Sé earw adrod, édv 
AdBwpev pea, 6 éort []%, wdvrwy odv rd s, 
Kal dpoiws EoTar 6 pév a pra” jawrdZ’, 6 dé 
Be vO’, 6 be y® WZ’. 

Kai dav év ddoKdArjpos OéAns iva pr) 7d 2’ em- 

v7 

tpéexn, eis 8* EuBadre. nal écrar 6 a* Edy? 6 6é 


Bm umd eg gs umd 


» 6 Se ae Kal 4 dmddekis pavepa. 
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#+2; therefore the side will be = and the square 
1849 
‘121° 


I return now to the original problem and make 
184 
i — , which is a square, =6x+4. Multiplying by 


itself ——— 


121 throughout, I get «= —— ee 6” which is <2, 


72 


In the conditions of the original problem we made 
the middle term=2+2, the least=2-—a, and the 
greatest 7x +2. 








Therefore 
the greatest = : en 
the middle = 7, 
the least = EL 


Since the denominator, 726, is not a square, but its 
sixth part is, if we take 121, which is a square, and 
divide throughout by 6, then similarly the numbers 
are 
18343 4693 14} 
121’ 121’ 121 


And if you prefer to use integers only, avoiding 
the 4, multiply throughout by 4. Then the numbers 
will be 





7338 1878 58 
4847? 4847 484 
And the proof is obvious. 
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(iii.) Simultaneous Equations Leading to a Quadratic 
Ibid, i. 28, Dioph. ed. Tannery i. 62. 20-64. 10 

Edpety S00 dpiOpods dws Kal 7 avvOects abtav 
kai 4 otvOeots Tav an’ adrdv tetpaywrwv mo 
S0b&ras apBpovs. 

Aet 84) tTovs bis am’ abrav TeTpayavous TOU amo 
ovvapporépov abray TeTpayesvou bmepéeyew TeTpa- 
yave. €or. 8€ Kal Tob70 macparixdy. 

*Eqiterdy$w 8% ri pév ovvbeow adrdv movetv 


a 
Mk, Tp dé atvOcow Ta&v an’ abtdv TeTpaywvew 
novety May on 
eras he. 3) 7 PaepONt atrav SB. xat éorw 
/ fod 
6 petlwy Sa& Kal Mi i, TOV Hyicewr wadw Tod 
oO 
quvbenares, 6 §€ éAdoowy Mims a. Kal pever 


méAw 76 perv odvOcpa adrar Me, H dé vaepoy? 


SB. 


Aourdy dort Kal 7d otvOepa tav am adbtdv 
°o 
TeTpaywvwn toeiv Moy: dAdka To otvbepa TadV 
29 yA , a Y or = ~ 
dn atrév retpaydvev mot AY BMG.  taidra 
oO a 
toa May, kal yivera 6 SMB. 
OC oe 

"Emil tas droordces. €orar 6 pev peilLwy MiB, 
¢ A 2S . _ 4 ~ A ~ / 
6 6€ eAdcowy MH. Kal movotot Ta Tijs TpoTdcews. 





* In general terms, Diophantus’s problem is to solve the 
simultaneous equations 


é+n =2a 

C+yv=A, 
He says, in effect, let é-y =2r; 
then f=ata, y=a-2, 
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(iii.) Simultaneous Equations Leading to a Quadratic 
Ibid. i. 28, Dioph. ed. Tannery i. 62. 20-64. 10 


To find two numbers such that their sum and the sum of ; 
their squares are given numbers.* 

It is a necessary condition that double the sum of 
their squares exceed the square of their sum by a 
square. ‘This is of the nature of a formula.? 

Let it be required to make their sum 20 and the 
sum of their squares 208. 

Let their difference be 2z, and let the greater 
=a +10 (again adding half the sum) and the lesser 
=10-2. 

Then again their sum is 20 and their difference 2z. 

It remains to make the sum of their squares 208. 
But the sum of their squares is 2x? +200. 


Therefore Q2% +200 = 208, 
and r= 2, 


To return to the hypotheses—the greater =12 
and the lesser=8, And these satisfy the conditions 
of the problem. 


and (at+eP+(a-a)=A, 
Le. Q(a? +e?) =A, 

A procedure equivalent to the solution of the pair of simul- 
taneous equations +7 =2a, é7=A, is given in i. 27, and a 
procedure equivalent to the solution of -7=2a, éy=A, 
in i. 30. 

> In other words, 2(€? +77) -(€+7)?=a square; it is, in 
fact, (-)?. I have followed Heath in translating gor 8 
xal Todro mAacparixov as“ this is of the nature of a formula.” 
Tannery evades the difficulty by translating “ est et hoc 
formativum,” but Bachet came nearer the mark with his 
“ effictum aliunde.”” The meaning of mAaoparixdy should be 
“easy to form a mould,” é.e. the formula is easy to discover. 
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(iv.) Cubic Equation 
Ibid. vi. 17, Dioph. ed. Tannery i. 432. 19-434. 22 
Evdpety tpiywvov dpboywuov dmws 6 ev TH 
éupadd adbtod, mpooraBwv tov ev 7H brrorewovon, 
mow TeTpaywrov, 6 de ev TH Tepyéerpw adTod F 
KuBos. 
TerdyOw 6 ev 7 €pBadd adrot Sa, 6 Sé év 7H 
brotewoton adtod M twav TeTpaywuKkav MSa, 
iJ 
éorw Mis Asa 
*AMN’ émel breBepeBa Tov ev TO eu Padp abrod 
elvan $a, 6 dpa dnd TOV mepl Thy opOny adrob 
meer SB. dda SB mepiexovras bo Sa Kal 


M B- éav ob rdgwpev play Tav dpbdv M B, éorae 
7 érépa Sd. 

Kai yiveror 7 mepipetpos Ma in Kal od« éort 
KUBos* 6 oe in yéyovev éx tos []” «al MB: 
Sejoe dpa eee Ol” rwa, ds, mpoodraPey M8, 
mrovet KUBov, wore KUBov []e Puceonet MB. 

TerdyOw otv 7 pev Tob []” 7% - saMa, % Se 
Tob KvBov SaAM a. yiverat 6 pey oO”, 
Ava spMa, o &é KuBos, KY asyMd* 7M a. 
b\w obv tov KvBov tov LI” trepéxew dvadue 6 
on Ol pera Suddos, touvréorw A*as BMF ys 
éotw toos KY a s pA A* yMa a, d0ey 6 & etpioxerat 
M5. 

“Eora obv y pev rot (% 7 M é, 4) O€ Tod 
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(iv.) Cubic Equation ¢ 
Ibid. vi. 17, Dioph. ed. Tannery i. 432, 19-434. 22 


To find a right-angled triangle such that its area, added 
to one of the perpendiculars, makes a square, while its 
perimeter is a cube. 

Let its area=2, and let its hypotenuse be some 
* square number minus 2, say 16-2. 

But since we supposed the area=z, therefore the 
product of the sides about the right angle=2z. But 
2z can be factorized into z and 2; if, then, we make 
one of the sides about the right angle =2, the other 
=2. 

The perimeter then becomes 18, which is not a 
cube ; but 18 is made up of a square [16]+2. It 
shall be required, therefore, to find a square number 
which, when 2 is added, shall make a cube, so that 
the cube shall exceed the square by 2. 

Let the side of the square=m +1 and that of the 
cube m—1. Then the square =m? +2m+1 and the 
cube = m3 +3m—3m?-1. Now I want the cube to 
exceed the square by 2. Therefore, by adding 2 to 
the square, 


m* +2m +3=m3 +3m—3m?~1, 
whence m=, 


Therefore the side of the square=5 and that of 


* This is the only example of a cubic equation solved by 
Diophantus. For Archimedes’ geometrical solution of a 
cubic equation, v. supra, pp. 126-163. 
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° oO 
KUpou My. adrot dpa 6 péev (]* M ke, 6 Sé KvBos 
o — 
Mké. 

McOuvdiorapar odv 7d spboyduov, Kal rafas 
avtod 76 €uPaddv Sd, Tdoow Ti vUroreivoucay 
° oO 
MeAsa pee dé Kal 4 Bas MB, 4 Sé 
Kderos 5a. 

Aourdv é€orw tov amd tis trorewovans icov 
elvar tots dd t&v wept Thy opOny: yiverar 8é 

°o ° 
At aMyre Asi eora ion ATGMS. GOn 6 
iJ 
v 
5M 
xKa. 
"E \ \ € id oT f 
mi Tas UTo0oTdcEs Kal pevet. 


(d) InpererminaTe Equations 


(i.) Indeterminate Equations of the Second Degree 


(a) Single Equations 
Ibid. ii, 20, Dioph. ed. Tannery i. 114. 11-22 
Edpeiv S00 dpiWpods Gmws 6 amd tot éxarépov 
avta@v teTpaywvros, mpocdaBwv tov Aowntdv, mou 
TETpaywvor. 
°o 
TerdyOw 6 a® Sa, 6 5¢ B* Mas, va 6 dno 
Tob a” []°*, apocdaBay tov PB”, zou [)%". Aoumdv 
3 ‘ ‘ > + ~ v ov Xr 4 A 
€oTt Kat Tov dno rod BY (]°, mpocdaBdvTa tov 
a”, movety []%- dAN’ 6 do rod BY []*, zpoo- 
° 
AaBev rév a”, woret AYSSEMa- raéra ica T. 


* Diophantus makes no mention of indeterminate equa- 
tions of the first degree, presumably because he admits. 
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the cube=3; and hence the square is 25 and the 
cube 27. 

I now transform the right-angled [triangle], and, 
assuming its area to be x, I make the hypotenuse = 
25 — x; the base remains = 2 and the perpendicular = z. 

The condition is still left that the square on the 
hypotenuse is equal to the sum of the squares on the 
sides about the right angle ; 


tery x? +625 —50r=2? +4, 
oh _ 621, 
ence t= 5 


This satisfies the conditions. 


(d) InpeTERMiINATE Equations % 
i.) Indeterminate Equations of the Second Degree 
q cf 


(a) Single Equations 
Ibid. ii. 20, Dioph. ed. Tannery i. 114, 11-22 


To find two numbers such that the square of either, 
added to the other, shall make a square. 

Let the first be x, and the second 2z +1, in order 
that the square on the first, added to the second, may 
make a square. There remains to be satisfied the 
condition that the square on the second, added to 
the first, shall make a square. But the square on 
the second, added to the first, is 4224+52+1; and 
therefore this must be a square. 


rational fractional solutions, and the whole point of solving 
an indeterminate equation of the first degree is to get a solu- 
tion in integers, 
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TlAdcow rov [1% dao § BAMB- adtos dpa 
éotat AYSM5ns7- Kal yiveras 6 5 Ae 


tu F BS 
"Eora 6 pev a® ‘Y, 6 8é B® ‘Y, nal movodar 7d 
y ad 


mpoBAnya. 


(8) Double Equations 
Ibid. iv. 32, Dioph. ed. Tannery 268. 18-272. 15 
Aobévra dpi pov ducAciv eis Tpets dpilpovs 6 OTWS 
6 bd Tob TpaTou | Kaul Tod Sevrépov, édv Te mpoo~ 


Ad By TOV Tpitov, édy te deibn, mow TeTpaywvov. 
"Eotw 0 dobels 6 F, 


TerayOw 6 y* $4, nal 6 ie M edacodver rod 
5 éorw MB: 6 dpa a* éoran MEMS: xal 


Aound, €ott dvo emitdypare., tov td a” Kal B™, 
édv Te APRON Tov y°", éedy Te Actin, movety 


Oe. «al yiverau dima iadrns: Mas a 
io. []% Kai Maasy io. [1% Kai od pyrdv 





* The problem, in its most general terms, is to solve the 


equation 

Ag+ Ba+C=y?. 
Diophantus does not give a general solution, but takes a 
number of special cases. In this case A is a square number 
( =a?, say), and in the equation 

ae? +Bet+C=y* 
he apparently puts y? =(ax-m)', 
where m is some integer, 
whence o= one 

2am +B 
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I form the square from 2-2; it will be 


3 
4. 2 4-823 d =. 
xe + xc; and iz 


The first number will be = the second =e and 


they satisfy the conditions of the problem.* 


(8) Double Equations » 
Ibid. iv. 32, Dioph. ed. Tannery 268, 18-272. 15 


To divide a given number into three parts such that the 
product of the first and second + the third shall make a 
square. 

Let the given number be 6. 

Let the third part be x, and the second part any 
number <6, say 2; then the first part=4—2; and 
the two remaining conditions are that the product of 
the first and secondithe third=a square, There 
results the double equation 


8—2 =a square, 
8 —3x=a square. 


And this does not give a rational result since the ratio 


> Diophantus’s term for a double equation is S:mAotedrns, 

SiadAG todrns or SindAG towors. It always means with him 
that two different functions of the unknown have to be made 
simultaneously equal to two squares. The general equations 
are therefore 

Ay? + Byat+C,=u,3, 

Aw? + Boe + Cy =u, 
Diophantus solves several examples in which the terms in xf 
are missing, and also several forms of the general equation. 
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core dua, 76 py elvan rods s ™pos aMijAous Adyov 
éxovras ov 1g _apBpos mpos 1)” dipub ys ov. 
’"AMa 6 S64 povdde eAdcowv Tob z. of bb SF 


Ls , 
cnetas peiloves M: 70d B. auras oby prot eis 
70 edpeiv apiOyov Twa, ds tov B, va 6 M: adrod 
petlov, mpos TOV M {abrod €Adcoova, Adyov éxn 
dv []°* dpiOuos apos)' []” dpiOpyov. 

"Eotrw % Cytovpevos Sa, Kai 6 Ma adrod 

oO ° 
peilwv €oraa S&Ma, 6 38é M'‘ adrod eAdcoww 
a 
SaQM a. Geropev ody abrods mpos adArjAous 
Seve exe ov (* apulies ™pos Ca dg 
gorw dv § mpos a wore SEMMG ént M5 
yivovras sSAMS5: nai saMa em THY Ma 
oO 3 ‘s 
<yvovraa SaMa)? Kai etow obrot of exKeipevor 
apiOuot Adyov exovtes mpos GAAjAovs dv exer 
o 
OO dpibuss mpds C1" apiOudv: vov SEAMS 
°o oO 
to. SaM4, xal yiverar 6 SM”. 
°° 

Tdcoow otv tov BY M”. 6 yap y* éorw 

-~ © » ” ° y - 
Sa‘ 6 dpa a® eorut M ys a. 

Aoundv def elvar 7d emiray pa, éoTw Tov bid a¥ 


kat B, mpooraBovra Tov yy", mouety []*, Kal 
Ackpavta tov y”, morety []% GAN’ 6 bro a” Kat 


B’, mpocAaBayv tov y”, mrotet M be AS Ww’ io. OQ? 
M bé Tod y”, motet Me ase w’ io. OY. «at 
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of the coefficients of z is not the ratio of a square to 
a square. 

But the coefficient 1 of 2 is 2-1 and the co- 
efficient 3 of x likewise is 2+1,; therefore my pro- 
blem resolves itself into finding a number to take the 
place of 2 such that (the number +1) bears to (the 
number — 1) the same ratio as a square to a square. 

Let the number sought be y; then (the num- 
ber+1)=y +1, and (the number-1)=y-1. We 
require these to have the ratio of a square to a square, 
say 4:1. Now(y-1).4=4y—-4and(y +1).1=y +1. 
And these are the numbers having the ratio of a 
square to a square. Now I put 


4y—4=y +1, 
rae 5 
giving y=5 
Therefore I make the second’ part . for the 


1 
third =z; and therefore the first =~ — a. 


There remains the condition, that the product of 
the first and second 4 the third=a square. But the 
product of the first and second +the third = 


65 2 
9 gr 4 square, 

and the product of the first and second — the third = 
65 


oO 224 =a square, 





1 atrod. . . apés add. Bachet. 


2 yivovra $ aM a add. Tannery. 
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o 
mavra emi tov 8, cal yivovras M £e MSE ic. Oe, 
o — — 
kai M&e MS xd to. O)%. Kal eco, rovs § rijs 
pcilovos iadrytos mroujoas 8**, kal eore 
o OO ae — 
MoE ASKS to. F? wai Mée MASKS to. OY. 
Név rovrwy apBdavw tiv sbrepoxiv Kal €ore 
rs 
M pSe- kal éxrifepas dv0 dpiOpods dv 76 td éort 
y rae a ee t= a 4 ¢ a 
M pe, Kai cou i Kal vy: Kal ris tovre dmepoxiis 
To &’ éf’ éavtd toov éotl 7@ éXdooonu T], Kai 
yiverat 6 Sy” 7. 
> N A e é w” < A) o ¢ be 
Ent ras troordoes. gorar 6 pev a® €, 6 
Bs &, 6 8 y* 7H. Kal y anddeé i 
; y% A. Kal 4} anddetis davepa. 





* These are a pair of equations of the form 
am*s +a=u, 
an?a+b=%, 
Multiply by n*, m? respectively, getting, say 
am*n?2 + an? =u’, 
am?n*x + bm? =v, 


se an? ~ bm* =u? - v%, 
Let an? - bm*=pq, 
and put u' +v’=p, 

uw -v=q3 
”. ur=Hp +9), v7 =1p-O)% 
and so am’n*z +an?’=}(p +4), 


am'n?z + bm? =41(p - q)*3 
whence, from either, 


1p? +.9*) ~ ian? +m) 
Pa ai aaa 
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Multiply throughout by 9, getting 
65 - 62 =a square 
and 
65 — 242 =a square.® 
Equating the coefficients of 2 by multiplying the first 
equation by 4, I get 
260 — 242=a square 


and 
65 ~ 242 =a square 


Now I take their difference, which is 195, and split 


it into the two factors 15 and 13. Squaring the half 
of their difference, and equating the result to the 


lesser square, I get a 
Returning to the conditions—the first part will be 


5 8 
4 the second 3, and the third 3 And the proof is 


obvious. 





This is the procedure indicated by Diophantus. In his 
example, 


p=18, q=18, 
and {4(15 - 18}? =65 - 24a, 
whence 24e =64, and x =% 
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(ii.) Indeterminate Equations of Higher Degree 
Ibid. iv. 18, Dioph. ed. Tannery i. 226. 2-228. & 


4 ~ , > Fd oe € 7 A ~ & 

Edpety S00 dpibuovs, émws 6 dad rot mpwrou 

E A ‘ t4 inl ts c a 
KUBos mpocdaBay tov devrepov trovq KUBov, 6 Se 
amo Tob Sevrépov tetpaywvos mpocdabwy tov 
mp@rov mov] TeTpdywvov. 

°° 

TerdyOw 6 a* Sa: 6 dpa B* éorat M xuPixal 
~ Y- 4 ra ieee ae ~ ov 4Q° 
AMK* a. Kat yiwerar 6 amd Tob a” KvBos, mpoo- 
AaBav tov B’, KdBos. 

Aouréov éote kai tov ano rot BY T”, 
mpoodaBovTa Tov a”, moeiy []%. adr 6 
amo vod PB (]%, mpocdaBav tov a”, movet 

eae 
K’ KasaMésaK*t- Cratra ton 1" 7h 
oO oO —~: 
amo a» KY aM, touvréore K* Ka K* is M £3-) 
Kal Kowdv mpoaTienevwy TOv AeTouévwv Kat 
adaipovpévwv ta&v opotwy amd cpoiwy, Aovmot 
a <= CJ 
K* AB toot Sa: Kat wévra mapa S- AY AB toa M a. 
c] access 
Kai éorw 4 M (1%, cai A®AB ef Hoav 1%, AeAv- 
pévn av pot iv % towas: ddd’ ai AY AP eiaiv ex 
J 
tov bis K*is- of 8€ K* ie eiow td ray Sis MF 
c - oee 
1 saéra . . . M&6 add. Bachet. 

* As with equations of the second degree, these may be 
single or double. Single equations always take the form 
that an expression in a, of a degree not exceeding the sixth, 
is to be made equal to a square or cube. The general form 
is therefore 

Ag® +A +... tAg=y or x. 
Diophantus solves a number of special cases of different 


degrees. 
n double equations, one expression is made equal to a 
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(ii.) Indeterminate Equations of Higher Degree 
Ibid. iv. 18, Dioph. ed. Tannery i. 226. 2-228. 5 


To find two numbers such that the cube of the first 
added to the second shall make a cube, and the square 
of the second added to the first shall make a square. 

Let the first number be x. Then the second will 
be a cube number less 2°, say 8-2. And the cube 
of the first, added to the second, makes a cube. 

There remains the condition that the square on 
the second, added to the first, shall make a square. 
But the square on the second, added to the first, is 
#8 +2+64—1625, Let this be equal to («3 +8), that 
is to 2° +16%3 +64. Then, by adding or subtracting 
like terms, 

8208 = 23 


and, after dividing by z, 
3227 = 1, 


Now 1 is a square, and if 32a? were a square, my 
equation would be soluble. But $22° is formed from 
2.1623, and 1625 is (2. 8)(x3), that is, it is formed 


cube and the other to a square, but only a few simple cases 
are solved by Diophantus. 
» The general type of the equation is 


a®- Ard + Be +e? =y*, 


me t eum 
Put y=a* +0, then w= 3 
and if the right-hand expression is a square, there is a rational 
solution. 

In the case of the equation 2° - 1623 +a +64==y? it is nota 
square, and Diophantus replaces the equation by another, 
a — 1285 + 2 + 4096 =y?, in which it is a square. 
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kal tod K¥ a, rouréore dis THY MF date ai AB A* 
ex 88 tay 7 M. yéyovey odv prow edpeiv KYBov ds 
8" yevopevos moved 1”. 

“Eorw 6 Cytovpevos K¥ a: obros 8** yevdpevos 
move K*8 ic. 1%. orm A* ie: xal yiverar 6 8 
M5. én Tas Uroordces: éoTat 6 KYM. 

Tdoow dpa Tov BY MZSMK¥ a. xal Aowrdv dort 
Tov ao rod BY []” mpoodAaBovra tov a” mroveiv 
Cie. dAAd 6 dao tod B* mpoodaBay tdv a” zrovet 
K’ KaM SGssaAK*pxq to. O% 1 dnd w+ 
K¥ a@Méd: nal ywera 6 [ K® K aM 865 K® pn. 
Kai yivovrar Aoumol K¥ovs to. Sa. Kal yiverar 
6 S évos so, 

*Emt ras droardaets: gota 6 a* évds uo, 6 Be 
ps So 

Ks. Boy" 


(e) THeory or NumBers: Sums oF Squares 
Ibid. ii. 8, Dioph. ed. Tannery i. 90. 9-21 


Tov emraxbévta rtetpdywrov Siedeiv eis Svo 
TeTpaywvous. 


® It was on this proposition that Fermat wrote a famous 
note: ‘‘On the other hand, it is impossible to separate a 
cube into two cubes, or a biquadrate into two biquadrates, or 
generally any power except a square into two powers with 
the same exponent. I have discovered a truly marvellous 
proof of this, which, however, the margin is not large enough 
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from 2.8. Therefore 322? is formed from 4.8. My 
problem therefore becomes to find a cube which, 
when multiplied by 4, makes a square. 

Let the number sought be y3. Then 4y3=a square 
=16y? say; whence y=4. Returning to the con- 
ditions—the cube will be 64. 

I therefore take the second number as 64— 2%. 
There remains the condition that the square on the 
second added to the first shall make a square. But 
the square on the second added to the first = 

28 +4096 +2 —12823=a square 
= (a? +64), say, 
= 2 +4096 +1282. 
On taking away the common terms, 





25623 = 2, 
1 
and = we" 
Returning to the conditions— 
1 262143 
first ber = — & ‘ 
rst number ie’ second number 4096 


(e) Tuzory or Numbers: Sums or Squares 
Ibid. ii. 8, Dioph. ed. Tannery i. 90. 9-21 


To divide a given square number into two squares.* 


to contain.”” Fermat claimed, in other words, to have proved 
that 2" +y™"=2™" cannot be solved in rational numbers if 
m>2. Despite the efforts of many great mathematicians, a 
proof of this general theorem is still lacking. 

Fermat’s notes, which established the modern Theory of 
Numbers, were published in 1670 in Bachet’s second edition 
of the works of Diophantus. 
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*EmererdxOw 87) rov & SueAciv eis S¥0 Terpayd- 
vous. 
Kai rerdyOw 6 a* A’ a, 6 dpa érepos éorat 
° Cn = 
Mes A AY a: Sejoe dpa Mis MA* a toas elvar []*. 
TlAdcow tov (” aad 5*” dowv Simore AM 
°o o 
tocovtwy M décwv eotiv 7» tev & M adAeupd: 
°o 
géorw SBAMS. atros dpa 6 []* ora 
oO. ° 
AYSMG@ASis: ratra toa Mie AA‘ a. Kou? 
mpookelobw 7 A€tfus Kal amd cpotwy Spot. 
AY dpa é ioat 5 iS, Kal yiverar 6 § is méprTw. 
KE KE 
"Eorat 6 pev » 0 be » Kat ot S00 ourte- 
ove pus 
? na KE ow or — , coe 
Oévres trovotar yr "To Me, kal dotw éxdrepos 
TeTpaywvos. 
Ibid. vy. 11, Dioph. ed. Tannery {. 342. 18-346. 12 
Movdéa 8teXciv cis tpeis dpibpods Kal mpoobetvar 
éxdoT@ adt&v mporepov tov avrov Sobévra Kat 
movety exaoroyv TeTpdywvov. 
a 4 4 ta > 4 fa ta 
Aci 81) Tov di8dpevov dpiOudv pyre Sudda elvar 
pre Twa TOv ano Suddos éxrddt Tapavavopevwy. 
oa 
*"ExcretdyOw 817 tTHv M dteAciv els tpets dprOpods 
° 
kat mpooeivac éxdorw My kat moteiv Exactov 
fees 
* Lit. ‘I take the square from any number of dpiByol 
minus as many units as there are in the side of 16.” 
> i.e, a number of the form 3(8” +2) +1 or 24n +7 cannot 


be the sum of three squares. In fact, a number of the form 
8n +7 cannot be the sum of three squares, but there are other 
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Let it be required to divide 16 into two squares. 
And let the first square=2?; then the other will 
be 16-.?; it shall be required therefore to make 
16 — x?=a square. 
I take a square of the form® (mz —4)?, m being any 
integer and 4 the root of 16; for example, let the 
side be 2a-—4, and the square itself 42? +16— 162. 


Then 
427 +16 —162=16 — 2?, 


Add to both sides the negative terms and take like 
from like. Then 


5x? = 16x, 
16 
and t=y 
25 nea! 
One number will therefore be au the other a i 


400 
and their sum is oR oF 16, and each is a square. 


Ibid. v. 11, Dioph. ed. Tannery i. 342. 13-346. 12 


To divide unity into three parts such that, if we add the 
same number to each of the parts, the results shall all be 
squares. 

It is necessary that the given number be neither 2 
nor any multiple of 8 increased by 2.° 

Let it be required to divide unity into three parts 
such that, when 3 is added to each, the results shall 
all be squares, 
numbers not of this form which also are not the sum of three 
squares. Fermat showed that, if 3a+1 is the sum of three 
squares, then it cannot be of the form 4" (24k +7) or 4" (8k +7), 
where k=0 or any integer. 
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TldAw Sef rov 7 SieAciv eis tpels [1% Grrws 


éxaorTos abray peilov 77] M>. éav obv madd TOV 
i Suéhwpev els Tpets a TH THs TapiooTnTos 
aywyh, €orar Exaotos atray peilwv Tpiddos — kai 


Suncare: ae éxdorov abrav adeddvres M ys 


éxew eis ots 7 M Siatpetrar. . 
AapBdvopev dptt Tob i ro yy”, yy, Kat 
Enrodpev caf Bevery eves fone hab 


tais Myy* , Tounoouev []%: mdvra ous, bet Kat 
T® A mpoobeivai te udpiov TeTpaywriKov Kal mroveiy 
tov oAov (]". 

“Eorw 76 mpoartBépevov popiov A®* a: kal mdvra 
emt AY oe AYA MG io. Bil T@ a0 mevpds 
séMa- yivera 6 ras A’gesiMa tc. AYAMG 
dbev 6 5 MB, a A’ MS, 76 AY* M5*. 


El ody rats MA mpooriberas | M5* » TAs M yy* 
mpooteOjoerat ASX Kal yiverat bs Sef ody rov t 
SueAety eis tpets 1 ows éxdorov 1” F mAcupa 
mapioos 7} M es 

"AMA Kal 5 i odynerrar ex S¥o []*", rod re J Kal 


Ths M. Statpodpev Ti M els 80 (1 rd re 0 


Kal Ta ore tov i auyKeicbar ex rpidv 1], 

* The method has been explained in v. 19, where it is 
proposed to divide 13 into two squares each>6. It will be 
sufficiently obvious from this example. The method is also 
used in v. 10, 12, 13, 14, 
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Then it is required to divide 10 into three squares 
such that each of them> 3. If then we divide 10 into 
three squares, according to the method of approxima- 
tion,? each of them will be> 3 and, by taking 3 from 
each, we shall be able to obtain the parts into which 
unity is to be divided. 

We take, therefore, the third part of 10, which is 3}, 
and try by adding some square part to 3} to make 
asquare. On multiplying throughout by 9, it is re- 
quired to add to 30 some square part which will 
make the whole a square. 


1 
Let the added part be 2 multiply throughout 
by 27; then 
30a? +1=a square. 
Let the root be 52 +1; then, squaring, 
2527 +102 +1=3022 413 
whence 


141 
r=2, r=4, a7 


If, then, to 30 there be added t, to 35 there is added 


, and the result is > It is therefore required to 
6 


1 
36 
divide 10 into three squares such that the side of each 
shall approximate to oa 

But 10 is composed of two squares, 9 and 1. We 


16 ; 
divide 1 into two squares, > and a5 8° that 10 is 


1 : 
composed of three squares, 9, s and as It is there- 
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¥ A 6 ‘ a KE ry a KE 8 ae. a eo 
€K TE TOU Kat TOU iS Kat TOU Q° €l OUV EkKa=- 


oTnv tay 7+ tovTwy mapacKevdcat mdpicov 
° 
"AMG Kal at m+ abrav ciow My kai M 5 Kat 


° OF °° 
Kai mavra AS Kai yivovrat MS Kat M xd Kat 


Mé 
°o Y iJ 
Mij. ra 8é ta s* yivovrar M Be: Set ody Exdorny 


Ms KaTacKEeUaoal VE. 
TAdooopev € évos TrAeupav MyASre, érépov 97) 


sia M Se", ro 88 érépou 8XE My ye’. ylvovras 
of amo Tov eipnpeve oo, A*® iy pre M cA 5 pis: 


a ” vie y eo? yove 
tatra ica Mi. OOev edpioxerar 6 5’ ote: 

? ‘ ‘ € # 4 # pP e Xr 

Ent tas broordocs: Kat yivovras at mAevpat 
~ a oe t 
Tt&v Tetpaydvev So8cioa, wore Kal attoi. Ta 


Aowra Sida. 


WT 


Ibid. iv. 29, Dioph. ed. Tannery i. 258. 19-260. 16 


Edpety réooapas dpifods Cretpayuwvous) 
ovvTeBévtes Kal mpoocdaBovres Tas tStas mAeupas 
4 


ovvtcleicas movotot Sobévta apiOpov. 


* The sides are, in fact, 1821 1288, 1285, ang the squares 





Wi’ 711’ 711° 
are 1745041, 1658944, 1651295, 
505521 505521 05521 
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fore required to make each of the sides approxi- 
Bi 
mate to A 
But their sides are 3, : and . Multiply through- 
out by 30, getting 90, 24 and 18; and = (when 
multiplied by 30] becomes 55. It is therefore re- 


quired to make each side approximate to 55. 
55 35 4 55 31 3 55 


[Move 8> 35 5 by 30° 5 <30 by 39° 22 nd %<39 by = 
If, then, we took the sides of the squares as 3 
4 313 37 


Bet: 
Et agie ap? the sum of the squares would be 3. ¢ 5) 


or Bee which> 10. 


36 
Therefore] we take the side of the first square as 


3-352, of the second as ; +3lz, and of the third as 


¢ +372. The sum of the aforesaid squares 


5 
355527 + 10-1167 =10; 
whence ~ 116, 
3555 


Returning to the conditions—as the sides of the 
squares are given, the squares themselves are also 
given. The rest is obvious.* 


Ibid. iv. 29, Dioph. ed. Tannery i, 258. 19-260. 16 


To find four square numbers such that their sum added 
to the sum of their sides shall make a given number. 
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"Eorw 87 rov uf. 
*Emet més [)°% mpoodaBav ri idiay a Kal 
oO a 
M8*, wovet 1], 05 9 a AMZ’ roe? dpiOj.ov 
twa, 6s ore Tob €€ dpyfjs (1 mAeupa, of récoapes 
apiOpol dpa, mpocdaBevres péev tas iSias am 
o— 
mova. MiB, mpocdaBdvres Sé Kai 5 8%, movotar 
o — 
técoapas [] elot 8 Kai af MiP pera 6 8”, 6 
° o ° 
éor. Ma, Mty. ras ty dpa M Siaupeiy Set eis 
téscapas []™, Kal dad tdv mAeupdv, adeddv 
oO 
amo éxdarns 7 MZ’, &w rev § [* ras a 
Avatpetrat S¢ 6 wy ets 800 []*, rév re § Kal 6. 
p 
Kal maAw éxdtepos TovTwv Siaipeirat eis S¥o []™s, 
KE KE KE 
eis XE wat **, Kat kat “". AaBey rolvuv éxa- 
£6 AS pus 70 
\ , €7€ € € Yo» 9) Ne ERED, 
atov THY TAEcUpaY, —, ~» ps a» Kal alpw dno éKd- 
n’? 5? oP’ 
° 
atov ToUTwr TAevpas M 2’, Kal Ecovra at a Trav 
init 


Z Ce t ROS eet 2 € ee 
€VWV « Q@uTot apa ot 
Cyrovp | 1a? v 10° “y P oO , 


p a 1, p a 1 Pp a 1 Pp 
ea? OS be uO? és 8€ Seat és dé tO 


Os prev 
Pp 
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Let it be 12. 

Since any square added to its own side and } makes 
a square, whose side minus 4 is the number which is 
the side of the origina] square,? and the four numbers 
added to their own sides make 12, then if we add 
4.4 they will make four squares. But 


12+4.} (or 1)=18. 


Therefore it is required to divide 13 into four squares, 
and then, if I subtract } from each of their sides, I 
shall have the sides of the four squares. 

Now 13 may be divided into two squares, 4 and 9. 
And again, each of these may be divided into two 
squares, ot and a and = and a 
8 6 129 
Bob. ooo. 
and the sides of the required squares will be 

11 7 19 18 
10’ 10’ 10’ 10° 
The squares themselves are therefore respectively 


121 49 361 169, 
100’ 100’ 100’ 100° 


I take the side 


of each and subtract half from each side, 


*j6., e+e+fh=(e +H)% 

> In iv. 30 and v. 14 it is also required to divide a number 
into four squares. As every number ts either a square or the 
sum of tico, three or four squares (a theorem stated by Fermat 
and proved by Lagrange), and a square can always be 
divided into two squares, it follows that any number can be 
divided into four squares. It is not known whether Dio- 
phantus was aware of this. 
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(f) Potycona, Numsers 
Dioph. De polyg. num., Praef., Dioph. ed. Tannery 
i. 450. 3-19 
"E DY amd TH isos apibuay adto- 
KaoTos TOV amo THs Tpiddos apo o 
pévwv povdds, modvywrds €ott mparos' and Tis 
povddos, Kat exes ywvias Tooa’ras daov éariv 7d 
TAHG0s Tav ev abt povddwv: wAevpd te adtob 
eorw 6 ébs Tis povddos apiuds, 6 B. oras Sé 
6 pev ¥ Tplywvos, 6 be s TeTpaywros, 6 dé € 
mevTaywros, Kal Tobto é&fs. 

Tay 5) retpaywvwv mpodiAwy évrwy dz Kab- 
eoTHKao. TeTpaywrvotr dia TO yeyovevat adrovs &€ 
apibod twos ef éavtov modAdamAacacbévros, 
edoxiyidobn exactov THY ToAvyadvwr, woAUTAacLO- 
Cduevov eri twa apiOuov Kata tiv avadoyiav Tot 
mAjGovs tv ywwdv atrod, Kal mpocdaPovra 
TeTpaywvdv Tia maAw Kara TH dvadoyiay 70d 
mAnfovs THv ywwdv adradv, daiveoOar terpd- 
ywrov: 6 81) mapaorioopeyv diodeiLavres TOS amd 
dobeians mAeupas 6 émiraybels modAdywvos cdpi- 
oxerar, Kal mas SobévT. modAvydvm % TAcupa 
AapBaveras. 

1 apdros Bachet, zparov codd. 

* A fragment of the tract On Polygonal Numbers is the 

only work by Diophantus to have survived with the Arith- 


metica. The main fact established in it is that stated in 
Hypsicles’ definition, that the a-gonal number of side n is 
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(f) Potycona, Numpers 2 


Diophantus, On Polygonal Numbers, Preface, Dioph. 
ed. Tannery i. 450. 3-19 

From 3 onwards, every member of the series of 
natural numbers increasing by unity is the first (after 
unity) of a particular species of polygon, and it has as 
many angles as there are units in it; its side is the 
number next in order after the unit, that is, 2. Thus 
3 will be a triangle, 4 a square, 5 a pentagon, and so 
on in order.? 

In the case of squares, it is clear that they are 
squares because they are formed by the multiplica- 
tion of a number into itself. Similarly it was thought 
that any polygon, when multiplied by a certain 
number depending on the number of its angles, with 
the addition of a certain square also depending on 
the number of its angles, would also be a square. 
This we shall establish, showing how any assigned 
polygonal number may be found from a given side, 
and how the side may be calculated from a given 
polygonal number. 


4n{2 +(n - 1)(a - 2)} (v. supra, p. 396 n. a, and vol. i. p. 98 
n.a). The method of proof contrasts with that of the Arith- 
metica in being geometrical. For polygonal numbers, v. 
vol. i. pp. 86-99. 

> The meaning is explained in vol. i. p. 86 n. a, especially 
in the diagram on p. 89. Inthe example there given, 5 is the 
first (after unity) of the series of pentagonal numbers 1, 5, 
12,22... It has 5 angles, and each side joins 2 units. 
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XXIV. REVIVAL OF GEOMETRY : 
PAPPUS OF ALEXANDRIA 


XXIV. REVIVAL OF GEOMETRY : 
PAPPUS OF ALEXANDRIA 


(a) GENERAL 
Suidas, s.v. Hdazos 


IIdaaos, ’ArAcEavdpeds, piddcodos, yeyovds Kara 
tov mpeoBitepov Ocoddcrov tov Baciréa, Gre Kai 
Qdwy 6 purdcogos jrualev, 6 ypdibas eis Tov 
IIroAepaiov Kaydva. a 5é adrod Xwpoypadia 

’ ta > A tf ~ ef 
otxoupevicy, Eis ra 6 BiBria rijs Trodepatou 





* Theodosius I reigned from a.p. 379 to 395, but Suidas 
may haye made a mistake over the date. A marginal 
note opposite the entry Diocletian in a Leyden ms. of chrono- 
logical tables by Theon of Alexandria says, “In his time 
Pappus wrote’; Diocletian reigned from a.p. 284 to 305. 
In Rome’s edition of Pappus’s commentary on Ptolemy’s 
Syntavis (Studi e Testi, liv. pp. x-xiii), a cogent argument 
is given for believing that Pappus actually wrote his 
Collection about a.p. 320. 

Suidas obviously had a most imperfect knowledge of 
Pappus, as he does not mention his greatest work, the Syn- 
agoge or Collection. It is a handbook to the whole of Greek 
geometry, and is now our sole source for much of the history 
of that science. The first book and half of the second are 
missing. The remainder of the second book gives an account 
of Apollonius’s method of working with large numbers (v. 
supra, pp. 352-357). The nature of the remaining books to 
the eighth will be indicated by the passages here cited. There 
is some evidence (v. infra, p. 607 n. a) that the work was 
originally in twelve books. 

The edition of the Collection with ancillary material pub- 
lished in three volumes by Friedrich Hultsch (Berlin, 1876- 
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XXIV. REVIVAL OF GEOMETRY 3 
PAPPUS OF ALEXANDRIA 


(a) GENERAL 
Suidas, s.v. Pappus 


Parpus, an Alexandrian, a philosopher, born in the 
time of the Emperor Theodosius I, when Theon 
the philosopher also flourished, who commented on 
Ptolemy’s Table. His works include a Universal 
Geography, a Commentary on the Four Books of 


1878) was a notable event in the revival of Greek mathe- 
matical studies. The editor’s only major fault is one which 
he shares with his generation, a tendency to condemn 
on slender grounds passages as interpolated. 

Pappus also wrote a commentary on Euclid’s Elements ; 
fragments on Book x. are believed to survive in Arabic 
(v. vol. i. p. 456 n. a). A commentary by Pappus on Euclid’s 
Data is referred to in Marinus’s commentary on that work. 
Pappus (v. vol. i. p. 301) himself refers to his commentary on 
the Analemma of Diodorus. The Arabic Fihrist says that 
he commented on Ptolemy’s Planisphaerium. 

The separate books of the Collection were divided by 
Pappus himself into numbered sections, generally preceded 
by a preface, and the editors have also divided the books into 
chapters. References to the Collection in the selections here 
given (¢.g., Coll. iii. 11. 28, ed. Hultsch 68, 17-70. 8) are first 
to the book, then to the number or preface in Pappus’s 
division, then to the chapter in the lite division, and 
finally to the page and line of Hultsch’s edition. In the 
selections from Book vii. Pappus’s own divisions are omitted 
as they are too complicated, but in the collection of lemmas 
the numbers of the propositions in Hultsch’s edition are 
added as these are often cited. 
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MeydAns covrdgews srdpuvnpa, Tlorapods tods ev 
AiBin, ’Ovetpoxpitixd.. 


(6) Prostems anD THEOREMS 
Pare: Coll. iii., Praef. 1, ed. Hultsch 30. 3-82. 3 


Or 7a. ev yewperpia Enrovpeva BovAdpevoe 
TEXVUKETEpOV dtaxpiver, @ xpdrwore lavdpociov, 
m7™poBAnpta pev dobar Kaneiv ed? of mpoBaderai 
TL Tovjoat kal Karackevdoat, Decspnua be ev @ 
Tivay UmoKepevav TO émdpevov avrois Kat ndvres 
émovpPaivov Oewpeirat, t@v Twadadv t&v pev 
mpoBAjnpata mavra, Tav Sé Oewprhpata elvat 
pacKdvtey. Oo pev ody 7 Becipnua mporetvenv, 
ouviday ovrwody Tpdmrov, 76 axoXoubov Tour 
dfvot Unrety kat odk av dws vyids mporeivor, 
$ Sé 1d mpdéBAnua mporecivwy [dv pev dpabys F 

poBrnya mp per duals 7 
kal mavrdracw idwrns],’ Kav advvardy mws 
KatacKevacbyvat mpootdén, ovyyywords ori 
Kal dvumevOuvos. toi yap tntoivros épyov Kal 
totro Swopicat, TO Te Suvatov Kal Td advvaTov, 
Kav 4 Suvarov, more Kal mds Kal rooayds Suvardv. 
éav 5é mpoomoiovpevos 4 Ta palypard mws 
dreipeos mpoBddruy, odK €otw aitias é€w. many 
yotv twes TeV 74, pabjpara, mpoorrovoupeveuy 
eid€evat Sta ood tas TOV mpoBAnudray mpordaets 
dpalds july a@picav. epi dv eee Kat tov 

1 dv... (uad7ns om. Hultsch. 

* Suidas seems to be confusing Ptolemy’s Me@npared 
reTpaprBaos ovrragis (Tetrabiblos or Quadripartitum) which 
was in four books but on which Pappus did not comment, 


with the Ma@ypatixy} otyragis (Syntaxis or Almagest), which 
was the subject of a commentary by Pappus but extended to 
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Ptolemy’s Great Collection, The Rivers of Libya, On 
the Interpretation of Dreams. 


(6) Proptems anp THEoREMs 
Pappus, Collection iii., Preface 1, ed. Hultsch 30. 3-82. 3 


Those who favour a more exact terminology in the 
subjects studied in geometry, most excellent Pan- 
drosion, use the term problem to mean an inquiry in 
which it is proposed to do or to construct something, 
and the term theorem an inquiry in which the con- 
sequences and necessary implications of certain 
hypotheses are investigated, but among the ancients 
some described them all as problems, some as 
theorems. Therefore he who propounds a theorem, 
no matter how he has become aware of it, must set 
for investigation the conclusion inherent in the pre- 
mises, and in no other way would he correctly 
propound the theorem; but he who propounds a 
problem, even though he may require us to con- 
struct something which is in some way impossible, 
is free from blame and criticism. For it is part of 
the investigator’s task to determine the conditions 
under which a problem is possible and impossible, 
and, if possible, when, how and in how many ways 
it is possible. But when a man professing to know 
mathematics sets an investigation wrongly he is not 
free from censure. For example, some persons pro- 
fessing to have learnt mathematics from you lately 
gave me a wrong enunciation of problems. It is 
desirable that I should state some of the proofs of 
thirteen books. Pappus’s commentary now survives only 
for Books vy. and vi., which have been edited by A. Rome, 


Studi e Testi, liv., but it certainly covered the first six books 
and possibly all thirteen. 
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maparAnciwv abrois drodeifers twas Huds elmety 
els wohéAciav ov re Kal Tov Propabodvrwy ev TB 
Tpitw TovTw THs Luvaywyhs BiBriw. 76 pev ody 
mparov tay mpoBAnudtwv péyas Tis yewperns 
elvar Soxév dpicev dpalds. 76 yap S00 Sobeody 
edberav Svo pécas dvddoyov ev ouveye? dvadoyia 
AaBetv édacker efdevar 80 emmédou Oewpias, Alou 
dé Kal yuds 5 dip emoxeapevous dmoxpivacba 
mept Tis va adbtod yevnbelons KatacKeuis, Fris 
Mw b} / ~ 

éxet TOV TpdTOV robToY. 


(c) Tue Turory or Merans 
Ibid, iii, 11. 28, ed. Hultsch 68. 17-70. 8 


To 8€ Sevrepov radv mpoBAnudrwy Fy 7d8e° 

"Ev jyuxvidis tas Tpeis eodtntas AaPetv dAdos 
tis efackev, Kal tyuxdKdov 76 ABI éxdpevos, 
od Kévtpov 7d E, Kat ruxdv onpetov emt ris AT 
AaPav 7d A, Kat dn’ adrod mpos épbds dyaydyv 
th ED rv AB, Kai émledéas riv EB, cal atti 
Kderov dyayav dnd rob A rv AZ, ras pels 
Heodrntas édeyev dmAds ev TH ayuxverlw ékre- 
Getcba, rHv pev ED péony dpibunruciy, tiv Se 
AB peony yewperpixny, ray 5€ BZ dppovxyv. 

"Ort pev obv 4 BA péon dort trav AA, AT & 





* The method, as described by Pappus, but not reproduced 
here, does not actually solve the problem, but it does furnish 
a series of successive approximations to the solution, and de- 
serves more kindly treatment than it receives from him. 
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these and of matters akin to them, for the benefit 
both of yourself and of other lovers of this science, in 
this third book of the Collection. Now the first of 
these problems was set wrongly by a person who was 
thought to be a great geometer. For, given two 
straight lines, he claimed to know how to find by 
plane methods two means in continuous proportion, 
and he even asked that I should look into the matter 
and comment on his construction, which is after this 
manner.% 
(c) THe Tueory or Means 
Ibid. iii. 11. 28, ed. Hultsch 68. 17-70. 8 

The second of the problems was this : 

A certain other [geometer] set the problem of 
exhibiting the three means in a semicircle. Describ- 
ing a semicircle ABI’, with centre E, and taking any 
point A on AI’, and from it drawing AB perpendicular 
to ED, and joining EB, and from A drawing AZ 
perpendicular to it, he claimed simply that the three 
means had been set out in the semicircle, ET’ being 
the arithmetic mean, AB the geometric mean and 
BZ the harmonic mean. 


B 


A E os 


That BA is a mean between AA, AT in geometrical 
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Th YEwper purhh dvahoyia, 9 Se EY rév AA, AT" 
év TH d.pelpnruc peodryTe, pavepov. eo yap 
ws pev an AA mpos AB, v] AB zpos AT, as b€ 7; 7 
AA Tos éaurqy, otrws 7 Tov AA, AE stzepoy7, 
TouTéoTw a Tov AA, ED, 70s ry vav EY, TA. 

mas be al 7 ZB péon éorly THs appovrts pcod~ 
THTOS, 7} Toiwy evdedv, ovK etzev, pdvov dé 6 ore 
Tpirn dvddoydy éoTw Tov EB, BA, dyvody Ort 
ano Tév EB, BA, BZ é ev 7H yewpeTpuch avadoyla 
odody mAdaoeras a approver) pecorns. deux Oi} 
geTaL yep tp’ pav torepov ore do ai EB xat 
Tpeis at AB Kal pia ai BZ as pia ovvrebetoae 
Towdoe TV peilova dixpay Tijs dppovurctis peod- 
THTOS, dvo be at BA Kal pia 4 BZ rip péony, pia 
dé 4 BA kat pia 4 BZ tiv edaxtorny. 


(d) Tue Parapoxes or Erycinus 
Ibid. iii. 24. 58, ed. Hultsch 104. 14-106. 9 
To d€ tpirov T&v mpoBAnudrwr iv 7d8e. 
"Eotw tpiywrov dpfoywuov to ABI’ dpbyv 


A 
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proportion, and EI between AA, AT in arithmetical 
proportion, is clear. For 

AA: AB=AB:AYL, [Euel. iii. 31, vi. 8 Por. 
and AA: AA=(AA- AE): ED -TA) 

=(AA-ET) : (ET -TA). 

But how ZB is a harmonic mean, or between what 
kind of lines, he did not say, but only that it is a 
third proportional to EB, BA, not knowing that from 
EB, BA, BZ, which are in geometrical proportion, 
the harmonic mean is formed. For it will be proved 
by me later that a harmonic proportion can thus be 
formed— 

greater extreme =2EB +3AB +BZ, 

mean term =2BA +BZ, 

lesser extreme = BA +BZ.9 


(d) Tue Parapoxes or Erycinus 
Ibid. iii. 24, 58, ed. Hultsch 104. 14-106. 9 


The third of the problems was this : 
Let ABP be a right-angled triangle having the 


* It is Pappus, in fact, who seems to have erred, for BZ is 
a harmonic mean between AA, AT’, as can thus be proved : 

Since BAE is a right-angled triangle in which AZ is per- 
pendicular to BE, 
a BZ: BA=BA: BE, 


tas) BZ. BE=BA?=AA. AY. 

But BE=}(AA+AL); 

“. BZ(AA +AT)=2AA. AT. 

“ AA(BZ - AT) =AT(AA - BZ), 

ie, AA: AT =(AA~BZ) : (BZ- AT), 


and .°. BZ is a harmonic mean between AA, AT. 
The three means and the several extremes have thus been 
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éyov THY B yaviav, Kat Sunx8w tis 4 AA, Kai 
ketoOw 71H AB ion 4 AE, kai Sixa tynbelons ris 
EA xara 76 Z, kat emlevylelons tAS ZT Sei€au 
ovvapdorépas tas AZT dbv0 mAcupds evrdos tod 
tptywvou peilovas T&v eKTds avvapotépwv TaY 
BAD wAeupdr. 

Kai gore SfAov. éeret yap ai TZA, rouréorw 
ai TZE, tHs TA petloves ciaw, ton dé 4 AE rH 
AB, af ZA dpa dv0 tév TAB peiovds ciow. .. 

7AM’ dtu TobTo pév, dws dv tis €PéAot mpo- 
relvew, ameipaxas SetxvuTar SiAov, odk dKatpov 
Sé xafoducwtepov wept THY ToLovTwY mpoPAnudTwv 
SiadaPetv dad tHv depopevwy rapaddfwv ’Hpuxivou 
mpoTeivovTas oUTWS. 


(e) Tur Recutar Sorips 
Ibid. iii. 40. 75, ed. Hultsch 132. 1-11 


Eis tiv Sobctcav odaipay eyyparysa ta mete 
mroveSpa, mpoypdperat Se Tade. 

"Eorw év odaipa xixdos 6 ABI’, od didperpos 
¢ A f 4 A # J A 
4% AD Kat «évrpov 76 A, Kal mpoxeicbw eis tov 





represented by five straight lines (EB, BZ, AA, AT, BA). 
Pappus takes sia lines to solve the problem. He proceeds to 
define the seven other means and to form all ten means as 
linear functions of three terms in geometrical progression 
(v. vol. i. pp. 124-129). 
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angle B right, and let AA be drawn, and let AE be 
placed equal to AB, then if EA be bisected at Z, and 
ZT be joined, to show that the sum of the two sides 
AZ, Z1' within the triangle, is greater than the sum 
of the two sides BA, AI’ without the triangle. 

And it is obvious. For 


since TZ +ZA>TA, [Bucl. i. 20 
1.e., TZ +ZE>TA, 
while AE=AB, 
[UZ4+ Zh 4+ bA=VA+A 
1.€.5] TZ4+ZA>VTA+AB.... 


But it is clear that this type of proposition, accord- 
ing to the different ways in which one might wish to 
propound it, can take an infinite number of forms, 
and it is not out of place to discuss such problems 
more gencrally and [first] to propound this from the 
so-called paradoxes of Erycinus.4 


(e) Tue Reeunar Sorips ? 
Ibid. iii, 40. 75, ed. Hultsch 132. 1-11 


In order to inscribe the five polyhedra in a sphere, 
these things are premised. 

Let ABI’ be a circle in a sphere, with diameter AT 
and centre A, and let it be proposed to insert in the 


* Nothing further is known of Erycinus. The proposi- 
pine Dest investigated are more elaborate than the one just 
solved. 

> This is the fourth snbject dealt with in Coll. iii. For 
the treatment of the subject by earlier geometers, v. vol. i. 
pp. 216-225, 466-479. 
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KUKAov euBareiy edfetay mapdAAnrov pev 7H AT 
Siaperpw, tony b€ rH S00cion pr) peilov. oton Tis 
AD 8caperpov. 


wa. Se 


Ketobu TH jpsocia THs Sobetons i lon 7 E 
7h AT Siaperpe Hx8a pos opBas 4 EB, rq Se 
ar mapddnros 7 » BZ, Fris ton eorat f Sobcion: 
SumAR yap e€orw ris EA, evel kat ion TH EH, 
mapadAnrou axbeions ris ZH 77 BE. 


(f) Extension or Pytuacoras’s THEOREM 
Ibid. iv. 1. 1, ed. Hultsch 176. 9-178. 13 
"Edy 7} tpiywvov ro ABT, «at dad r&v AB, 
BI dvaypady tuydvta mapadAndAdypappa Ta 
ABAE, BI'ZH, xai ai AE, ZH eéxBAnédow 
ent 76 O, Kai emlevx09 7 OB, yiveras ra ABAE, 
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circle a chord parallel to the diameter AT and equal 
to a given straight line not greater than the diameter 
AT. 

Let EA be placed equal to half of the given straight 
line, and let EB be drawn perpendicular to the dia- 
meter AT’, and let BZ be drawn parallel to AT; then 
shall this line be equal to the given straight line. 
For it is double of EA, inasmuch as ZH, when drawn, 


is parallel to BE, and it is therefore equal to EH.4 


(f) Exrension or Pytuacoras’s THEoreM 
Ibid. iv. 1. 1, ed. Hultsch 176. 9-178. 13 


If ABI’ be a triangle, and on AB, BI’ there be 
described any parallelograms ABAE, BIZH, and 
AE, ZH be produced to 0, and OB be joined, then the 


* This lemma gives the key to Pappus’s method of inscrib- 
ing the regular solids, which is to find in the case of each 
solid certain parallel circular sections of the sphere. In the 
case of the cube, for example, he finds two equal and parallel 
circular sections, the square on whose diameter is two-thirds 
of the square on the diameter of the sphere. The squares 
inscribed in these circles are then opposite faces of the cube. 
In each case the method of analysis and synthesis is fol- 
lowed. The treatment is quite different from Euclid’s. 
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BY'ZH aapaddAnrdypappa toa 7H bd trav AT, 
OB weprexouévw mapaddAnroypdppw ev ywvia A 
€otw ion ovvapdotépw tH tad BAT, AOB. 





"ExBeBArjobw yap 7 OB emi ra K, nat dia rdv 
A, T r§ OK mapaddndro. yyxOwoov af AA, TM, 
Kai emeledxOw 4 AM. ézel mapadAndAdypaypov 
éorw 76 AAOB, at AA, OB toa ré etow Kat 
mapdAAnror. dpotws cat at MI, OB ioa ré 
elow Kal mapdAAnAa, wate kat af AA, MI toate 
Té elow Kal mapdAdynro. xai at AM, AI dpa 
toat Te Kal mapdAAndAoi etow: mapadAAnAdypappov 
dpa éoriy TO AAMT ev ywvia rH bad AAT, tour- 
éotw ouvapdorépw tH Te tro BAT kai dad 
AOB-: ion yap eorw 7 dd AOB rH bad AAB. 
kai evel To AABE wapadAnAdypappov 7 AABO 
isov €oriv (emi te yap Tis adtis Baceds eorw 
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parallelograms ABAK, BI'ZH are together equal to 


the parallelogram contained by AI, OB in an angle 
which is equal to the sum of the angles BAT, 


AOB. 


For let @B be produced to K, and through A, I let 
AA, IM be drawn parallel to OK, and let AM be 
joined. Since AAQB is a parallelogram, AA, OB are 
equal and parallel. Similarly MI, OB are equal and 
parallel, so that AA, MI are equal and parallel. And 
therefore AM, AI are equal and parallel; therefore 
AAMT is a-parallelogram in the angle AAT, that is 
an angle equal to the sum of the angles BAI’ and 
AOB; for the angle AOB=angle AAB. And since 
the parallelogram AABE is equal to the parallelogram 


AAB6 (for they are upon the same base ABR and in the 
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vhs AB xal év rats adrais mapaAdjAos rais AB, 
AO), ddd 76 AABO 7G AAKN loov éoriv (emt 
te yap tis atris Bdoews eorw tis AA xal & 
rais abrais mapadAjrots tais AA, @K), Kai rd 
AAEB dpa 7@ AAKN ioov éoriv. 81a 7a adra 
kat 76 BHZI 7@ NKIM loov é€oriv: 7a dpa 
AABE, BHZI sapaAAnAdypappa 7 AATM too 
éoriv, routéorw TH bad AI’, OB ev ywvig 717 bird 
AAT, % éotw ion ovvaydorépas tais tno BAT, 
BOA. xal gore roito KaboAuKw@Tepov TOMB Tod 
év trois dpboywrios ext rdv tetpaywvuwv év tots 
Drowyetouws Sederypevov. 


(g) Cincies InscriBeD IN THE dpfyos 
Ibid. iv. 14. 19, ed. Hultsch 208. 9-21 


Déperar ev Tiow apxaia mpdracis Toiatry: 
SroxeicOw tpia ypiKikAia epamrépeva dAdjAwv 





A E r 
7a ABI, AAE, EZI, kai els 76 petagd trav 


mrepipeperav abtav xwptor, 6 §} xadofow dpByAov, 
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same parallels AB, A@), while AABO=AAKN (for 


they are upon the same base AA and in the same 
parallels AA, OK), therefore AAEB=AAKN. By 
the same reasoning BHZT=NKI"M; therefore the 
parallelograms AABE, BHZI’ are together equal to 
AAIM, that is, to the parallelogram contained by 
AT’, 6B in the angle AAI’, which is equal to the sum 
of the angles BAI, BOA. And this is much more 
general than the theorem proved in the Elements 


about the squares on right-angled triangles.® 


(g) Crrctes InscriBeD IN THE épByAos 
Ibid. iv. 14. 19, ed. Hultsch 208. 9-21 


There is found in certain [books] an an~“ent pro- 
position to this effect: Let ABI, AAE, ZI be 
supposed to be three semicircles touching each other, 


and in the space between their circumferences, which 


® Eucl. i. 47, v. vol. i. pp. 178-185. In the case taken by 
Pappus, the first two parallelograms are drawn outwards and 
the third, equal to their sum, is drawn inwards. If the areas 
of parallelograms drawn outwards be regarded as of opposite 
sign to the areas of those drawn inwards, the theorem may 
be still further generalized, for the algebraic sum of the three 
parallelograms is equal to zero. 
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> 
eyyeypad@woav Ki«dAor edamropevor TOV TE Hyu- 
KukAiwy Kal adAjAwy dscoidyzoTody, ws of mept 


Kéevtpa 7a TH, O, K, A> Set€ar tiv péev dad 100 H 


Kévtpov Kdberov émi rav AT tony 7H Siaperpw 
~ ‘ A a 5 > > A ~ 4 

tov wept 70 H Kxvxdov, tiv 8 amo Tod O xadberov 

SimAaciav ris Svapérpov rob wept 76 © KvKAov, 


thy 8 amd toi K xdberov tpimAaciav, Kal Tas. 
é&fs Kabérovs tOv olketwy Siapérpwv odAa-. 


mAacias Kata Tovs é€fs povad: aAAjAwy drep- 
éxovras apiOwovs én’ dmeipov yiwopevns Ths TOv 
KUkdwy éyypadijs. 


(A) Serra, on a SPHERE 


Ibid. iv. 35. 53-56, ed. Hultsch 264. 3-268. 21 


"Qonep ev emiméSw voetrat ywopevn tis ede 
fepopévou onueiov kat’ edbeias KdKAov Tepuypa- 
govons, Kal emt orepedv depopévov onpelov Kara 
pds mAeuvpas tu’ emddvercavy mreprypadovons, 

oe 4 ‘ : | 2 ca ~ > , , 
ovTws 67 Kal emt ofaipas édixa voeiv axddov0dv 
€oTt ypadopevny Tov TpdTrov ToTov. 

"Eotw ev odaipa péyvotos KixAos 6 KAM sept 
moAov TO © onpyeiov, Kal dad Tod © peylorov 


2 Three propositions (Nos. 4, 5 and 6) about the figure 
known as the dpBydos from its resemblance to a leather- 
worker’s knife are contained in Archimedes’ Liber Assump- 
torum, which has survived in Arabic. They are included as 
particular cases in Pappus’s exposition, which is unfortunately 


. 


too long for reproduction here. Professor D’Arcy W. Thomp- ° 
son (The Classical Review, lvi. (1942), pp. 75-76) ae reasons © 


for thinking that the dpByAos was a saddler’s knife rather 


than a shoemaker’s knife, as usually translated. 
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is called the ‘‘ leather-worker’s knife,” let there be in- 
scribed any number whatever of circles touching both 
the semicircles and one another, as those about the 
centres H, 0, K, A; to prove that the perpendicular 
from the centre H to AI’ is equal to the diameter of 
the circle about H, the perpendicular from 0 is double 
of the diameter of the circle about 0, the perpen- 
dicular from K is triple, and the [remaining] per- 
pendiculars in order are so many times the diameters 
of the proper circles according to the numbers in a 
series increasing by unity, the inscription of the 
circles proceeding without limit.4 


(h) Spina on a SPHERE ® 
Thid. iv. 35. 53-56, ed. Hultsch 264. 3-268. 21 


Just as in a plane a spiral is conceived to be gener- 
ated by the motion of a point along a straight line 
revolving in a circle, and in solids [,such as the cylinder 
or cone,|* by the motion of a point along one straight 
line describing a certain surface, so also a correspond- 
ing spiral can be conceived as described on the sphere 
after this manner. 

Let KAM be a great circle in a sphere with pole 0, 
and from 0 let the quadrant of a great circle ONK be 


> After leaving the dpBnAos, Pappus devotes the remainder 
of Book iv. to solutions of the problems of doubling the-eube, 
squaring the circle and trisecting an angle. This part has 
been frequently cited already (v. vol. i. pp. 298-309, 336-363). 
His treatment of the spiral is noteworthy because his method 
of prot is often markedly different from that of Archimedes ; 
and in the course of it he makes this interesting digression. 

¢ Some such addition is necessary, as Commandinus, 
Chasles and Hultsch realized, 
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Kdxdov TETAPTHLOpLov yeypapbes 70 ONK, xalt 
9 pev ONK repupepeta, mreph 76 .C) Hévov deponern 
kata Tis emdavelas ws ent ta A, M pep, 





droxaherdobu médw ent 6 aid, onyetov dé 
te hepdpevor én’ abrijs dard too © émi 76 K zrapa- 
yeveobeo ypager 87 Twa ent Tijs émaveias eixa, 
ota éoriy 9 OOIK, Kai yrs dv dard Tod © ypadq 
preylorov xUxAov mrepipepeia,, mpos Thy KA szrepi- 
pépevav Adyov exer ov 7 AO m™pos THV 60- Adyeo 
dn 6 Ort, av exrebh TeTapTny.sprov Tod peylorou ev 
TH ofaipa xbKhov TO ABE mrepl KévTpov vo A, kal 
embevx Of} } DA, yiverau ws % TOD ‘ysogaipion 
émupdvera, mpos thy perabd THs OOIK eXixos Kal 
Tis KNO mepipepeias drrodapBavoperny émpdvetay, 
ovTws 6 ABTA Topeds mpos 76 ABI TH HPA. 

"Hxbw yap éparropevn Tis mepepepeias 4 TZ, 
Kal mepl KévTpov To r Sed Tob A yeypagber Tepi~ 
dépera 4 AEZ: tcos dpa 6 ABIA zopeds 7h 
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described, and, 9 remaining stationary, let the are 
ONK revolve about the surface in the direction A, M 


A A 


and again return to the same place, and [in the same 
time] let a point on it move from 0 to K ; then it will 
describe on the surface a certain spiral, such as OOIK, 
and if any arc of a great circle be drawn from 0 [cut- 
ting the circle KAM first in A and the spiral first in O], 
its circumference ? will bear to the arc KA the same 
ratio as AQ bears toOO. Isay then thatif a quadrant 
ABD of a great circle in the sphere be set out about 
centre A, and IA be joined, the surface of the hemi- 
sphere will bear to the portion of the surface inter- 
cepted between the spiral OOIK and the are KNO 
the same ratio as the sector ABTA bears to the 
segment ABI. 

For let 'Z be drawn to touch the circumference, 
and with centre I‘ let there be described through A 
the arc AEZ; then the sector ABTA is equal to the 


* Or, of course, the circumference of the circle KAM to 
which it is equal. 
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AEZD (Surdacia pev yap 7 mpos 7m A yeovia. Ths 
vo AYZ, Tsou de 78 dnd AA 70d dad AT): 
OT. dpa Kat ws at elpnuevar emupdverat mpdos 
GAdjAas, odtws 6 AEZI ropeds apds to ABT 
THEA. 
“Eorw, 6 pépos KA mrepudépeva THs OAns TOO 
KuKhou Tepidepetas, Kal 76 ado Hépos mrepipéepera 
4 ZE tijs ZA, Kal enelevxbw 1 9 ED: eorat oy kab 
; BI rijs ABI 76 adr HéEpos. 6 be pépos 4 KA 
rhs éAns mepidepetas, 7 76 abTo Kal 4 ©0 Tis 
A. kal €orw ton 7 OOA 7H ABI’: é ton dpa. 
cat 7 OO rH BY. yeypades mept moAov tov of 
Sud Tod .@) mepupépeta 2 ON, Kat 81a. rod B epi 
70 T xévrpov % BH. emet oov ds 7 AKO odatpucr 
emipavera mpos id OON, 4, 6An Tob jywoparpiou 
emipdveva mpos THY Tob THNpATOS emupdverav ob 
4 €k Tob méAou eotiv 4} OO, ws 8 F rot jurodat- 
plov émddveia mpos Tv Tob TunuaTos éemipdverav, 
otTws €oTiv 76 amo Tijs 7a ©, A emlevyvuovans 
eveias TeTpaywvov ™pos To and Tis emt Ta QO, 
0, 4 76 dar6 Tis EP _TeTpaywvov mpos To dio tis 
Br, eorat dpa Kal ws 6 KAO Topevs ev TH ém= 
gavel a™pos Tov OON, ovTws 6 EZT Topeds mpos 
tov BHT. sépotws BeiLouer 6ru kal ws mavres 
of ev TH Hprodaipiw Topets of too. 7H KAO, of 





* Pappus’s method of pret is, in the Archimedean manner, 
to cireumscribe about the surface to be measured a figure 
consisting of sectors on the sphere, and to circumscribe about 
the segment ABF a figure consisting of sectors of circles ; in 
the same way figures can be inscribed. The divisions need, 
therefore, to be as numerous as possible. The conclusion 
can then be reached by the method of exhaustion. 
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sector AEZI (for angle AAT =2 -angle ATZ, and 
AA?=4AT?) 5 I say, then, that the ratio of the afore- 
said surfaces one towards the other is the same as 
the ratio of the sector AEZI’ to the segment ABP. 
Let ZE be the same [small] ¢ part of ZA as KA is 
of the whole circumference of the circle, and let EI 
be joined ; then the are BI’ will be the same part of 
the are ABT.’ But 900 is the same part of OOA as 
KA is of the whole circumference [by the property of 
the spiral]. And arc @OA=are ABI [ex construc- 
tione). Therefore 9O=BI. Let there be described 
through O about the pole 0 the are ON, and through 
B about centre [ the are BH. Then since the [sector 
of the] spherical surface AK® bears to the [sector] 
OON the same ratio as the whole surface of the hemi- 
sphere bears to the surface of the segment with pole 
96 and circular base ON,° while the surface of the 
hemisphere bears to the surface of the segment the 
same ratio as GA? to O02,4 or El’? to BI, therefore 
the sector KAO on the surface [of the sphere] bears 
to OON the same ratio as the sector EZI' jin the 
plane] bears to the sector BHI. Similarly we ma 
show that all the sectors [on the surface of] the hemi- 


® For arc ZA:are ZE=angle ZPA:angle ZTE. But 
angle ZTA=}.angle AAT, anal angle ZTE=}. angle BAT 
[Eucl. iii. 32, 20)... are ZA: arc ZE=are ABI: arc BI. 

* Because the arc AK is the same part of the circumference 
KAM as the are ON is of its circumference. 

4 The square on QA is double the square on the radius of 
the hemisphere, and therefore half the surface of the hemi- 
sphere is equal to a circle of radius @A [Archim. De sph. et 
cyl. i. 33]; and the surface of the segment is equal to a circle 
of radius OO [ibid. i. 42]; and as circles are to one another as 
the squares on their radii [Fucl. xii. 2], the surface of the 
beepers bears to the surface of the segment the ratio 

A? : 00% 
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elow 7 6An Tod Huichatpiov emddvera, mpds Tods 
Teptypapojevous Trepi Thy EAiKa Topéas dporayels 
t@ OON, otras mavres of €v 7H AZT ropeis ot 
toot v@ EZD, rovréorw dios 6 AZT Topevs, mpos 
Tous mreprypapop.dvous mrept 7o ABL T pao. TOUS 
oporayets TO r BH. 7@ 8 abrt& rpdmw BerxOy- 
cero Kal ds 4 Tod tyucdaiplou empdvera mpds 
TOUS eyypagopievous TH eAiKt rTopéas, otrws 6 
AZP TOPLESS pos, TOUS eyypagopevous 7@ ABIL 
TEHATL Topéas, wore Kal ds 4 708 Apuodarplov 
emipaveta mpos THY Uae THs eAiKos dzoAapBavo- 
pevny émupdaverav, odrws 6 AZP Topeus, TouTéoTw 
TO ABPA TETApTHLOpLOV, mpos TO ABI TpHpo.. 
ouvayerar Sé Sia TovTov 7 pev dard Ths éAucos 
drroAapBavopevn emupdvera ™pos Hy ONK zepi- 
pépevav oxramAacia tot ABT THHBATOS (ezret 
Kal 7 Tob Tproparpiov emupdvera. to} ABA 
Topéws), 4 S¢ pera€d ris eAukos Kal ris Bdcews 
Tod yuodaipiov émddvera dxramAacia too ATA 
Tprycvov, Tovtéotw ion T@ amo Tis Siayérpov 
Ths opaipas TeTpaywve. 


® This would be proved by the method of exhaustion. It 
is proof of the great part played by this method in Greek 
geometry that Pappus can take its validity for granted. 

» For the surface of the hemisphere is double of the circle 
of radius AA [Archim. De sph. et cyl. i. 33] and the sector 
ABTA is one-quarter of the circle of radius AA. 

¢ For the surface between the spiral and the base of the 
hemisphere is equal to the surface of the hemisphere less the 
surface cut off from the spiral in the direction ONK, 


i.e. Surface in question =surface of hemisphere — 
8 segment ABI, 
=8 sector ABI'A - 8 segment AB’ 
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sphere equal to KAO, together making up the whole 
surface of the hemisphere, bear to the sectors de- 
scribed about the spiral similar to OON the same ratio 
as the sectors in AZT equal to EZI, that is the whole 
sector AZI, bear to the sectors described about the 
segment ABI similar to [BH. In the same manner 
it may be shown that the surface of the hemisphere 
bears to the [sum of the] sectors inscribed in the 
spiral the same ratio as the sector AZI" bears to the 
{sum of the] sectors inscribed in the segment ABI’, 
so that the surface of the hemisphere bears to the 
surface cut off by the spiral the same ratio as the 
sector AZI’, that is the quadrant ABI'A, bears to 
the segment ABI’. From this it may be deduced 
that the surface cut off from the spiral in the direction 
of the arc ONK is eight times the segment ABI (since 
the surface of the hemisphere is eight times the 
sector ABIA),? while the surface between the spiral 
and the base of the hemisphere is eight times the 
triangle AIA, that is, it is equal to the square on 
the diameter of the sphere.° 





=8triangle ATA - 
=4AA? 
=(2AA)*, 

and 2AA is the diameter of the sphere. 

Heath (H.G.M., ii. 384-385) gives for this elegant propel: 
tion an analytical equivalent, which I have adapted to the 
Greek lettering. If p, w are the spherical co-ordinates of O 
with reference to © as pole and the are ONK as polar axis, 
the equation of the pe is w=4p. If A is the area of the 
spiral to be measured, and the radius of the sphere is taken 
as unity, we have as the element of area 


dA =do1 - cos p) =4dp(1 - cos p). 
587 


GREEK MATHEMATICS 


() Isopertmerric Figures 
Ibid. v., Fraef. 1-3, ed. Hultsch 304. 5-308. 5 


Lodias kal palyudrwy evvoray dpiorny mév Kai , 
TeAcvordrny avOpesrrors eds euxev, @ Kpdriore 
MeyeOiov, é ex pépous 5€ mov Kal tev dASyoov Sao 
potpay Garé venpev Tow. avOpdrors pev obv are 
Aoyucots oda 70 pera Adyou Kal arrodeifews 
mapéoxev éxaora. motetv, Tots be Aourois Eqous 
dvev Adyou 70 Xpiiorpov kat Brcopedes adTo pLovov 
kata Twa puoixny mpovoray éexdatos Exew edwpr- 
gato. Tobro bé pador Tis av Umdpyov kal ev érépois 
pev mAeioTots yeveow | TOV ldo, od7x irwora bé 
Kay Tais pedicoas: a TE yap edragia Kal mpos 
Tas Wyoupevas TAs év abvrais moduretas edrretBeva 
Bovpacry tts, 4 Te diroryuta Kal xabapiorns a 
mept TH TOO peduros owvaywyiy Kal  mept TH 
dudaxny atrod mpdvoia Kai oikovopia TOAD padAov 
favpaciutépa. memorevpevar ydp, ws «iKds, 
mapa Gedy Kopilew rots tv avOpdmewv povarkots 





dn 
oe 7 A =| 4dp(1 ~ cos p) 
° 
=Qr-~A, 
2 —_ A _oa-4 
“ surface of hemisphere 22 
_iv-} 
da 
a cement ABT 
sector ABrA® 


* The whole of Book v. in Pappus’s Collection is devoted 
to isoperimetry. The first section follows closely the exposi- 
tion of Zenodorus as given by Theon (v. supra, pp. 386-395), 
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(®) Isoperimetric Figures @ 
Ibid. v., Preface 1-3, ed. Hultsch 304. 5-308. 5 


Though God has given to men, most excellent 
Megethion, the best and most perfect understanding 
of wisdom and mathematics, He has allotted a partial 
share to some of the unreasoning creatures as well. 
To men, as being endowed with reason, He granted 
that they should do everything in the light of reason 
and demonstration, but to the other unreasoning 
creatures He gave only this gift, that each of them 
should, in accordance with a certain natural fore- 
thought, obtain so much as is needful for supporting 
life. This instinct may be observed to exist in many 
other species of creatures, but it is specially marked 
among bees. Their good order and their obedience 
to the queens who rule in their commonwealths are 
truly admirable, but much more admirable still is their 
emulation, their cleanliness in the gathering of honey, 
and the forethought and domestic care they give to 
its protection. Believing themselves, no doubt, to 
be entrusted with the task of bringing from the gods 
to the more cultured part of mankind a share of 


except that Pappus includes the proposition that of all circular 
segments having the same circumference the semicircle is the 
greatest. ‘The second section compares the volumes of solids 
whose surfaces are equal, and is followed by a digression, 
already quoted (supra, pp. 194-197) on the semi-regular 
solids discovered by Archimedes. After some propositions 
on the lines of Archimedes’ De sph. et cyl., Pappus finall 
proves that of regular solids having equal surfaces, that is 
greatest which has most faces. 

The introduction, here cited, on the sagacity of bees is 
rightly yaad by Heath (H.G.M. ii. 389) as an example of 
the good style of the Greek mathematicians when freed from 
the restraints of technical language. 
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Tis dp Bpoatas drrépoupay Twa Tadray od wdrny 
éxxeiv eis yhv Kat EvAov 7 Twa érépay doxnpova 
Kat draxrov UAnv 7fiwaar, dn’ ék Tay BOotoTwy 
emt yis guopevwv avOéwy ovvdyovoat Ta a 
KaracKkeualovow ex Tovrwy cis THY Tod péAuTOS 
brodoxyiy ayyeia ta Kadodpeva Kynpia mdvTa peév 
Gyros toa Kal Gpowa Kal mapake(ueva, TH Se 
THAT édywva. 

Todo s ore xard Twa yewpeTpucny Enxavavrat 
mpdvouay ores dy pdboev. mdvTws péev yap 
@ovro Selv Ta oxHpata mapaxeicbai te ddAjAoS 
kal Kowwvely Kata Tas mAcupds, iva pH Tois 
peraéd rapamdAnpwapacw ¢unintovTad twa erepa 
Avpyvntat adbrav Ta épya* Tpia bé oxnpara edOu- 
Ypapipa TO} Tporetpevov emuTeAciv eduvaro, Adyeo 
de€ Teraypeva 7a lodmAcupa TE Kat looywua, Ta. 
5’ avopowa tais peAicoais obk Ypecev. Ta pev 
otv lodmAevpa tpiywva Kal terpdywva Kal 7a 
éfdywva ywpis avopoiwy mapatAnpwudtwv aAdj- 
Aois ddvarat Tapaxeipeva Tas mAeupas Kowas 
exewv [radra! yap dvvatae oupaThnpobv é€ atrav 
Tov mepe TO ab7d onpetov Tomov, érépw dé TeTay~ 
per oxtpate Todo movety ddivaror]. * 6 ydp 
mepl Td adro onpcioy Tém0S bm0 . bev TpLya@vey 
ioomAevpwv kal dia & ywridy, av éxdory Sipoipou 
eorlv opFijs, oupTrAnpobrat, Tecodpwy dé TeTpa~ 
yovuov Kat 6 dp0aev youey [adrob], : _TPuey é 
éLaywvwv Kal éLaywvou yoovediy Tpidv, cy éxdorn 
ay’ ory dpbis. TEVTAYOVE dé Ta Tpta. pev od 
pOdtver oupTrAnpa@aat Tov Trepl TO abdro onpictov 
ToTOV, drrepBdAex 3¢ ta _tésoapa- tpeis pev yap 
rob nevraywvov ywriat § dpbdv éAdcaoves ciow 
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ambrosia in this form, they do not think it proper to 
pour it carelessly into earth or wood or any other 
unseemly and irregular material, but, collecting the 
fairest parts of the sweetest flowers growing on the 
earth, from them they prepare for the reception of 
the honey the vessels called honeycombs, [with cells] 
all equal, similar and adjacent, and hexagonal in form. 

That they have contrived this in accordance with a 
certain geometrical forethought we may thus infer. 
They would necessarily think that the figures must 
all be adjacent one to another and have their sides 
common, in order that nothing else might fall into the 
interstices and so defile their work. Now there are 
only three rectilineal figures which would satisfy the 
condition, I mean regular figures which are equilateral 
and equiangular, inasmuch as irregular figures would 
be displeasing to the bees. For equilateral triangles 
and squares and hexagons can lie adjacent to one 
another and have their sides in common without 
irregular interstices. For the space about the same 
point can be filled by six equilateral triangles and six 
angles, of which each is 3.right angle, or by four 
" squares and four right angles, or by three hexagons 
and three angles of a hexagon, of which each is 
1}. right angle. But three pentagons would not 
suffice to fill the space about the same point, and four 
would be more than sufficient ; for three angles of 
the pentagon are less than four right angles (inasmuch 


1 tadra . . . ddvvarov om. Hultsch. 
* “ atro6 spurium, nisi forte atrév dedit scriptor ’— 
Hultsch, 
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(éxdorn yap yeovia pds Kat €’ éoriv opOijs), 
Técoapes Oe ywvia psilous Tay Tecodpuy opbar. 
éentaywva dé ovdé tpia wept Td adTd onpetov 
dvvarat TibeaPar Kata Tas TAEUpas GAAHAOLS TApa- 
keieva’ Tpeis yap éntaydvou ywrias Teccdpwv 
opldrv peiloves (Exdorn ydp éorw pds dpOs Kat 
Tpiav €Bddcuov). ere dé uGAdov éexi TOv ToAvywvo- 
Tépwy 6 avtds epappdoat SuvijceTas Adyos. OvTwY 
87) obv tpidv cynudtwv trav e€ atrav duvapévwv 
cupmAnpGoa, Tov wept To adTd onpueciov Tdmov, 
Tpywvou Te Kal TeTpaywvouv Kal é€aywvov, 7d 
moAuywvdtepov etAavTo dia THY codiav at péAcooa 
T™pos THY TapacKevyy, are Kal mAciov éxarépov 
trav Aomdv adro ywpetv brodapPdvovoa pers. 

Kai ai péAtooa pev To xpioysov adtrats émi- 
eravTat povov Tobl” ért To eEdywvov Tod TeTpa- 
yavou Kal Tob Tpryw@vov peildv eorw Kal ywphaat 
dvvarat metov ped. THs tons eis THY exdoTou 
KaTacKenny dvahoKopérys trys, tyuets be méov 
Tov peAcoayv oodgias Hépos éxew Umeaxvovpevor 
Enrijoopev Te Kat qmepioodtepoy. Tov yap tony 
ex ovT@ TE piieTpov toomAetpuv Te Kal looywviey 
éemméiwy axnpdtwy peildv eotw del Td TroAv- 
yovdrepoy, peyeoros 3° a7 maow 6 KvKAos, STav 
tonv adrots mepiwerpov éxn. 


(j) Apparent Form or a Circie 
Ibid. vi. 48. 90-91, ed. Hultsch 580. 12-27 


"“Eorw xixdos 6 ABI, 05 Kévrpov 76 E, Kab 
amo to8 E mpds dpbds €or 7@ Tod KvKAov émi- 
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as each angle is 1} . right angle), and four angles are 
greater than four right angles. Nor can three hepta- 
gons be placed about the same point so as to have 
their sides adjacent to each other ; for three angles 
of a heptagon are greater than four right angles 
(inasmuch as each is 13. right angle). And the same 
argument can be applied even more to polygons with 
a greater number of angles. There being, then, 
three figures capable by themselves of filling up the 
space around the same point, the triangle, the square 
and the hexagon, the bees in their wisdom chose for 
their work that which has the most angles, perceiving 
that it would hold more honey than either of the 
two others, 

Bees, then, know just this fact which is useful to 
them, that the hexagon is greater than the square 
and the triangle and will hold more honey for the 
same expenditure of material in constructing each. 
But we, claiming a greater share in wisdom than the 
bees, will investigate a somewhat wider problem, 
namely that, of all equilateral and equiangular plane 
jigures having an equal perimeter, that which has the 
greater number of angles is always greater, and the 
greatest of them allis the circle having its perimeter equal 
to them. 


(7) Apparent Form or 4 Cincie 
Ibid. vi. 48. 90-91, ed. Hultsch 580. 12-27 


Let ABT be a circle with centre E, and from E let 
EZ be drawn perpendicular to the plane of the circle ; 


? Most of Book vi. is astronomical, covering the treatises 
in the Little Astronomy (». supra, p. 408 n.b). The proposi- 
tion here cited comes from a section on Euclid’s Optics. 
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médw % EZ: Adyw, érv édv ent THs EZ 76 dupa 
TeOR toot at Siudpetpor daivovras Tob KUKAov. 


Z 





Todro 5é SHAov: daacas yap ar dad Tob Z mpos 
tiv TOD KUKAOY Tepipeperay TpooTintovaa. Edfetat 
igat eloiv dAAtjAats Kat loas ywrias mepexovow. 

My) éotw 5é€ 7) EZ mpds dpbas 7@ Tod KUKAov 
emmédw, ton S€ éotw TH €k Tod KévTpov Tob 
KUKAov: Aéyw, Tt TO Gupatos ovros mpds TH Z 
onpeiw Kal otTws ai SudpeTpou toat dp@vTar. 

"HyOwoav yap Svo Siderpo. ai AT, BA, cat 
emelevx0woay ai ZA, ZB, ZV, ZA. eénei al 
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I say that, if the eye be placed on EZ, the diameters 
of the circle appear equal.4 


Zi 


B 
iS 


This fs obvious ; for all the straight lines falling 
from Z on the circumference of the circle are equal 
one to another and contain equal angles. 

Now let EZ be not perpendicular to the plane of 
the circle, but equal to the radius of the circle; I 
say that, if the eye be at the point Z, in this case also 
the diameters appear equal. 

For let two diameters AI, BA be drawn, and let 
ZA, ZB, ZI’, ZA be joined. Since the three straight 


®* As they will do if they subtend an equal angle at the eye. 
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rpeis ai EA, ET, EZ ioar ciotv, dp0y dpa 7 imo 
AZT yuvia. 8a ta adra 84 Kal 9 vmod BZA 
2 , > ” ” é « 7 
6p0y éorw: loa dpa gdavjcovrat af AT, BA 
Stduetpor. dpoiws 7) SeiLopev 67r Kal maoat. 


(4) Tue “ Treasury or ANatysis” 
Ibid. vii., Praef. 1-3, ed. Hultsch 634. 3-636. 30 


‘oO rn , > xr it ‘E 55. , : 
Kadovpevos avadvopevos, ‘Epuddwpe téxvov, 
Kata avaAdnfuv idia tis €or BAN mapeckevacpern 
pera tiv Tov Kow@y oTorxeiwy Toinow Tois 
Bovropévors avadapBdver ev ypappats Sdvapyuv 
edpeTuchy TOV TpoTewopevwy adrots mpoPAnudtwv, 
Kai els ToOTO ovov xpnoiun KabeoTdoa. yéypa- 
ara. S&€ td tpiav avdpav, EdxreiSov re rob 
Lrowvewros Kai ’AzodAwviov tod Iepyatov .xal 
’Apictaiov tod mpecButépov, Kata dvdAvow Kal 
ovvleow exyovoa tiv Epodov. 

’AvdAvais Toivuv éotiv dd0s ard Tod Entoupevov 
ds dpodoyoupévov bia tav éfjs axodovOuv émi 
tt duodroyotpevor ovvbéce: ev pev yap TH avadvoe 
76 Cnrovpevov ws yeyovds vrobduevor 7d €£ ob 
tobro ovpPaiver cKoTovpeba Kat. mdAw éxeivov 
ro mponyovpevov, Ews av ovrws davarrodilovres 
Katavrnowpev eis te TOV Fon yrupilopevw 7 
rag apyns éxdvtwy: Kal tiv Toiadrny édodov 
dvéAvow Kadodpev, olov avaradw Avow. 

"Ev 8é rH ovvOdce e& troorpopis to &v TH 
dvadices katadngbey torarov troornadmevor ‘ye- 
yovds 78n, Kal éropeva ta exet [évrai0a]' mpo- 

2 évrab$e om. Hultsch. 
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lines EA, EI’, EZ are equal, therefore the angle AZT 
is right. And by the same reasoning the angle BZA 
is right; therefore the diameters AI, BA appear 
equal. Similarly we may show that all are equal. 


(4) Tue “ Treasury or ANALysis” 
Ibid. vii., Preface 1-3, ed. Hultsch 634. 3-636. 30 


The so-called Treasury of Analysis, my dear Hermo- 
dorus, is, in short, a special body of doctrine furnished 
for the use of those who, after going through the usual 
elements, wish to obtain power to solve problems set 
to them involving curves,? and for this purpose only is 
it useful. It is the work of three men, Euclid the 
writer of the, Elements, Apollonius of Perga and 
Aristaeus the elder, and proceeds by the method of 
analysis and synthesis. 

Now analysis is a method of taking that which is 
sought as though it were admitted and passing from 
it through its consequences in order to something 
which is admitted as a result of synthesis; for in 
analysis we suppose that which is sought to be already 
done, and we inquire what it is from which this comes 
about, and again what is the antecedent cause of the 
latter, and so on until, by retracing our steps, we 
light upon something already known or ranking as a 
first principle ; and such a method we call analysis, 
as being a reverse solution. 

But in synthesis, proceeding in the opposite way, we 
suppose to be already done that which was last 
reached in the analysis, and arranging in their natural 


* Or, perhaps, ‘‘ to give a complete theoretical solution of 
probiems set to them’’; v. supra, p. 414 n. a 
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nyovpeva Kata vow rd€avtes Kal dAArAoUs 
emouv0évres, eis Tédos dgucvotpeba THS Too 
Cnroupévov Katackevis’ Kal todro Kadodpev 
ovvecow. 

Aurrov 8 early Gvadvcews yévos Td pev bnry- 
TLKOY adn Bois, 6 KaXcirar Oewpnricov, To dé 
moptoTiuKkoy Tob mporabévros [Adyew],! 6 Kadetras 
mpoBAnuariucdy. em pev odv Tod BewpyTixod 
yévous 70 Cntodpevov ws dv daobduevor Kal os 
adnbés, eira Sia trav é€Fs axorovlwy ws ddAnOdv 
kal ws éorw Kal? tadbeow mpoeAPdvres eri 7 
OpoAcyovpevoy, cay pev ddrnbés HF exeivo ro 
dpodroyovpevov, dAnbes Egrar Kal to Cyrovpevor, 
Kal % amddeEis avtiotpofos TH dvaddce, éav dé 
yevder Spodroyoupev evtdyopev, petSos Earar Kal 
76 Cnrovpevov. emt 8€ tod mpoBAnpatixod yévous 
To mpotabey ws yvwobev drofduevor, elra did 
tav és aKxodovbwv os GAnOGY mpoeAPdvres eri 
TL dpodoyoupevov, édy ev 70 dpodoyoupevov 
duvarov 7 Kal mopiatov, 6 kadodaw of amo ta&v 
pabnpdray dobév, duvardy éorar kai 7d mporabéy, 
kal madw 7 amddekis avtiatpopos tH avadvoe, 
eav S€ dduvar@ dpodoyoupery evriyopev, ddvvatov 
éarat Kal 7d mpdBAnpa. 

Tooaira pev oby rept dvadiccws Kai cvvbécews. 

Tay 6é mpoeipnevesy Tod dvadvopevou BiBAlwv 
9 takis early towdrn. EdxdAeidou Acdopévwy 
BiBrLov 4, ’ArroAAwviov Adyou dnoropis B, Xwpiov 
arotouqs B, Awpiopevns tops dv0, ’Exapdv 
duo, EvxAeiSou Tlopucpdtwy pia, ’AmoAAwviov 
Nedccwv Svo0, rod attod Témwyv émmddwyv do, 


1 Aéyew om. Hultsch. 
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order as consequents what were formerly antecedents 
and linking them one with another, we finally arrive 
at the construction of what was sought ; and this we 
call synthesis. 

Now analysis is of two kinds, one, whose object is 
to seek the truth, being called theoretical, and the 
other, whose object is to find something sct for find- 
ing, being called problematical, In the theoretical 
kind we suppose the subject of the inquiry to exist 
and to be true, and then we pass through its con- 
sequences in order, as though they also were true and 
established by our hypothesis, to something which is 
admitted ; then, if that which is admitted be true, 
that which is sought will also be true, and the proof 
will be the reverse of the analysis, but if we come 
upon something admitted to be false, that which is 
sought will also be false. In the problematical kind 
we suppose that which is set as already known, and 
then we pass through its consequences in order, as 
though they were true, up to something admitted ; 
then, if what is admitted be possible and can be done, 
that is, if it be what the mathematicians call given, 
what was originally set will also be possible, and the 
proof will again be the reverse of the analysis, but if 
we come upon something admitted to be impossible, 
the problem will also be impossible. 

So much for analysis and synthesis. 

This is the order of the books in the aforesaid 
Treasury of Analysis. Euclid’s Data, one book, 
Apollonius’s Cutting-off of a Ratio, two books, Cutting- 
off of an Area, two books, Determinate Section, two 
books, Contacts, two books, Euclid’s Poritsms, three 
books, Apollonius’s Vergings, two books, his Plane 
Loci, two books, Conics, eight books, Aristaeus’s 
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Kwvindv 7, ’Apioraiou Témwy orepedv révte, 
Evxreisov Térav r&v mpds emdaveta vo, 
*"EparooBevovs Ilepi pecotitwy S800.  yiverat 
BiBria Ay, dv Tas weproxas pexypt THv ’AmrodAcviov 
Kwvindy é&ebéunv cor mpos emicxepiv, Kal rd 
mAHGos ta&v ténwv Kal t&v Sipicpav Kat tov 
mrwocewv Kal’ éxaotov BiPAlov, adda Kat Ta 
Ajppara rd, Cnrovpeva, Kal otdeutay ev rH mpay- 
pareia, Tv PiBAtwy Katadrdrowma Cyrnow, ws 
évopulov. 


(2) Locus wrrn Respecr To Five or Six Lives 
Tbid. vii. 38-40, ed. Hultsch 680. 2-30 


"Ea > , ¢ > 4 ra 3) ’ 
dv amd twos onpelov ent Péoe SedSopévas 
ev0eias mevre Kataxldow «dOetar ev SeSopevais 
ywriats, Kal Adyos Ff SeSopdvos tod bad tprdv 
KaTnypévwv meptexouévouv arepeod mapadAnre- 
mumedouv sploywriov mpos To tnd Ta&VY AouTdV S¥vo 
KaTnypévwv Kat Soleions twos mepiexdpevov 
é > lA av A a 
mapadAnrentzedov cpOoyauov, diperat TO onpetov 
Gécet Sed0pevns ypoppis. edv Te ent F, kat Adyos 
fol A n ~ 
f} S00cis rob tno Tév tpidv Teptexopevou mpoewpy- 
pévov oTepeot mpos 76 bd TH&v Aowrdv tprdv, 
Lad A cal g 4 é 2 
mdAw TO onpetov aiberar Oder Sedopevyns. éav dé 
emt mAciovas Tav F, odkére pév exovar Aé€yew, 
“ dav Adyos F Sobcis Tob bad TeV § meprexopevov 
Twos Tpdos TO Ud TAY AoLTdY,” émel OK EoTL TE 





* These popes follow a passage on the locus with 
respect to three or four lines which has already been quoted 
(v. vol. i, pp. 486-489). The passages come from Pappus’s 
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Solid Loci, five books, Euclid’s Surface Loci, two books, 
Eratosthenes’ On Means, two books. In all there are 
thirty-three books, whose contents as far as Apol- 
lonius’s Conics I have set out for your examination, 
including not only the number of the propositions, 
the conditions of possibility and the cases dealt with 
in each book, but also the lemmas which are required ; 
indeed, I believe that I have not omitted any inquiry 
arising in the study of these books. 


(J) Locus wiru Resrect To Five or Six Lines 4 
Ibid, vii. 38-40, ed. Hultsch 680. 2-30 


If from any point straight lines be drawn to meet 
at given angles five straight lines given in position, 
and the ratio be given between the volume of the 
rectangular parallelepiped contained by three of 
them to the volume of the rectangular parallelepiped 
contained by the remaining two and a given straight 
line, the point will lie on a curve given in position. 
If there be six straight lines, and the ratio be given 
between the volume of the aforesaid solid formed by 
three of them to the volume of the solid formed by 
the remaining three, the point will again lie on a 
curve given in position. If there be more than six 
straight lines, it is no longer permissible to say “ if 
the ratio be given between some figure contained by 
four of them to some figure contained by the re- 
mainder,” since no figure can be contained in more 


account of the Conics of Apollonius, who had worked out 
the locus with respect to three or four lines. It was by 
reflection on this passage that Descartes evolved the system 
of co-ordinates described in his Géométrie. 
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mepiexdpevov bd TAeidvwv % TpLdv Siacrdcewr. 
z a e ~ ¢ x A ¢ ~ 
ouykexwpyKkac. Sé éavtots of Bpayd mpo udv 
e ta A ~ Aa ~ ra 
épunvedew Ta Toiabra, pydé &v undayds SiedAnmrov 
ZL Moe “ , : . 
onpatvovres, TO Umd THVOE TEpLexdpevov A€yovTes 
oe 4 2 A a A i: a ets | A € A ~ 
ent ro amo Thode TeTpdywvov 7} emt TO dad TaVOE. 
~ A 4 ~ , , ~ 
naphy 5& Sia rdv cuvnppdvwy Adywv tradra Kal 
Aéyew kai Seuxvdvar kaQdAov Kat én rv mpoeipy- 
, s 4 2% , A s 
pévwv mpotdcewv Kal emt rovrwy tov rpdrov 
a LBS 3 / , oN 4 Es 
robrov: édv amd twos onyeiov emt Oéoer Sedopevas 
> , ~ > a > , 4 
ed0elas KataxPdow edbeia ev Sedopevais ywviais, 
Kat SeSopuévos F Adyos 6 ovvnupevos &€ od Exer 
rf rd A s A eee A oe? 
pia Karnypévn mpos play Kal érépa mpos €répay, 
kal Gdn pds GAAnv, Kai % Aoumh mpos Sofeicay, 
- a 
édv dow £, dav 8 7, Kab % Aowr mpds AourHy, 
A a a bé 8 } , ~ A 
TO onpeiov dieror Oéoer SeSopevns ypappijs’ Kat 
« f oe “ s . a, wed . ~ 
Spoiws doa av Gow repiocal } dpriae ro 7AHG0s. 
‘4 € uv © / ~ «oN £ 
rovTwy, ws édnv, émopevwv tH emi técoapas 
5 bSe €v ourreBeikacw, w } OLpLHV 
romw ovde ev ouvreleikacw, Wore THY ypaLpy 


eidévat, 
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than three dimensions. It is true that some recent 
writers have agreed among themselves to use such 
expressions,* but they have no clear meaning when 
they multiply the rectangle contained by these 
straight lines with the square on that or the rectangle 
contained by those. They might, however, have 
expressed such matters by means of the composition 
of ratios, and have given a general proof both for 
the aforesaid propositions and for further proposi- 
tions after this manner: If from any point straight 
lines be drann to meet at given angles straight lines 
given in position, and there be given the ratio com- 
pounded of that which one straight line so drann bears 
to another, that which a second bears to a second, that 
which a third bears to a third, and that which the fourth 
bears to a given straight line—if there be seven, or, tf there 
be eight, that which the fourth bears to the fourth—the 
point nill lie on a curve given in position ; and similarly, 
however many the straight lines be, and whether odd 
oreven. Though, as I said, these propositions follow 
the locus on four lines, [geometers] have by no means 
solved them to the extent that the curve can be 
recognized.? 


* As Heron in his formula for the area of a triangle, given 
the sides (supra, pp. 476-477). 

® The general proposition can thus be stated: If p,, p, 
Pz ++ + Pn be the lengths of straight lines drawn to meet n 
given straight lines at given angles (where n is odd), and a 
be a given straight line, then if 


Bi Ps | Paly, 
P: Ps a 
where A is a constant, the point will lie on a curve given in 
position. This will also be true if n is even and 
Pr Ps, | Pa-1sy, 
Ps Ps Pa 
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(m) Anticipation oF GutpIn’s THEOREM 
Ibid. vii. 41-42, ed. Hultsch 680. 30-682. 20 

Tail’ of BrAérovres Fiera énaipovtar, Kabdzep 
oi mdAat Kal THY Ta KpEiTTOVa ypaydvTwY EKacToL" 
ey Sé Kal mpos apxats ere Tav pabynparwr Kal. 
ris tnd dicews mpoKemevns Cytnuatwv dAns 
Kwovpévous op&v dmavtas, alovpevos ey kal 
dei~as ye TOAAG Kpeiooova Kal modAnv apodepd- 
peva, whéddevav . . . Wa Sé pur) Kevats yxepot Tobro 
pbeyEdpevos de xwpiwhG tod Adyov, tabra 
suwaw tais dvayvotow: 6 ev TY Tedciwv apdot- 
otiux@v Adyos ouvimTar Ex Te TOV apporopdtwv 
kal t&v émt rods dfovas duolws Karnypévwy 
edleraav amo ta&v év abtois KevtpoBapikay onuetwr, 
6 5é tv areddv Ex Te THY Gudoropatwv Kal TOY 
srepipeper@v, doas emoinoev 7a év TovTOLS KeEVTpO- 
Bapixa onpeta, 6 S€ todTwv Tov mepipeperdv 
Adyos ovvyaTTa: SijAov ws EK Te THY KaTnypevwy 
Kat dy mepiéyovaw at tovrwy dxpat, ei kal elev 
mpos Tots dfoow audotoriKav, ywvidv.  Tept- 





* Paul Guldin (1577-1643), or Guldinus, is generally 
credited with the discovery of the celebrated theorem here 
enunciated by Pappus. It may be stated: If any plane 
figure revolve about an external axis in its plane, the volume 
of the solid figure so generated is equal to the product of the 
area of the figure and the distance travelled by the centre of 
gravity of the figure. There is a corresponding theorem for 
the area. 

® The whole passage is ascribed to an interpolator by 
Hultsch, but without justice; and, as Heath observes (H.G./. 
ii. 403), it is difficult to think of any Greek mathematician 
after Pappus’s time who could have discovered such an 
advanced proposition. 

Though the meaning is clear enough, an exact translation 


604 


REVIVAL OF GEOMETRY: PAPPUS 


(m) Anticipation or GuLpINn’s THEOREM 4 
Ibid. vii. 41-42, ed. Hultsch 680. 30-682. 20 ® 


The men who study these matters are not of the 
same quality as the ancients and the best writers. 
Seeing that all geometers are occupied with the first 
principles of mathematics and the natural origin of the 
subject matter of investigation, and being ashamed 
to pursue such topics myself, I have proved proposi- 
tions of much greater importance and utility . . . and 
in order not to make such a statement with empty 
hands, before leaving the argument I will give these 
enunciations to my readers. Figures generated by a 
complete revolution of a plane figure about an axis are 
in a ratio compounded (a) of the ratio [of the areas] 
of the figures, and (b) of the ratio of the straight lines 
similarly drawn to° the axes of rotation from the respect- 
ive centres of gravity. Figures generated by incomplete 
revolutions are in a ratio compounded (a) of the ratio 
{of the areas] of the figures, and (b) of the ratio of the 
arcs described by the centres of gravity of the respective 
Jigures, the ratio of the arcs being itself compounded 
(1) of the ratio of the straight lines sumilarly drawn 

rom the respective centres of gravity to the axes of 
rotation] and (2) of the ratio of the angles contained 
about the axes of revolution by the extremities of these 
straight lines. These propositions, which are practi- 


is impossible; I have drawn on the translations made by 
Halley (v. Papp. Coll., ed. Hultsch 683 n. 2) and Heath 
(H.G.M. ti. 402-403). The obscurity of the language is 
presumably the only reason why Hultsch brackets the pass- 
age, ashe says: “‘exciderunt autem in eodem loco pauciora 
plurave genuina Pappi verba.” 

¢ i.e, drawn to meet at the same angles. 

« The extremities are the centres of gravity. 
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€xovor 8€ abrar ai mpordoes, cxeSdv obcat pla, 
mAciora Goa Kal ravroia Oewpypata ypappdv 
Te Kal émaverdv Kat orepedv, dv? dua Kat 
ped delLer Kal Ta prjmw Sederypeva cal ra 45 
ws Kat Ta ev TH Swoexdtw Tovde TAY oToLyeiwv. 


(x) Lemmas To THE TREATISES 
(i.) To the “* Determinate Section” of Apollonius 


Tbid. vii. 115, ed. Hultsch, Prop. 61, 756. 28-760. 4 


Tpidv S00eodv ed0aady rév AB, BI, TA, 
éav yévytat ws 7d dd ABA zpos ro bro ATA, 





ovrws 76 avd BE zpos 76 and ED, povayds Adyos 

‘ x, / 4 > « ma ‘ A 4 c A 
Kat éeAdytatés €atw 6 Tob bd AEA zpos 76 bmd 
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cally one, include a large number of theorems of all 
sorts about curves, surfaces and solids, all of which are 
proved simultaneously by one demonstration, and 
include propositions never before proved as well as 
those already proved, such as those in the twelfth 


book of these elements.* 


(x) Lemmas To THE Treatises ® 
(i.) To the ‘‘ Determinate Section" of Apollonius 


Ibid. vii. 115, ed. Hultsch, Prop. 61, 756. 28-760. 4 


Given three straight lines AB, BY, TA, if AB. BA: 
AY .TA=BE?: E?, then the ratio AE. EA: BE. EP 


® If the passage be genuine, which there seems little reason 
to doubt, this is evidence that Pappus’s work ran to twelve 
books at least. 

> The greater part of Book vii. is devoted to lemmas 
required for the books in the Treasury of Analysis as far as 
Apollonius’s Conics, with the exception of Euclid’s Data and 
with the addition of two isolated lemmas to Euclid’s Surface- 
Loci. The lemmas are numerous and often highly interest- 
ing from the mathematical point of view. The two here 
cited are given only as samples of this important collection : 
the first lemma to the Surface-Loci, one of the two passages 
in Greek referring to the focus-directrix property of a conic, 
has already been given (vol. i, pp. 492-503). 

* It is left to be understood that they are in one straight 
line AA. 
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BED: Adyw 84 Gri 6 adrds eotw 7H Tob amd Tis 
AA zpos 16 amd tis dmepoxfs # trepexer 
duvvapevn ro dvd AT, BA rijs duvapevyns 7d bad 
AB, TA. 

Teypéddw mept riv AA xvKdos, Kal qyPwoav 
épOai ai BZ, TH. ézet odv eorw ds 76 bd 
ABA apés 76 td ATA, rovréorw ws 76 dad 
BZ apes 76 dnd TH, otrws 76 do BE apes 76 
amo KT, nai pyxer dpa cory ws 4 BZ apds ri 
TH, otrws 4 BE mpos tiv ED: edfeta dpa éoriv 
Sia, rv Z, E, H. éorw 4 ZEH, nai exPeBrjodw 
4 pev HT én ro O, émlevybetoa dé 4 ZO ex- 
BeBryjoOw emt ro K, nai én’ adriy Kdberos Ayu 
4 AK. Kat dca 8) 76 mpoyeypappevoy Afjupa 

U A < € A Ww ~ > A A 
ywerat 76 pev tad AI’, BA ioov 7@ ano ZK, ro 
dé t7d AB, TA 7& ao OK: Aowr} dpa 4 ZO 
eotly } brepoyy 7 drepéxer % Svvapevyn ro bad 
AD’, BA ris duvapevns to tro AB, TA. qyOw 
obv dia Tod Kévrpov 4% ZA, Kat érelevyOw 4 OA. 
emet odv pO) 4 bro ZOA dpO_ rH tro ETH 
€oTiv ton, €aTw dé Kal » mpos TH A TH mpds TO 
H ywvia ton, icoydva dpa ta tplywva’ éorw 
dpa ws % AZ mpos tiv OZ, rovréorw ds 4 AA 
mpos THY ZO, ovrws 7 EH apds riv ED> kai os 
dpa 76 and AA mpos 76 amé ZO, otttws 16 dd 
EH zpos 76 dao ED, nai 7d tro HE, EZ, rour- 
éotw 7d tro AE, EA, mpés to td BE, ED. Kat 
é€oTw 6 pev to6 tro AK, EA zpos 7d bad BE, 


* For, because BZ: TH=BE: EP, the triangles ZEB, HET 
are similar, and angle ZEB=angle HET; .°. Tis in the sarne 
straight line with B, E [Eucl. i. 13, Conv.]. 
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is singular and a minimum; an I say that this ratio is 
etal to AA?:(4/AL. BA~4/ AS 1A). 
Let a circle be described about AA, and let BZ, TH 
be drawn perpendicular [to AA]. Then since 
AB.BA:AT.TA=BE?:EI*, [ex hyp. 
ie. BZ? : TH? = BE? : ET?, 
[Buel. x, 83, Lemma 
ste BZ :TH=BE:EYr. 
Therefore Z, E, H lie on a straight line. Let it be 
ZEH, and let HI be produced to 9, and let ZO be 
joined and produced to K, and let AK be drawn per- 
pendicular to it. Then by the lemma just proved 
{Lemma 19] 
AT. BA=ZB2, 
AB. TA=0K2; 
{on taking the roots and] subtracting, 
[4K -OK = ]Z0=1/AL, BA—4/AB. TA. 
Let ZA be drawn through the centre, and let OA be 
joined. ‘Then since the right angle ZOA =the right 
angle EV'H, and the angle at A=the angle at “H, 
therefore the triangles (ZOA, EH] are equiangular ; : 
as AZ:O0Z=EH : EI, 
i.e, AA :ZO=EH:ET; 
aie AA? : ZO? = EH? ; ET? 
=H .EZ:BE.EP? 
=AEK.EA: BE. ED. 
[Jauel. iii, 35 
And [therefore] the ratio AE.EA:BE.ET is 


> Because, on account of the puelonty of the triangles 
HTE, ZBE, we have HE; ET =EZ: EB. 
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EDT povayds kat eAdcowv ddyos, 7 5é ZO ¥ 
brepoy)  dmepexer 4} Suvapevy 7d bad tHv AT, 
BA tijs d8vvapevys to td AB, TA frovrdotw 76 
>A ~ Pais wen, a 1° € \ 
and tis ZK rod dad ris OK], dore 6 povaxds 
Kat eAdaowy Adyos 6 adtés eoTw TH ard THS AA 
mpos TO ard THs UTEpoyHs H Urepéexer 4 Surapevy 
zo bd AD, BA rijs Suvapevns 76 tro AB, TA, 


omep i~ 
(ii.) To the “ Porisms ” of Euclid 
Ibid. vii. 198, ed. Hultsch, Prop. 130, 872. 23-874. 27 
Karaypady 4 ABTAEZHOKA, éorw 8 ds 


7o bro AZ, BI zpos 76 tro AB, TZ, ovrws 76 


A 





tad AZ, AE zpos 16 tro AA, EZ: bri edOcid 
corw 7 da Tov O, H, Z onpeiwv. 
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singular and a minimum, while [, as proved above,] 


ZO0=4/AT.BA-./AB.TA, so that the same 


singular and minimum ratio = 


AA? :(,/AT. BA-/AR.TA)* ga... 


(ii.) To the “ Porisms ” of Euclid ® 
Ibid, vii, 198, ed. Hultsch, Prop. 130, 872. 23-874. 27 


Let ABPAEZHOKA bea figure,’ and let AZ. BI: 
AB. TZ=AZ.AE:AA.EZ; [I say] that the line 


through the points 0, H, Z is a straight line. 


* Notice the sign:~ used in the Greek for de. Setfa. 
In all Pappus proves this property for three different positions 
of the points, and it supports the view (v. supra, p. 341 n. a) 
that Apollonius’s work formed a complete treatise on in- 
volution. 

> vy. vol. i. pp. 478-485, 

¢ Following Breton de Champ and Hultsch I reproduce 
the second of the eight figures in the mss., which vary accord- 
ing to the disposition of the points. 


 rouréoTw . » . THs OK om. Hultsch, 
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’"Emet éorw ws ro bro AZ, BI’ apés 76 bard 
AB, TZ, otrws 76 tad AZ, AE apos 10 tr 
AA, EZ éva\rdé éorw ws 76 tro AZ, BI’ zpos 
to td AZ, AE, rouréarw ws BI apos ryv 
AE, odtws 76 xd AB, TZ apds 76 dvd AA, EZ! 
arN 6 pev tis BD apds viv AE ovvijrra dAOyos, 
éav dia tod K rH AZ mapddAndos ayO7 7 KM, 
ék te Tob THs BI’ zpos KN kai zHs KN zpos KM 
Kat ért Tob THs KM mpos AE, 6 dé tod tro AB, 
[TZ ampos ro tro AA, EZ ovvijarat ex re Tod THs 
BA zpos AA cat rod ris TZ mpos trav ZE. Kowos 
éxkexpovobw 6 THs BA apos AA 6 adres dv TO 
ths NK mapos KM: dourdv dpa 6 ris TZ apos 
tiv ZE ovvirra ex te Tob THs BI wpos rHv KN, 
routeotw Tob THs OL mpds thy KO, nat rod ris 
KM zpos rhv AE, touréorw tot ris KH zpos 
tmyv HE: edéeia dpa 7) dia raHv O, H, Z. 

"Hav yap dia tod E 7H OL wapdAdnrov dydyw 
tiv ER, Kat éemlevybeica 4 OH exPrAnOH emi rd 
H, 6 pev ths KH apos riv HE Adyos 6 atrés 
cot TH THS KO mpos tiv EX, 6 5€ ovvyppevos 
ék te Tob ris TO ampos rv OK cai rod ris OK 
mpos tyv EX peraBadderas ets tov rHs OL zpos 
EE Adyov, xai 6 ris TZ apds ZE dAdyos 6 adréds 
T@ ths TO apos thy ES: wapadAjAov ovens ris 
TO 79 ES, edfeia dpa dorw 7 da Trav O, FB, Z 
(rotro yap davepdv), Wore Kal 4 Sia Tov O, H, Z 
ed0eta éorw. 





* It is not perhaps obvious, but is easily proved, and is in 
fact proved by Pappus in the course of iv. 21, ed. Hultsch 212, 
4-13, by drawing an auxiliary parallelogram. 

* Conversely, if HOKA be any quadrilateral, and any 
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Since AZ.Br: AB.TZ=AZ. AE: AA. EZ, 
permutando 
AZ.BI:AZ.AE=AB.TZ:AA.EZ, 
te, BY: AE=AB.TZ:AA.EZ, 
But, if KM be drawn through K parallel to AZ, 
Br: AE=(BI: KN). (KN: KM). 
(KM : AE), 
and 
AB.TZ:AA.EZ=(BA : AA). (12: ZE). 
Let the equal ratios BA: AA and NK : KM be elimi- 
nated ; 
then the remaining ratio 
PZ: ZE=(BI : KN). (KM: AB), 
4.e., TZ: ZE=(0T : KO). (KH: HE); 
then shall the line through 9, H, Z be a straight line. 
For if through E I draw EX parallel to Ol’, and if 
OH be joined and produced to &, 
KH : HE=K0: EZ, 
and (TO : OK). (OK : EZ)=OF : EX, 
a TZ :ZE=T0:E2; 
and since IO is parallel to EX, the line through 0, 
=, Z is a straight line (for this is obvious *), and there- 
fore the line through 0, H, Z is a straight line.® 
transversal cut pairs of opposite sides and the diagonals in 
the points A, Z, A, T, B, E, then BP: AE= AB .TZ: AA. EZ. 
This is one of the ways of expressing the proposition enunci- 
ated by Desargues: The three pairs of opposite sides of a 
complete quadrilateral are cut by any transversal in three 
pairs of conjugate points of an involution (v. L. Cremona, 
Elements of Projective Geometry, tr. by C. Leudesdorf, 1885, 
PP. 106-108). A number of special cases are also proved by 
‘appus. 
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(0) Mecuanics 
Ibid. viii., Praef. 1-3, ed. Hultsch 1022, 38-1028. 3 


‘H pnyavicy Oewpia, téxvov “Eppddwpe, mpés 
TOA Kat peydda trav ev 7H Biw xprhouuos vr- 
dpxovea mAelarns eixdtws atodoxns Aliwta: mpos 
tov diroaddwv Kal maot Tots amd TOV palnpdtwy 
meptomoveacTos éoTw, eed) ayedov TpwTN TIS 
mept THY VAnv TOV ev TH Kdopw oToLXelwv Pucto- 
Noyias dnrerar. ordoews yap Kal dopds cwpdtwy 
kal Tis Kata Témov KWHoews ev Tots Grows Dewpn- 
parixy Tuyydvovca Ta pev Kwotpeva Kara dvow 
airwodroye?, 7a 8 dvayxalovoa rapa giow é&w 
tov otkeiwy Térwv eis éevavtias Kwhoes peOlornow 
enynxavwpern Sia tov e& adris THs UAns tro- 
muntovtwy adh Oewpnudtwr. Ths oé pnyavuris 
76 pév elvas Aopixdv Td SE yetpoupytKov of tepi 
zov “Hpwva pnxavixot Adyovow: Kal 7d pev 
AoyiKov cuveotdvar pépos ex Te yewperpias Kat 
dpiOunriucfs Kal dotpovopias Kat t&v dvoudv 
Adywv, 7d S€é xetpovpyuxcv ex TE yaAKeuTiKAS Kal 
olkodopukys Kal texrovixhs Kat Cwypaducfs Kat 
Tis év tovTots KaTa xelpa doxycews: Tov pev odv 
év tats mpoeipnpévais emuoTnpais x maidds ‘yevd- 
pevov Kav Tats mpoeipnpévars Téxvats Ebi eiAnddra 
mpos Sé rovrows dvaw edxivntov éxovta, KpdTicToV 
éceobar pnyavixdv epywy edperhy Kal dpxutéxrovd. 
dacw. pi) dvvarod 8" dvros Tov adrov palnudrwv 





« After the historical preface here quoted, much of Book 
viii. is devoted to arrangements of toothed wheels, already 
encountered in the section on Heron (supra, pp. 488-497). A 
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(0) Mxcuanics @ 
Ibid. viii., Preface 1-8, ed. Hultsch 1022. 3-1028. 8 


The science of mechanics, my dear Hermodorus, 
has many important uses in practical life, and is held 
by philosophers to be worthy of the highest esteem, 
and is zealously studied by mathematicians, because 
it takes almost first place in dealing with the nature 
of the material elements of the universe. For it deals 
generally with the stability and movement of bodies 
[about their centres of gravity],? and their motions in 
space, inquiring not only into the causes of those that 
move in virtue of their nature, but forcibly trans- 
ferring [others] from their own places in a motion 
contrary to their nature ; and it contrives to do this 
by using theorems appropriate to the subject matter. 
The mechanicians of Heron’s school® say that 
mechanics can be divided into a theoretical and a 
manual part; the theoretical part is composed of 
geometry, arithmetic, astronomy and physics, the 
manual of work in metals, architecture, carpentering 
and painting and anything involving skill with the 
hands. The man who had been trained from his 
youth in the aforesaid sciences as well as practised 
in the aforesaid arts, and in addition has a versatile 
mind, would be, they say, the best architect and 
inventor of mechanical devices. But as it is impossible 
for the same person to familiarize himself with such 


number of interesting theoretical problems are solved in the 
course of the book, including the construction of a conic 
through five points (viii. 13-17, ed. Hultsch 1072. 30-1084. 2). 
> It is made clear by Pappus later (vii., Praef. 5, ed. 
Hultsch 1030. 1-17) that dopdé has this meaning. 
° With Pappus, this is practically equivalent to Heron 
himself: ef. vol. i. p. 184 n. 0b. 
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Te TocovTw mepryevécBar Kal pabeiv dua ras 
mpoetpypevas téxvas TrapayyeAAovet TH TA pyya- 
viKa. epye peraxerpileabar Bovdoperyp xphobat 
tais otxetars Téxvais vmoxeipiois ev tais tap’ 
éxaoTa xpeiats. 

MdXora Sé wévrwv davayradrara téxyvar Tvy- 
xdvovow pos THY Tot Biov xpelav [wnxavert 
mponyoupevn Ths dpxurentovijs} 7 Te Tov pay 
yavapiov, unxaviK@v kal abrdv Kara Tovs apxaious 
Aeyopévey (ueydAa yap otro. Bapn dia pnxavdv 
mapa pvow ets iipos dvdyovow eAdtrove Suvdper 
Kuvobvres), Kat oF TOY opyavoTotdy TOV mpos. TOV 
moAepov avayKaiwv, Kadovpéerwy b€ Kal atrav 
pnxavixdy (BéAn yap Kat Aibiva Kal odnpa Kat 
Ta TapamAjou Tovros eEamrooreAXerau eis paKpov 
6800 piKos Tots ta’ atrdv ywopdvois dpydvors 
KatamaArixots), mpos dé Tatras % Tov idiws 
mad KaAdoupéevwv pnxavoTordv (€x PBdfovs yap 
moAAob USewp edoAdirepov dvdyerat bua TOy avrAyn- 
patikdy dpydvwv dv atrot KarackevdLovow). 
Kadotor 8 nxavicods of maAdaoi Kal Tovs 
alee Lees dv ot pev dia mVvEvLaTOV ptdo- 
Texvodau, “Hpwy Ivevparixots, of 8é€ bid 
veupiwv Kai Y omdpran epipdywv Kunjoets doxodos 
pipeicba, ds “Hpowy Adropdrous Kal _Lvyious, 
adArot 6é bia rev ed’ Bdaros oxoupever, ws "Apyi- 
wins *Oxyoupévors, } rev Be dSaros dpodoytuy, 

“Hpwy ‘Y8peios, & 8) Kal TH yrwpours 


2 unxanky .. . dpxerexrovis om. Hultsch. 





* pdyyavov is properly the block of a pulley, as in Heron's 
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mathematical studies and at the same time to learn 
the above-mentioned arts, they instruct a person 
wishing to undertake practical tasks in mechanics to 
use the resources given to him by actual experience 
in his special art. 

Of all the [mechanical] arts the most necessary for 
the purposes of practical life are: (1) that of the 
makers of mechanical powers,* they themselves being 
called mechanicians by the ancients—for they lift 
great weights by mechanical means to a height con- 
trary to nature, moving them by a lesser force ; 
(2) that of the makers of engines of war, they also 
being called mechanicians—for they hurl to a great 
distance weapons made of stone and iron and such- 
like objects, by means of the instruments, known as 
catapults, constructed by them; (3) in addition, that 
of the men who are properly called makers of engines 
—for by means of instruments for drawing water 
which they construct water is more easily raised from 
a great depth; (4) the ancients also describe as me- 
chanicians the wonder-workers, of whom some work by 
means of pneumatics, as Heron in his Pneumatica,? 
some by using strings and ropes, thinking to imitate 
the movements of living things, as Heron in his 
Automata and Balancings,® some by means of floating 
bodies, as Archimedes in his book On Floating Bodies,° 
or by using water to tell the time, as Heron in his 
Hydria,? which appears to have affinities with the 


Belopoetca, ed. Schneider 84. 12, Greek Papyri in the British 
Museum iii. (ed. Kenyon and Bell) 1164 n. 8. 

> v. supra, p. 466 n. a. ° vy. supra, pp. 242-257. 

4 This work is mentioned in the Pnewmatica, under the 
title Ilept bdpiwv dpogkomeiwy, as having been in four books. 
Fragments are preserved in Proclus (Hypotyposis 4) and in 
Pappus’s commentary on Book v. of Ptolemy’s Syntawis. 
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fewpia Kowwrvotvra gaiverat. pnyavxots Sé 
kadotow Kal tovs tas odatpototias [orev] 
emotapevous, bp dv eixwy tod odpavot Kata- 
oxevdlerar Se cpadqs Kal eyxuKAlov Kivijcews 
bdaTos. 

Idvrwy 8¢ rovrwy ri airiavy Kal tov Adyov 
emeyveuneva pasiv Teves Tov Lupaxdovov Apxe- 
BI8%- pdvos yap obros ev 7@ Kal? Has Bip 
Troucthy mpos mavra. KéxpyTat Th pice Kat TH 
érwoia, Kabws Kat Téuivos 6 pabypariucds ev TH 
Tlepi rijs rév pabnudrov rafews pyow. Kdpzros 
b€é Tov pnow 6 ’Avrioxeds "Apxupngdn TOV Lupa 
KOgwov & povov BuBrLov ouvreraxevar pnxavurov 
TO KaTd Tv odpaipomtoiav, THv dé ddAwy oddev 
n&uoxevar ovvrafar. Katou mapa Tots moots 
emt pnxavuch Sofacbeis: Kal peyaroduns Tis yevo~ 
pevos 6 Caupacros exeivos, wote Stapetvat mapa 
méow avOpwros drepBadrAdvrws tyuvotpevos, TOV 
Te mponyoupévuy ‘yewperpixhs Kal apiOunriKas 
exouevwv Oewpias Ta Bpaxtrara Soxodvra elvas 
orovdaiws ouvéypager: 6 os patvera Tas elpnevas 
emoarnpas odrws dyamjoas as: pndev é£wev 
drropevey adtais émevsdyew. avros bé Kdpzos 
Kat dAdo Twes cuvexpyoavTo yewpeTpia Kal eis 
téxvas Twas evAdyws’ yewpeTpia yap ovdev BAd- 
MTETAL, GwpaToToeiv mepuKvia todas Téxvas, 
bid. Too ouveivat adrais [uairnp obv Borep otoa 
Texvav ov BAdarrerau dud. Tod ppovriter opyavucis 
Kal dpyerexrovuriis: ovdde yap dua 70 ouveivar 
yewpopia Kat yywpovuK Kal pnxaverd kai oKnVvo- 
ypadia Brdareral ri],2 robvavrioy Sé mpodyouoa 

1 
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science of sun-dials ; (5) they also describe as mechan- 
icians the makers of spheres, who know how to make 
models of the heavens, using the uniform circular 
motion of water. 

Archimedes of Syracuse is acknowledged by some 
to have understood the cause and reason of all these 
arts; for he alone applied his versatile mind and 
inventive genius to all the purposes of ordinary life, as 
Geminus the mathematician says in his book On the 
Classification of Mathematics.* Carpus of Antioch ® 
says somewhere that Archimedes of Syracuse wrote 
only one book on mechanics, that on the construction 
of spheres,’ not regarding any other matters of this 
sort as worth describing. Yet that remarkable man 
is universally honoured and held in esteem, so that his 
praises are still loudly sung by all men, but he himself 
on purpose took care to write as briefly as seemed 
possible on the most advanced parts of geometry and 
subjects connected with arithmetic; and he obviously 
had so much affection for these sciences that he 
allowed nothing extraneous to mingle with them. 
Carpus himself and certain others also applied geo- 
metry to some arts, and with reason ; for geometry is 
in no way injured, but is capable of giving content to 
many arts by being associated with them, and, so far 
from being injured, it is obviously, while itself 


* For Geminus and this work, v. supra, p. 870 n. ¢. 

* Carpus has already been encountered (vol. i. p. 334) as 
the discoverer (according to Iamblichus) of a curve arising 
from a double motion which can be used for squaring the 
circle. He is several times mentioned by Proclus, but his 
date is uncertain. 

¢ This work is not otherwise known. 
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pev ratras daiverar, ryswyevyn 8€ Kal Koopoupevn 
dedvtws Um’ adrav. 





* With the great figure of Pappus, these selections illus- 
trating the history of Greek mathematics may appropriately 
come to an end. Mathematical works continued to be 
written in Greek almost to the dawn of the Renaissance, and 
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advancing those arts, appropriately honoured and 
adorned by them.? 


they serve to illustrate the continuity of Greek influence in 
the intellectual life of Europe. But, after Pappus, these 
works mainly take the form of comment on the classical 
treatises. Some, such as those of Proclus, Theon of Alex- 
andria, and Eutocius of Ascalon have often been cited 
already, and others have been mentioned in the notes. 
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This index doee nol include references to critical notes nor to authors 
cited, for which the separate catalogue should be consulted. References 
to vol. t. are cited by the page only, those to vol. ti. by volume and page. 
The abbreviations **inel.”" = “including” and “ esp.” =“ especially” 


are occasionally used, 


Abaeus, 35 and on. 6 and e 

Achilles and the Tortoise, 
369-371 

Adam, James: The Re- 
public of Plato, 399 nn. a 
and ce 

Addition in Greek mathe- 
matics, 46-48 

Adrastus, on the geometric 
mean, 125 n.a 

Aeschylus, 258 n. @ 


Aétius: Placita, 217 and 
nc 
Agorastes, character in 


Lucian’s Auction of Souls, 
9t 
Alexander —Aphrodisiensis, 
173, 236 n. a, 315 
Alexander the Great, 155 
n. 6, 175 
Algebra: 
Geometrical algebra of 
Pythagoreans, 186-215 
Pure determinate equa- 
tions, ii. 525 
Quadratic equations : 
geometrical solution by 
Pythagorcans, 186-215; 
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solutions by Heron, ii. 
503-505 (incl. n. a); 
by Diophantus, ii. 527- 
535 (esp. ii. 583 n. 8); 
v. also Square root, 
extraction of y 

Simultaneous equations 
leading to a quadratic, 
ii. 537 

Cubic equations: Archi- 
medes, ii. 127-163 (incl. 
n. a); Diophantus, ii. 
539-541; v. also Cube 
root 

Indeterminate equations : 
Pythagorean and Pla- 
tonic formulae for right- 
angled triangles, 90-95 ; 
side- and diameter-num- 
bers, 132-139 ; ‘‘bloom” 
of Thy mange, 139-141; 
“cattle problem” of 
Archimedes, ii. 202-205; 
Heron, ii. 505-509 ; Dio- 
phantus, ii. 541-551 

Sums of squares, ii. 551- 
559 

Allman, J. G., his Greek 


INDEX 


Geometry from Thales to 

Euclid, 237 n. b 
Almagest: Arabic name for 

Ptolemy’s Syntazis, ii. 409 


n. 
Alphabet, Greek: use as 
numerals, 42-44 
Ameristus, 147 and n. b 
Amthor, A., on Archimedes’ 
cattle problem, 17 n. ¢, ii. 
205 n. b 
Amyclas (recte Amyntas) of 
Heraclea, 153 and n. 6 
Amyntas: v. Amyclas 
Analemma : of Ptolemy, 301 
n. 6, ii. 409 n. b; of Dio- 
dorus, 301 and n. 6 
Analysis: discussion by 
Pappus, ii. 597-599; ap- 
plied by Eudoxus to theory 
of ‘‘ the section,” 153 and 
n.a; v. also Leodamas 
Anatolius, bishop of Lao- 
dicea: on the meaning of 
the name mathematics, 3; 
on the Egyptian method of 
reckoning, 3 n. a, ii. 515- 
5173 the classification 
of mathematics, 19 and 
n. 6; his relation to Dio- 
phantus, ii. 517 n. @ 
Anaxagoras: wrote on squar- 
ing of circle while in 
prison, 308, 149 n. d; 
character in Plato’s Rivals, 
149 n. f 
Anchor-ring, ». Tore 
Angle: angle in semi-circle, 
167-169; mixed angles, 
429 n.c; equality of right- 
angles, 443 and n. b 
Anharmonic ratios, 485 n. ¢ 


Anthemius of Tralles, ii. 
357 n. a 
Anticleides, 175 
Antiphon, 311 and n, a, 313 
and n. a, 315 and n. a, 
317 n.a 
Apollodorus the Calculator, 
169 and na 
Apollonius of Perga : 
Life: ii. 277 (esp. n. a)-281 
Works : 
Conics: Relation to 
previous works, 487- 
489 (incl. n. a), ii. 277- 
281; scope of the 
work, ii, 281-2853 
terminology, ii. 285- 
289, ii. 309 and n. a, ii. 
817 and n. a, ii. 323; 
construction of the 
sections, ii. 289-305; 
fundamental _proper- 
ties, ii. 305-329—par- 
abola, ii. 305-309, 
hyperbola, ii. 309-317, 
li. 323-329, ellipse, ii. 
317-323 ; transition to 
new diameter, ii. 329- 
335; introduction of 
axes, ii. 289 n. a, ti. 
331 n. a; generality 
of his methods, ii. 289 
n. a; form of his 
proofs, ii. 289 n. as 
contrast with Archi- 
medes’ treatment, ii, 
$23 a, and termino- 
logy, ii. 283 n. a; 
his distinctive achieve- 
ment to have based 
his treatment on the 
theory of applied 
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areas, ii. 309 nv as 
first to have recog- 
nized two branches of 
hyperbola, ii. 329 n. a; 
focus - directrix pro- 
perty not used, 495 
n. a, ii. 281 no a 

On the Cutting-off of a 
Ratio, ii. 337-339; 
included in TJ'reasury 
of Analysis, ii, 337; 
Halley’s Latin trans- 
lation, ii. 337 n. @ 

On the Cutting-of of an 
Area, ii, 339 and n. 6; 
included in Treasury 
of Analysis, ii. 337 

On Determinate Section, 
ii. 339-341 (incl. n. a) 5 
included in Treasury 
of Analysis, ii. 337; 
lemma by Pappus, ii. 
607-611 

On Tangencies, ii, 341- 
343 (incl. n. 6); prob- 
lem of three circles 
and Newton’s solu- 
tion, ii, 343 n. 63 in- 
cluded in Treasury of 
Analysis, ii. 337 

On Plane Loci, ii. 345 
and n. ¢; included in 
Treasury of Analysis, 
ji. 3373  reconstruc- 
tions by Fermat, van 
Schooten and Simson, 
ii, 345 noe 

On Vergings, ii. 345-347 
(incl. n. a); included 
in Treasury of Analy- 
sis, ii. 337; described 
the datum as the 
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assigned, ii. 8349; re- 
storation by Samuel 
Horsley, ii. 347 n. @ 

On the Dodecahedron and 
the Icosahedron, ii. 349 

General Treatise, ii, 349- 
351 (incl. n. a) 

On the Cochlias, ii. 351 ; 
‘sister of the coch- 
loid,’”? 335 and n. ¢ 

On Unordered  Irra- 
tionals, ii, 351-353 
(incl. n. a) 

Quick-deliverer (on the 
measurement of a 
circle), ii. 353 and nn. 


Cc 
On the Burning Mirror, 
ii. 357 and n. b 
Other mathematical 
achievements : 
Two mean _propor- 
tionals, 267 n.56 0 ~ 
Continued —_multiplica- 
tions, ii. 353-357 
Astronomy, ii. 357 n. 6 
Otherwise mentioned: ii. 
363 


Application of Areas, 186- 


215; explanation and his- 
tory, 186-187; a Pytha- 
gorean discovery, 187; 
Euclid’s theorems, 189- 
215; equivalence to solu- 
tion of quadratic equa- 
tions, 195 n. a, 197 n. a, 
2l1n.a,2l5n.a;3 possible 
use by Hippocrates, 245 n. 
as; use by Apollonius in 
his treatment of the conic 
sections, ii. 305-323 (esp. 
ii. 309 n. a) 


INDEX 


Approximations to a, 321- 
333 (incl. n. @), ii. 353 
Archibald, R. C., his 
Euclid’s Book on Divisions 
of Figures, 157 n.¢ 


Archimedes 


Life: A Syracusan, ii. 19 ; 
born about 287 z.c., ii. 
19 and n. ¢; his me- 
chanical devices used in 
the defence of Syra- 
cuse, ii, 19-21, ii. 25-31 ; 
his death at the hands 
of a Roman soldier in 
212 B.c., ii. 23, ii. 33-35 ; 
his sayings, ii. 21, ii. 23, 
ii. 35; his contempt for 
the utilitarian, ii. 31, ii. 
619; his request for a 
cylinder enclosing a 
sphere as a monument, 
ii. 33 and n. a; his ab- 
sorption in his work, ii. 
31-33, ii. 37; his solu- 
tion of the problem of 
the crown, ii. 37-39, ii. 
251 n. a; his Doric 
dialect, ii. 21 and n. 6, 
ii, 137 

Works : 

On the Sphere and Cylin- 
der, ii. 41-127; pre- 
face,ii.41-43; axioms, 
ii, 43-45; postulates, 
ji, 45-47; surface of 
cylinder, ii. 67-77; 
surface of cone, ii, 77- 
81; surface of sphere, 
ii. 113-117; volume 
of sphere, ii. 119-127 ; 
trigonometrical equi- 
valents, ii. 91 n. 8, ii. 


101 n. a, ii. 109 n. a; 
equivalence to inte- 
gration, ii, 41 n. a, ii. 
117 n. 6; problem 
leading to solution of 
cubic equation, — ii. 
127-163 (incl. n. a); 
cited by Zenodorus, 
ii. 393, ii. 395; Euto- 
cius’s commentaries, 
ii. 73 n. a, ii, T7 ne a, 
ii. 127 n. a, it, 135- 
163; otherwise men- 
tioned, ii. 165 n. a 

On Conoids and Spher- 
oids, ii. 165-181 ; pre- 
face, ii. 165; lemmas, 
ii, 165-169; volume 
of segment of para- 
boloid of revolution, 
ii, 171-1813 equiva- 
lence to integration, 
ii. 181 no @ 

On Spirals, ii, 183-195 ; 
definitions, ii, 183- 
185; fundamental 
property, ii. 185-187 ; 
vergings assumed, ii. 
187-189 (incl. n. ¢), ii. 
195 n.@; property of 
sub-tangent, ii. 191- 
195, and comments of 
Pappus, Tannery and 
Heath, ii. 195 n. b; 
curve used to square 
the circle, 335 and n. 6 

On the Measurement of 
a Circle, 317-333; 
Eutocius’s commen- 
tary, 323 n. a; cited 
by Zenodorus, ii. 395 
and n.@ 
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Quadrature of a Para- 
bola, ii, 229-243 ; pre- 
fatory letter to Dosi- 
theus, ii. 229-933; 
first (mechanical) 
pro of area of para- 

olic segment, ii, 233- 
239; equivalence to 
integrations, ii, 239 
n. 6; second (geo- 
metrical) proof, ii. 239- 
243; otherwise men- 
tioned, ii, 41 n.d, ii. 
221 n, a, ii, 225 and 
nb 

Method, ii. 221-229; 
discovery by Heiberg, 
ii. 221 n.b; prefatory 
letter to Eratosthenes, 
ii, 221-223 ; mechani- 
cal proof of area of 
parabolic segment, ii, 
223-229; gives Denio- 
critus credit for find- 
ing volume of cone 
and pyramid, 229-231, 
4il na 

Sand-reckoner, ii. 199- 
201 (incl. n. a) 

Cattle Problein, 17 n. ¢, 
ij, 203-205 (incl. n. a) 

On Plane Equilibriums, 
ji, 207-221; postu- 
lates, ii, 207-200; 
principle of lever, ii. 
209-217; centre of 
gravity of parallelo- 
gram, ii. 217-221; of 
a triangle, ii. 227 and 


na 
On Floating Bodies, ii. 
243-257 ; discovery of 


Otherwise 


Greek text by Hel- 
berg, ii, 242 n. a; 
William of Moer- 
beke’s Latin transla- 
tion, ii. 242 n. ag 
postulates, ji. 243- 
245; surface of fluid 
at rest, ji, 245-249 ; 
loss of weight of solid 
immersed in a fluid— 
“* Archimedes’ _ prin- 
ciple,” ii, 249-251; 
use of this principle 
to solve problem of 
crown, fi. 251 n. as; 
stability of paraboloid 
of revolution, ii. 253- 
257; Heath’s tribute 
to Book ii., ii. 252 n. a 

Liber Assumptorum, ii. 
581 n.a 


Other achievements : 


Discovery of 13 semi- 
regular solids, 217 n.a, 
ii, 195-197 (incl. n. 5) 

Circles inscribed in the 
dpPyros, ii. 581 n. a 

Solution of cubic equa- 
tions, ii. 127-163 (inel. 
n. a) 

Inequalities, ii. 165-169 

Summation of series, fi. 
165-169, ii, 241 and 


n.@ 
“* Archimedes’ Axiom,” 
321 n. a, 411 n. a, 455 
n. a, ii. 47 and n. a, 
ii, 195 n. 8, ii, 231 
mentioned ¢ 
Vitruvius on his pro- 
ficiency in all branches 
of science, ii. 3 n. a3 


INDEX 


Pappus’s tribute to his 
versatility, ii. 619; his 
method of evaluating 
areas, ii. 585 n. a@ 
Archytas, 5 n. a; ou the 
branches of mathematics 
(Pythagorean quadri- 
vium), 5 and n. 6; on 
means, 113-115, 153 n. a; 
his proof that a super- 
particular ratio cannot be 
divided into equal parts, 
131-133; Proclus’s com- 
ments on his work in geo- 
metry, 151; his solution 
of the problem of two 
mean earn 285- 
289; his work in stereo- 
metry, 7 n. a, 13n.6; his 
method of representing the 
sum of two numbers, 131 
n. 6, 429 n.c 


Aristaeus: his five books of 


Solid Loci (conic  sec- 
tions), 487 and n. a, ii. 281 
n. a, ii. 255 n. a; first 
demonstrated focus-direc- 
trix property, 495n. a; his 
‘omparison of the Five 
gular Solids, 487 n.b 


Aristarchus of Samos, ii. 3- 


153 a pupil of Strato of 
Lampsacus, ii. 3 and n. a; 
his theory of the nature of 
light, ii. 3 ; his heliocentric 
hypothesis, ii, 3-5 (incl. 
n. 6); on the sizes and 
distances of the sun and 
moon, ii. 3-15; use of 
continued fractions (?), ii. 
15 and n. b 

Aristophanes: reference to 


Aristoxenus : 


the squaring of the circle, 
309 and n. a 


Aristotle ; use of term mathe- 


matics, 3 n. c, 401 n. a; 
did not know how to 
square the circle, 335; on 
first principles of mathe- 
matics, 419-423; on the 
infinite, 425-429 ; proofs 
differing from Euclid’s, 
419 n. a, 429-431 ; method 
of representing angles, 429 
n. ¢3 on the principle of 
the lever, 431-433 ; on the 
parallelogram of velocities, 
433 ; irrationality of +/2, 
1113; on odd, even and 
prime numbers, 75 n. a, 
78 n. a; on oblong and 
square numbers, 95 and 
n. 6; on Zeno’s paradoxes 
of motion, 366-375; on 
nature of geometrical 
proof, ii. 369 

on Plato's 
lecture on the Good, 389- 
391; his pupil Cleonides, 
157 ne 


Arithmetic : 


Its place in the Pytha- 
gorean quadrivium, & 
and n. 6; in the educa- 
tion of Plato's Guar- 
dians, 7-9; in Plato’s 
Laws, 21-23; in Anato- 
liusand Geminus, 19 and 
n. 6; difference from 
logistic, 7 and n. a, 17- 
19 (incl. n. 5); Greek 
arithmetical —_ notation 
and the chief arith- 
metical operations, 41-63 
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Pythagorean arithmetic: 
first principles, 67-71 ; 
classification of num- 
bers, 73-75; erfect 
numbers, 15- 87; hgured 
numbers, 87-99 ; some 
properties of numbers— 
the “‘ sieve’ of Eratos- 
thenes, 101-103, divisi- 
bility of squares, 103- 
105; a theorem about 
cube numbers, 105-107 ; 
a property of the pyth- 
men, 107-109; irration- 
ality of 4/2, 111; theory 
of proportion and means 
—arithmetic, geometric 
and harmonic means, 
111-115, seven other 
means, 115-125, Pap- 
pus’s equations between 
means, 125-129, Plato 
on means between two 
squares or two cubes, 
129-131, Archytas’s 
proof that a superpar- 
ticular ratio cannot be 
divided into equal parts, 
131-133 

See also Theory of num- 
bers; Algebra; Irra- 
tional, the; Approxima- 
tions to 2; Inequalities 

Arithmetica, v. Diophantus 

Armillary sphere, 229 n. @ 


Arrow of Zeno, 367, 371 
Astronony: a full notice 


excluded, x; identical with 
sphaeric in the Pytha- 
gorean guadrivium, 5 n. b; 
in the education of Plato’s 
Guardians, 15; in Ana- 
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tolius and Geminus, 19 
and n. 6; Isocrates’ views, 
29; work of Thales, 147 
n.a; of Pythagoras, 149 
n. b; of Ecphantus, ii. 
5n. 63 of Oenopides, 149 
n.e3 of Philippus of Opus, 
155 n. a; of Eudoxus, 15 
n. a, 411-415; of Hera- 
clides of Pontus, 15 n. a, 
ii. 5.6; of Autolycus of 
Pitane and Euclid, 490 n. 
a; of Aristarchus of 
Samos, ii. 3-15; of Eratos- 
thenes, ji. 261 n. a, ii. 263 
and n. ¢, ij. 267-273; of 
Apollonius of Perga, ii. 
277 n. a, ii. 357 n. b3 of 
Posidonius, ii, 371 nm. 0; 
of Hypsicles, ii. 395-397 ; 
of Cleomedes, ii. 399-401 ; 
of Hipparchus, ii. 407 n. a, 
414 n.as: of Menelaus, ii. 
407 n. a; of Ptolemy, ii. 
409 and n. 8, ii. 447; of 
Pappus, ii, 593 n. a; 
knowledge of astronomy 
necessary for reading 
Plato, ii. 401 

Athenaeus of Cyzicus, 153 
and n. é 

‘** Attic ’ numerals, 41-42 

August, E, F., 397 n. a@ 

Autolycus of Pitane, 491 n.@ 

Axioms and __ postulates: 
Aristotle’s discussion, 419- 
423; Euclid’s postulates, 
443 ; attempt to prove the 
parallel-postulate, ii. 367- _ 
385; Archimedes’ postu- ~ 
lates in his work On the 
Sphere and Cylinder, ii. 


INDEX 


45-47, in his work On 
Plane Equilibriums, ii. 
207-209, in his work On 
Floating Bodies, ii. 243- 
245 (incl. n. a); ‘* Archi- 
medes’ Axiom,” 321 n. a, 
411 n. a, 455 n. a, ii, 47 
and n. a, ii. 231 


Bachet, ii. 537 n. 5 

Barlaam, 14th century Cala- 
brian monk: his formula 
for approximation to a 
square root, ii. 472 n. a 

Bede, the Venerable, 31 n. ¢ 

Bees, Pappus on their choice 
of shape for cell, ii. 589- 
593 

Benecke, A., his Ueber die 
Geometrische Hypothesis in 
Platons Menon, 397 n. a 

Besthorn, R. O.: his edition 
of an-Nairizi’s commen- 
tary on Euclid’s Hlements, 
185 n. 6 

Bjérnbo, A. A., on Hippo- 
crates’ quadratures, 311 


n. 

Blass, C.: his De Platone 
mathematico, 387 n. a 

Boeckh, A., 221 n. a 

Boethius, citation of Archy- 
tas’s proof that a super-~ 
particular ratio cannot be 
divided into equal parts, 
131-133 

Breton de Champ, P., ii. 
6ll ne 

Bretschneider, C. A., his Die 
Geometrie und die Geo- 
meter vor Eukleides, 153 
na 
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Brochard, V., on Zeno’s 
paradoxes, 367 n. a 

Bryson, attempt to square 
the circle, 315-317 

Burnet, J., on the astronomy 
in Plato’s Republic, 15 n. a 

Butcher, S. H., on the hy- 
pothesis in Plato’s Meno, 
397 n.a 


Callimachus, ii. 261 and n. b 
Canonic, theory of musical 
intervals, 19 and n. 8 
Cantor, G., 42 
Carpusof Antioch, 335, ii. 619 
Case (ardots), ii. 347 
Casting out of nines, 107-109 
Catasterismi, work by Era- 
tosthenes, ii. 263 n, a 
Catoptrics, v. Euclid: Works 


Cattle-problem, v.  Archi- 
medes : Works 
Centre of gravity: Archi- 


medes’ postulates, ii. 209 ; 
of a lever, ii. 209-217; of 
a parallelogram, ii. 217- 
221; of a triangle, ii. 217 
n. b, ii, 227 and n.a; ofa 
trapezium and_ parabolic 
segment, ii. 217 n. b; of 
a segment of a paraboloid, 
ij. 225 

Chaldaeans, ii. 397 n. a 

Chasles, M., 485 n. ¢, ii. 581 


nc 

Chords, Table of: Hippar- 
chus and Menelaus, ii. 407, 
ii. 409 and n.a; Ptolemy, 
li, 443-445 

Chrysippus, 229 n. a 

Cicero: restored monument 
to Archimedes, ii. 33 n. a 
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Circle : 
Division into degrees, fi. 
395-397 
Squaring of the circle: 
Anaxagoras’s work in 
prison, 309 ; a reference 
by Aristophanes, 309; 
approximation by poly- 
gons — Antiphon, 311- 
315, Bryson, 315-317, 
Archimedes, 317-333; 
solutions by higher 
curves — Simplicius’s 
summary, 335, the 
quadratrix, 337 - 347; 
closer approximations 
by Archimedes, 333 n. a, 
and Apollonius, ii. 353 ; 
Pappus’s collection of 
solutions, ii. 581 n. b 
Apparent form of circle, 
ii. 593-597 
Cissoid, viii; discovered by 
Diocles, 271 n. a, ii. 365 
n.as and by him used for 
finding two mean propor- 
tionals, 271-279 
Cleanthes, ii. 5 
Cleomedes: life and works, 
ii. 267 nw b, ii. 397 n. a; 
on the measureinent of 
the earth, ii, 267-273 ; on 
paradoxical eclipses, ii, 
397-401 
Cleonides, 157 n. ¢ 
Cochlias, 335, ii. 351 
Cochloids, 301 n. a, 335 and 
n.c, 297 noe 
Commandinus, his edition of 
Pappus’s Collection, 499 
n. a, ii. 581 n. ¢ 
Concentric spheres, Eu- 
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doxus’s theory of, 411- 
415 

Conchoid, 297, 301 n. a; 
used by Nicomedes_ to 
trisect an angle, 297-309 

Cone: double cone defined 
by Apollonius, ii. 285-287 ; 
single cone defined, ii. 
287; volume enunciated 
by Democritus, 229-231 ; 
and proved by Eudoxus, 
229-931, 409-411;  sub- 
contrary section a circle, 
ii. 301 n. a 

Conic sections: discovered 
by Menaechmus, 279-283 
(incl. n. a), 297, ii. 281 n. 
a; originally called sec- 
tions of a_right-angled, 
acute-angled and obtuse- 
angled cone, 283 n. a, ii. 
279; by Apollonius re- 
named parabola, ellipse 
and hyperbola, 283 n. a; 
treatises written by Aris- 
taeus and Euclid, 487 and 
n. a, ii. 255 u. a, ii, 281 n. 
a; “locus with respect to 
three or four lines,”? 487- 
489; Euclid on genera- 
tion of ellipse, 491; focus- 
directrix property assumed 
by Euclid, 495 and n. 
a; terminology of Archi- 
medes, ii. 281 n. a, ii, 283 
n. a; area of parabolic 
segment found by Archi- 
medes mechanically, ii, 
223-227, ii. 233-239, geo- 
metrically, ii. 239-245 ; 
properties assumed by 
Archimedes, ii. 171, ii. 175, 


INDEX 


ii, 253, ii. 255; relation 
of Apollonius’s treatise to 
previous works, ii. 277- 
2813 scope of his treatise, 
ii. 281-285 ; definitions, ii. 
285-289 ; construction of 
the sections, ii. 289-305 ; 
fundamental properties, ii. 
305-329 ; meaning of dia- 
meter, ii. 287; ordinates, 
ii. 289; conjugate dia- 
meters, ii. 289; transition 
to new diameter, ii. 329- 
335; principle axes, ii. 289 
and n. a, ii. 331 n. a3; con- 
jugate axes, ii. 289; op- 
posite branches of hyper- 
bola, ii. 323-329 (incl. n. a); 
basis of Apollonius's treat- 
ment the application of 
areas, ii. 309 n.a; “figure” 
of a conic section, ii. 317 n. 
a; latus rectum, ii. 309 
and n. a, ii. 317 and n. a; 
transverse side, ii. 317 and 
n. a; Cartesian equiva- 
lents, 283 n. a, ii. 323 n. 
a; use of conic sections to 
solve cubic equations—by 
Archimedes, ii. 137-159; 
by Dionysodorus and 
Diocles, ii. 163 n. a; to find 
two mean proportionals, 
279-283; to trisect an 
angle, 357-363 

Conon of Samos, ii. 35 n. b, 
ii. 229 

Conversion, in geometry, 159 
andn.a 

Cube: one of five regular 
solids, 217, 223, 379, 467- 
475; inscription in sphere 


Definitions : 


by Pappus, ii. 575 n. a; 
duplication of cube — 
task set to Delians and 
Plato’s advice sought, 257 ; 
a poetic version, 257-259 ; 
reduced to finding of two 
mean proportionals, 259 ; 
collection of solutions by 
Eutocius, 263 n. a; by 
Pappus, ii. 581 n. } 


Cube root: * 4/100 found by 


Heron, 61-63; Heron’s 
value for 84/ 97050, 63 n. as 
approximations by Philon 
of Byzantium, 63 n. a 


Cubic equations ; c.e. arising 


out of Archimedes’ De 
Sph. et Cyl., ii. 183 n. ds 
solved by Archimedes 
by use of conics, ii. 
137-159 (esp. 141 n. a); 
also by Dionysodorus and 
Diocles, ii, 163 n. a3 
Archimedes able to find 
real roots of general cubic, 
ii. 163 n. a; cubic equa- 
tion solved by Diophantus, 
ii. 539-541 


Damianus of Larissa, ii. 497 


n. a; his book On the 
Hypotheses in Optics, ii. 
497; an abridgement of 
a larger work based on 
Euclid, ii. 497 n. a 

discussed by 
Plato, 393; by Aristotle, 
423; Euclid’s d., 67-71, 
437-441, 445-453, 479; 
Archimedes’ d., ii. 43-45, 
ii. 165, ii. 183-185; Apol- 
lonius’s d., ii. 285-2893 
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Heron’sd., ii. 467-471; Dio- 
phantus’s d., ii. 519-523 
De Fortia D’Urban, Comte, 
his Traité d’Aristarque de 
Samos, ii. 15 n. b 

Demel, Seth: his Platons 
Verhdltnis zur  Mathe- 
malik, 387 n. a 

Demetrius of Alexandria, 
349 and n. b 

Democritus: life and works, 
229 n. a: reflections on 
the indefinitely small, 229 ; 
enunciated formulae for 
volumes of cone and pyra- 
mid, 229-931, 411 n.a 

De Morgan, 447 n. a 

Descartes, system of co-ordi- 
nates conceived through 
study of Pappus, ii. 601 na 

Dichotomy of Zeno, 369 and 

b 


n. 

Diels, H.: his Die Frag- 
mente der Vorsokratiker, 
xvi, 5, 73, 75, 113, 173, 217 

Digamma: use as numeral, 43 

Dimension, 85, ii. 411-419, ii. 
515, ti. 601-603 

Dinostratus, 153 and n. d 

Diocles: his date, ii. 365 n. a; 
his discovery of the cissoid, 
viil, 270-279 ; his solution 
of a cubic equation, ii. 135, 
ii. 163 n.a 

Diodorus of Alexandria : his 
Analemma, 301 and n. 6 

Diodorus Siculus: his ac- 
count of the siege of 
Syracuse, ii. 23 and n. a 

Dionysius, a friend of Heron, 
ii, 467 

Dionysodorus : of Caunus ?, 
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ii. 364 n. a3; his solution of 
a cubic equation, ii, 135, ii. 
163 n.a; his book On the 
Spire, ii. 481 

Diophantus of Alexandria: 
life, ii. 513, ii. 517 n. b; 
on the unit, ii. 515; on 
the Egyptian method of 
reckoning, ii. 515; his 
Arithmetica, ii. 517 and 
n. 6; his work (?) entitled 
Porisms, ii, 517 and n.e; 
his treatise On Polygonal 
Numbers, ii. 515, ii. 561; 
his contributions to alge- 
bra—notation, ii. 519-525 ; 
pure determinate equa- 
tions, ii, 525; quadratic 
equations, ii. 527-535, esp. 
ii. 533; simultaneous equa- 
tions leading to a quad- 
ratic, ii. 5873 cubic equa- 
tion, ii. 539-541 ; indeter- 
minate analysis, 139 n. 6; 
indcterminate equations of 
the second degree, ii. 541- 
547; indeterminate equa- 
tions of higher degree, ii. 
549-551; theory of num- 
bers—sums of squares, ti, 
551-559 

Dioptra: ancient theodolite, 
ii. 467; Heron’s book, ii. 
485-489 

Diorismi, 151 and n. h, 395- 
397, ii. 135 n. a 

Division in Greek mathe- 
matics, 51-61 

Division of Figures: Euclid’s 
book, 157 n.c; a problem 
in Heron's Metrica, ii. 
483-485 


INDEX 


Dodecahedron: one of the 
five regular solids, 217, 223 
and n. 6; Hippasus said to 
have been drowned for re- 
vealing it, 223-225; com- 
pn with the icosa- 

edron, ii. 349 

Dositheus of  Pelusiuam: 
works dedicated to him by 
Archimedes, ii. 41, ii. 229 

Dyad, 75 and n. a, 427 n. 6 


Earth: circumference calcu- 
lated by Posidonius, ii. 267; 
by Eratosthenes, ii. 267-273 

Ecliptic, 149 n. e 

Ecphantus, ii. 5 n. b 

Fecke, Paul Ver, v. Ver 
Eecke 

Egyptian method of reckon- 
ing, 17, 21, ii. 515-517 

Egyptian papyri, calcula- 
tions in, 45-47 

Egyptian se-qet, 165 n. b 

Hfenents : meaning of term, 
151 n. ¢; Leon's collec- 
tion, 151; Euclid’s Ele- 
ments, 157, 437-479 5 
Elements of Conics, 487 
ne a it. 151, ji, 163% 
Pappus’s Collection so de- 
scribed, ii. 607 

Enestriém, G., 63 n. @ 

Enneagon: relation of side 
of enneagon to diameter 
(=sin 20°), ii. 409 n. @ 

Eipanthema, “bloom,” of 
Thymaridas, 139-141 

Equations: v. Cubic equa- 
tions, Quadratic equations 

Fratosthenes : Life and 
achievements, 156 and n.a, 


ii. 261 and n.a@; his work 
On Means included in the 
fray of Analysis, ii. 
263 and n. d; discussed 
loci with reference to means, 
ii. 263 n. d, ii. 265 and n.a; 
his Platonicus, 257 and ii. 
265-267 ; his sieve for find- 
ing successive odd num- 
bers, 100-103; letter of 
pseudo - Eratosthenes to 
Ptolemy Euergetes, 257- 
261; his solution of the 
problem of two mean pro- 
portionals, 291-297; his 
solution derided by Nico- 
medes, 297-299; his 
measurement of the cir- 
cumference of the earth, 
ii, 267-273 ; Archimedes’ 
Method dedicated to him, 
ii. 221; Cattle Problem 
said to have been sent 
through him, ii. 203; his 
teachers and pupils, ii, 
261-263; his nicknames, 
ii. 261-263; his other 
works, ii. 263 


Erycinus, Paradoxes of, ii. 


571-573 


Euclid : 


Life: Born in time of 
Ptolemy I, 155 and n.d; 
not to be confused with 
Euclid of Megara, 155 
n. 6; his school at 
Alexandria, 437 n. a, 
489, ii. 35 n. b; told 
Ptolemy there was no 
royal road in geometry, 
155 (but v7. n. 5); con- 
tempt for those who 
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studied mathematics for 
monetary gain, 437 


Works: 


Elements: meaning of 
the name, 151 n. ¢, 
Proclus’s notice, 155- 
157; definitions, pos- 
tulates and common 
notions, A3T-AAS 5 
“ Pythagoras’s Theo- 
rem,” 179-1853; ap- 
plication of areas, 187- 
215; theory of pro- 
portion, 445-451 5 
arithmetical —_defini- 
tions, 67-71; theory 
of incommensurables, 
451-459 ; method of 
exhaustion, 459-465 ; 
regular solids, 467- 
479; Proclus’s com- 
mentary on Book i., 
145 n.a 3 an-Nairizi’s 
commentary, 185 n.b; 
Scholia, 215-217, 379, 
409; T. L. Heath, The 


Thirteen _ Books of 


Euclid’s Elements: v. 
Heath, T. L.: The 
Thirteen Books, etc. 

Data; General charac- 
ter, 479 n. a; defini- 
tions, 479; included 
in Treasury of Analy- 
sis, 479 n. a, ii. 3373 
cited, ii, 455 

Porisms : Proclus’s 
notice, 481; included 
in Treasury of Analy- 
gis, 481 and n. ¢, ii. 
337; Pappus’s com- 
prehensive enuncia- 


tion, 481-483; de- 
velopments in theory 
of conics, 487 n. as; 
modern _ reconstruc- 
tions, 485 n. @¢3 a 
lemma by Pappus, ii. 
611-613 

Conics: a compilation 
based on Aristaeus, 
ji. 281 n.a; Pappuson 
Apollonius’s debt, 
487-489; ellipse ob- 
tained as section of 
cone or cylinder by a 
plane not parallel to 
the base, 491 and n. 6; 
focus-directrix —_ pro- 
perty assumed with- 
out proof, 495 n. a3 
cited by Archimedes, 
ji. 225 

Surface Loci: 399 n. a, 
487 n. a3 included in 
Treasury of <Analy- 
sis, 491 and n. ¢; 
Pappus’s lemmas, 363 
n. @, 493-503 

Optics: _ Euclid’s text 
and Theon’s recen- 
sion, 503 and n. 8, 157 
and n. cs; proof that 
tan a: tan B<a:f, 
503-505 

On Divisions of Figures: 
Proclus’s notice, 157 ; 
Woepcke’s discovery 
of Arabic text, 157 
nc; R. C. Archi- 
bald’s restoration, 157 
n. c3  a_ medieval 
Latin translation (by 
Gherard of Cremona?), 


INDEX 


157 n. ¢ 3 similarity 
of Book iii, of Heron’s 
Metrics, ii, 485 n. 0; 
division of a circle into 
three equal parts, ii. 
485 na 
Pseudaria: attributed to 
Euclid by Proclus, 
161 and na 
Catoptrics: attributed 
to Euclid by Proclus, 
157; but not other- 
wise known, and pos- 
sibly written by Theon 
of Alexandria, 157 n.c 
Phenomena: — astrono- 
mica] treatise, 491 n. a 
Sectio Canonis, musical 
treatise doubtfully at- 
tributed to Euclid, 
157 noe 
Introductio Harmonica, 
musical treatise by 
Cleonides, wrongly 
attributed to Euclid, 
157 n.¢ 
Elements of Music: at- 
tributed to Euclid by 
Proclus, 157 
Euclidean geometry, viii; 
its nature defined in the 
postulates—-space an in- 
finite, homogencous con- 
tinuum, 443 and nn. a, 4, 
the parallel-postulate, 443 
and n. ¢; Proclus’s objec- 
tion to the postulate, ii. 
367-371; attempts to 
prove the postulate—Posi- 
donius and Geminus, ii. 
371-373, Ptolemy, ii. 373- 
383, Proclus, ii, 383-385 ; 





Fuclid’s genius in making 
it a postulate, 443 n. ¢, ii. 
367 n. a; non-Euclidean 
geometry, 443 n. ¢ 

Eudemus: pupil of Aris- 
totle, 145 n. a, ii. 281; his 
History of Geometry, 145 
n. @3 is account of 
Hippocrates’ quadrature of 
lunes, 235-253 ; on sum of 
angles of a triangle, 177- 
179; attributed Eucl. xii. 
2 to Hippocrates, 239, 459 
n.@ 

Fudemus, correspondent of 
Apollonius: Conics de- 
dicated to him, ii, 281 

Fudoxus of Cnidos: Pro- 
clus’s notice, 151-153 ; dis- 
covered three snbcontrary 
means, 153; increased 
theorems about ‘‘ the sec- 
tion,” 153; established 
theory of proportion, 409 ; 
credited with discovery of 
three subcontrary means, 
121 n. a; gave proofs of 
volume of pyramid and 
cone, 409-4113; must have 
used ‘‘ Axiom of Archi- 
medes,” 411 n. a, ii, 2313 
established method of ex- 
hausting an area by poly- 
gons, 411 n.a@; his theory 
of concentric spheres to 
account for planetary 
motions, 411-415; Me- 
naechmus his pupil, 153; 
his work continued by 
Hermotimus of Colophon, 
153 ; otherwise mentioned, 
319 ne 
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Eugenius Siculus, Admiral, 
translated Ptolemy's Optics 
into Latin, ii. 411 n. @ 

Euripides, 259 n. a@ 

Eutocius: On Archimedes’ 
Sphere and Cylinder, 263 
nn. @ and 4, 277 n. a, 
299 n. a, ii. 159 n, a, ii. 
163 n. a, ii, 621 n. a; 
On Avs Measurement of 
a Circle, 323 n. a 

Exhaustion, method of: 
originated by Antiphon, 
315 n. a; or possibly by 
Hippocrates, 411 nm @; 
established by Eudoxus, 
315 n.a, 411 n.a@; used to 
prove that circles are to 
one another as the squares 
on their diameters, 239 
n. b, 459-465; used for 
approximating to area of 
cirele, 313-315 


Fermat: reconstruction of 
Apollonius’s On Plane 
Loci, ii. 345 n.¢; his notes 
on Diophantus, ii. 551 n. a; 
sums of squares, ii. 559 
n.b 

Fractions in Greek mathc- 
matics, 45 

Geéponicus, Liber, ii. 467 
n. a, ii. 505 n. b 

Geminus : life and works, ii. 
371 n. c; on the classi- 
fication of curves, ii. S61- 
363, ii. 365 nn. a and b; 
his attempt to prove the 
parallel-postulate, ii, 371 
n.¢ 
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Geometric mean: v. Means 

Geometry: origins of, 145 
(incl. n. 6)-146; Proclus’s 
summary, 145-161; Plato 
on its nature, 9-11; in- 
cluded in theoretical part 
of mechanics by Heron, ii. 
615; for detailed subjects 
v. Table of Contents 

Gnomon: in sundials, 87 
Nn. @, ii. 269-271 ; gnomons 
of dotsin figured numbers, 
87 n. a, 93 n. a, 95 and 
n. 6, 99 and n. a; gnomon 
of a parallelogram, 193 
and n. 6, 197 n. a 

Gow, J., A Short History of 
Greek Mathematics, 43 n. b 

Guldin, Paul, ii. 605 n. a 

Guldin’s Theorem, ii. 
(incl. n. a) 
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Halley, E., 485 n. 6, ii. 337 
n.a, ii, 339 n.6. 
Harmonic mean: v. Means 
Heath, T. L. (later Sir 
Thomas) : 
A History of Greek Mathe- 
matics, x, xvi, 5n. b, 23 
n. a, 27 n. c, 35 nn, 
aand 6, 43 n. 6, 93 n.a, 
107 n. a, 117 n. a, 189 
n. b, 145 nn. @ and 8, 
153 n. a, 155 n. b, 157 
n. a, 165 nn. @ and b, 
169 n. a, 237 n, 6b, 247 
n. a, 271 n. a, 311 n. 6, 
315 n. a, 337 n. a, 357 
n. a, 457 n. a, 485 n. e@, 
ii. 163 n. a, ii. 253 n. a, 
ii. 273 n. c, ii, 341 n. a, 
ii, 343 n. 0, ii, 347 n. a, 
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ji. 351 n. a, ii. 357 n. a, 
ii, 371 n.c, ii. 407 n. a, 
ii. 467 n. a, ii, 489 n. a, 
ii. 525 n. 8, ii. 587 n. ¢, 
ii. 589 n. a, ii. 605 n. b 

A Manual of Greek Mathe- 
matics, 181 n. a 

The Thirteen Books of 
Euclid’s Elements, 67 


Helicon of Cyzicus, 263 n. 6 
Hendecagon, ii. 409 n. a 
Heraclides of Pontus, ii. 5 n. 6 
Hermodorus, correspondent 
of Pappus, ii. 597 
Hermotimus of Colophon, 
153 and n. ¢ 
Herodotus, on the abacus, 35 
Heron of Alexandria : 


n. a, 71 n. 6, 85 n. a, 155 
n. 6, 159 n. 6, 167 n. 8, 
181 n. a, 195 n. a, 211 
n. a, 215 n. a, 437 nn. a 
and ¢, 441 n. a, 447 n.a, 
457 n. a, ii, 367 n. a 
Aristarchus of Samos, 411 
n. 6, 415 nc, ii, 3 


na 
The Works of Archimedes, 
17 n. ¢, 61 n. b, 323 n. a, 
351 n. 6, 493 n, B, ii. 25 
n. a, ii, 117 n. 8, ii. 163 
n. a, ii, 181 n. a, ii. 


Apollonius of Perga, ii. 
281 na 

Diophantus of Alexandria, 
139 n. 6, ii. 513 n. a, 
ii. 517 n. ¢, ii. 519 n. a, 
ii, 523 n. a, ii. 537 n. b 

Greek Astronomy, 157 n.a, 
411 n.b 


Heiben, J. L., 333 n. a 


Heiberg, J. L., 19 n. ¢, 297 
n. a, 311 n. 6, 487 n. 3, 
503 n. 8, ii. 81 n. a, ii. 85 
n. @, ii. 89 n. a, ii. 159 n. a, 
ii. 173 n. a, ii, 221 n. 8, ii. 
243 n. a, ii. 285 n. a, il. 
353 n. ¢, ii. 357 n. a, ii. 466 
n.@ 


Life: his date a disputed 
uestion, ii. 467 n. as 
escribed as ‘‘ the father 

of the turbine,” ii, 467 


n. a 
Works, ii. 467 n. a: 

Definitions: based on 
Euclid, ii. 467; de- 
finition of a point, ii. 
469; of a spire, ii. 
469 ; his terminology 
different from  Pro- 
clus’s, li. 471 n. @ 

Metrica: discovery by 
R. Schéne and edited 
by his son H. Schéne, 
ii. 467 n. a; has pre- 
served its original 
form more closely 
than Heron’s other 
geometrical works, ii. 
467 n. a; formula 
/s(3 — al(s — b)(s — 6) 
for area of a triangle, 
li. 471-477, ii. 603 
n. a; formula for 
approximation to a 
square root, ii. 471- 
472 (incl. n. a); 
volume of a spire, ii. 
477-483 ; division of 
a circle into three 
equal parts, ii. 483- 
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4853 similarity be- 
tween Book iii. and 
Euclid’s book On 
Divisions of Figures, 
ii. 485 n. as; extrac- 
tion of a? 4/100, 60- 
63; Archimedes’ ap- 
proximation to 7, 333 
Dioptra: the dioptra, an 
instrument like a theo- 
dolite, ii. 467 n. a; 
measurement of an 
irregular area, ii, 485- 
489 ; problem of mov- 
ing a given force by 
a given weight using 
an arrangement of 
toothed wheels, ii, 
489 - 497; similar 
solutions found in the 
Mechanics and in 
Pappus, ii. 489 n. a; 
proof of formula for 
area of a triangle, ii. 
477 nea 
Mechanics: has sur- 
vived in Arabic, ii. 
488 n. a, and in a 
few fragments of the 
Greek, ii. 467 n. a; 
problems discussed, ii. 
489 na 
Geometrica: quadratic 
equations, ii. 503- 
5053; indeterminate 
analysis, ii. 505-509 
Paueumatica, Automata, 
ete., li. 467 n. a, ii. 617 
Otherwise mentioned : his 
addition to ‘* Pytha- 
goras’s Theorem,” 181 
n, @ and 185 n. 6; his 
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solution of the problem 
of two mean propor- 
tionals, 267-271; poss 
sible censure by Pappus, 
ii. 603 and n. a3 on 
branches of mechanics, 
li, 615 


Hexagon, its use by bees, ii. 


589-593 


Hipparchus : life and 


achievements, ii. 407 n. a; 
founded the science of tri- 
gonometry, ii. 407 n. a3 
drew up a table of sines, 
ii. 407 and n. a3; dis- 
covered precession of the 
equinoxes, ii. 407 n. a; 
his Commentary on the 
Phenomena of Eudoxus 
and Aratus, ii. 407 n. a, ii. 
415 na 


Hippasus, a Pythagorean: 


credited with discovery of 
means, 153 n. a3 said to 
have been drowned at sea 
for revealing secret of in- 
scribing a dodecahedron in 
a sphere, 223-225 (incl. a) 


Hippias of Elis: life an 


achievements, 149 n. a3 
his praise of Ameristus, 
149 ; discovered the quad- 
ratrix, 149 n. a, 337 na 


Hippocrates of Chios: life - 


and achievements, 235; 
his quadrature of lunes, 
235-253; the views of 
Aristotle and the com- 
mentators on his quadra- . 
tures, 311 and n. 63 first 
reduced the problem of 
doubling the cube to the 
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problem of finding two 
mean propottionals, 253, 
259; possibly able to 
solve a quadratic equa- 
tion, 245 n. a; discovered 
that circles are to one 
another as the squares on 
their diameters, 239 and 
n. 6, 459 n. a 

Hippopede (‘* horse-fetter ’’), 
name given by Eudoxus to 
a curve, 415 

Homer, 31 n. a 

Horsley, S., ii. 347 n. a 

Hultsch, F.: his edition of 
Pappus’s Collection, ii. 
565 n. a, ii. 581 n. ¢, ii. 605 
n. 6, ii. G11 n. 

Hypatia : daughter of Theon 
of Alexandria, 48 n. a; 
helped him in revision of 
commentary on Ptolemy, 
48 n.a; her commentary 
on Apollonius’s Conics, ii. 
285 n.a; her commentary 
on Diophantus’s <Arith- 
metica, ii. 517 n. b 

Hypotenuse: square on, 179- 
185; parallelogram on, 
ii. 575-579 

Hypsicles: date, ii. 397 n. a3 
his division of the circle 
into 360 degrees, ii. 395- 
397; his continuation of 
Euclid’s Elements, ii. 349 
nn. a and ¢, ii. 397 n. a; 
his definition of a poly- 
gonal number, ii. 397 n. a, 
ii, 515 and n. 6 


Tamblichus : on squaring of 
the circle, 335; on the 


‘** bloom ” of Thymaridas, 
139 n. 6; on a property of 
the pythmen, 109 n. a 

Icosahedron, 221 and n. 4 
ji, 349 

Incommensurable : 
tional 

Indeterminate analysis: Py- 
thagorean and _ Platonic 
formulae for right-angled 
triangles, 90-95 ; side- and 
diameter - numbers, 133- 
139; Archimedes’ Cattle 
Problem, ii. 202-2053 
Heron’s problems, ii. 505- 
509; Diophantus’s prob- 
lems, ii. 541-551 

Indian mathematics, 181 n.4@ 

Involution, ii, 341 nm. a, ii, 
6li na 

Irrational: Pythagoreans and 
the irrational, 149 n. 0, 
215-217, 225 n, a; “ irra- 
tional diameters,” 133-137 
(esp. n. a), 899 n. ¢; proof 
by Theodorus and Theae- 
tetus of irrationality of 4/3, 
V5... 4/17, 381-383; 
Plato on irrational num- 
bers, 401-403; Aristotle’s 

roof of irrationality of4/2, 

M1 ; Euclid’s theory, PAG 
459; Apollonius’s theory 
of unordered irrationals, 
ii. 351 

Isocrates: on mathematics 
in Greek education, 27-29 

Isoperimetric figures, ii. 387- 
395, ii. 589-593 


». Irra- 


Karpinski, L. C., 75 n. @ 
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Keil, 43 n. 8 

Kepler, his investigation of 
semi-regular solids, ii. 
197n.6; on planets, 411 n. 

Koppa, used as numeral, 43 

Kubitschek, 35 n. 6 


Laird, A. G., on Plato’s 
nuptial number, 399 n. 6 
Larfeld, W., on Greek alpha- 
bet, 42 n.b 

Lemmas: Pappus’s collec- 
tion, ii. 607 (incl. n. 5) -613, 
ii. 565 mn. a, 493-503; 
lemmas to Menelaus’s 
Theorem, ii. 447-459 

Leodamas of Thasos: Pro- 
clus’s notice, 151; Plato 
said to have communi- 
cated method of analysis 
to him, 151 n. e 

Leon: made collection of 
Elements, and discovered 
diorismi, 151 and n.h 

Line: defined, 437 ; straight 
line, 439 and n. a; different 
species of curved lines ii. 
361-363 

‘* Linear ” 
lems, 349 

* Linear *’ numbers, 87 n. a 

Loci: line loci, surface loci, 
and solid loci, 491 - 493 
(incl. n. a); Surface Loci of 
Euclid, 349 and n. a, 487 
n. a, ii. 601; Solid Loci 
of Aristaeus, 487, ii. 601 

Locus with respect to three 
or four lines, 487-489; 
with respect to five or six 
Hines, ii, 601-603 

Logistic, 7, 17-19 
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loci and_prob- 


Loria, G.: his Le setenze 
esatte nell’ antica Grecia, 
47 n. a, 109 n. a, 139 n. 6, 
Qi na 

Lucian, 91 n.@ 


Mamercus, 147 7. 6 

Marinus, his commentary on 
Euclid’s Data, ii. 349, ii. 
565 n a 

Mathematics, meaning of the 
term, 3, 401 n. a 

Means: three I’ythagorean 
means — arithmetic, geo- 
metric, subcontrary, 111- 
115 ; subcontrary renamed 
harmonic, 113; three sub- 
contrary means added, 
119-121 (incl. n. a); five 
further means discovered, 
121-125; Pappus’s equa- 
tions between means, 125- 
129; Plato on means be- 
tween two squares or two 
cubes, 129-131; duplica- 
tion of cube reduced to 
problem of two mean pro- 
portionals, 259 and n. 6; 
solutions, 261-309; Era- 
tosthenes’ work On Mens, 
ii. 263 ; loci with reference 
to means, ii. 265 and n. a3 
representation of means by 
lines in a circle, ii. 569-571 
(incl. n. a) 

Mechanics: Pappus on 
branches of mechanics, ii. 
615-621; principle of lever, 
431-433, ii. 209-217; paral- 
lelogram of velocities, 433 ; 
centres of gravity, ii. 207- 
221; five mechanical 
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powers, ii. 489 n.a; Archi- 
medes’ mechanical inven- 
tions, ii. 19-31 ; movement 
of larger weight by smaller 
by use of engaging wheels, 
ii, 489-497 ; Plato’s dislike 
of mechanical] solutions, 
263 n.6; Archimedes’ pre- 
ference for theoretical 
mathematies, ii. 31, i. 
619; pseudo-Aristotelian 
Mechanics, 431-433; Ar- 
chimedes’ On Plane Equi- 
libriums, ii. 207-221; 
his mechanical method in 
mensuration, ii. 221-229, 
ii, 233-239; Heron’s Me- 
chanics, ii. 467 n. a, ii. 489 
(incl. n. a) -497 

Menaechmus: solution of 
problem of two mean pro- 
portionals, 261, 279-283 ; 
discovered the conic sec- 
tions, 283 n. a, 297 and n. 
6, ii, 281 na 

Menelaus of Alexandria: 
made an observation under 
Trajan, ii, 407 n. @; dis- 
covered a curve called 
“paradoxical,” 348 - 349 
(inel. n. c); his Sphaerica, 
ii. 407 n. a, ii, 463 n. a; 
drew up a table of sines, ii. 
407; ‘* Menelaus’s Theo- 
rem,” ii, 459-463 

Mensuration: area of tri- 
angle given the sides, ii, 
471-477 ; volume of spire, 
ii. 477-483 ; measurement 
of irregular area, ii. 485- 
489; area of parabolic seg- 
ment, ii. 223-229, ii. 243 


Meton, 309 and n. a 
Metrodorus, ii. 513 n.a@ 


Minus, Diophantus’s sign 
for, ii. 525 

Moeris, 175 

Multiplication in Greek 
mathematics, 48; Apol- 


lonius’s continued multi- 
plications, ii, 353-357 

Music: theoretical music 
(canonic) included by 
Greeks in mathematics, x, 
3n. 6,19 n. 6; full discus- 
sion excluded, x; included 
in Pythagorean quadri- 
vium, 5; in Plato’s curri- 
culum for the Guardians, 
17; popular music, 3, 19 

Musical interval, 3 n. 6, 113 
n. 6, 175 

Myriad; notation, 44-45; 
orders and periods of 
myriads in Archimedes’ 
notation, ii. 199-201 


Nag], A., 35n. 

an-Nairizi, Arabic commen- 
tator on Euclid’s Fle- 
ments, 185 n. b, ti. 467 no a 

Neoclides, 151 and n. h 

Nesselmann, G. F., his Die 
Algebra der Griechen, 139 
n. 6, ii. 513 n. a, ii, 517 1. 5 

Newton, Sir Isaac, ii. 343 n. 6 

Nicolas Rhabdas : v. Rhab- 
das 

Nicomachus of Gerasa, 67 n, 
b, 69 nn. a and ¢, 75 n. a, 
79n. a, 8ln.a, 87 n. a, 95 
n. 6, 10i n. a, 103 n. a, 105 
n. a, 107 n. a, 121 n. a, 
123 n.¢ 
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Nicomedes: date, 297 n. c; 
his conchoid and its use for 
finding two mean propor- 
tionals, 297-309 

Nix, L., ii. 285 n. a 

Number: defined by Euclid, 
67; by Nicomachus, 73; 
fundamental concepts, 67- 
71; Plato on nature of 
number, 7; his nuptial 
number, 899; on genera- 
tion of numbers, 401-405 ; 
odd and even numbers, 
67-69, 101, 391; prime 
numbers, 69, 87 n. a, 101- 
108; classification of num- 
bers, 71, 73-75; perfect 
numbers, 71,75-87; figured 
numbers, 87-99; some 
properties of numbers, 101- 
109 ; Diophantus on sums 
of squares, ii. 551-559; on 
polygonal numbers, ii. 515, 
li. 561 

Numerals, Greek, 41-45 


“ Oblong ” numbers, 95 (incl. 


n. 

Octads, in Archimedes’ sys- 
tem of enumeration, ii. 
199-201 

Octahedron, one of the five 
regular solids, 217, 221 
and n.d 

Qdd and even numbers: v. 
Number 

Oenopides of Chios, 149 and 
n. € 

Olympiodorus, proof of 
equality of angles of inci- 
dence and reflection, ii. 
503 noo 
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Optics: Euclid’s _ treatise, 
157 n. c, 503 n. 8; his 
theorem about apparent 
sizes of equal magnitudes, 
503-505 ; Ptolemy’s treat- 
ise, ii. 411 and n. a, ii. 503 
n. a; Heron's treatise, ii. 
503 n. a; his proof of 
equality of angles of in- 
cidence and __ reflection, 
ii. 497-503; Damianus’s 
treatise, ii, 497 n. a 

Pamphila, 167-169 
n. a) 

Pappus of Alexandria : 
Life: Suidas’s notice, ii. 

565-567; date, ii, 565 

and n.@ 

Works: 

Synagoge or Collection, 
145 n. a, ii. 565 n. 
a; contents—<Apollo- 
nius’s continued multi- 
plications, ii. 353-357; 
problems and _ theo- 
rems, ii. 567-569; 
theory of means, 
ji. 569-571; equa- 
tions between means, 
125-129; paradoxes 
of Erycinus, ii. 571- 
573; regular solids, 
li. 573-575 ; extension 
of Pythagoras’s theo- 
rem, ii. 575-5793 
circles inscribed in the 
dpByros, ii, 579-581 5 
duplication of the 
cube, 299-309 ; squar- 
ing of the circle, 337- 
347; spiral on a 


(incl. 
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sphere, fi. 581-587; 
trisection of an angle, 
347-363 ; isoperimet- 
ric figures, ii. 589-593; 
apparent form of a 
circle, ii, 593-597; 
“Treasury of Analy- 
sis,” ii, 597, ii, 599- 
601, 479 n. a, 481 n. 2, 
491 nc, ii, 263, ii, 337; 
on the works of Apol- 
lonius, ii. 337-317, 
487-489; locus with 
respect to five or six 
lines, ti. 601-603 ; an- 
ticipation of Guldin’s 
theorem, ii. 605-607 ; 
lemmas to the Deter- 
minate Section of Apol- 
lonius, ii. 607-611 ; to 
the Porisms of Euclid, 
ii. 611-613; to the 
Surface Loci of Ku- 
elid, 493-503;  me- 
chanics, ii, 615-621 
Commentary on Pto- 
lemy’s Syntazis, 48, 
ii. 409 n. 8, ii, 565-567, 
ii. 617 n.d 
Commentary on Euclid’s 
Elements, ii. 565 n. a, 
457 na 
Commentary on Ana- 
lemma of Diodorus, 
301, ii. 565 n. a 
Other works, ii. 
(incl. n. a), 567 
Paradoxes of Erycinus, ii. 
571-573 
Parallelogram of velocities, 
433 
Parmenides, 367 n. a 
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Pebbles, used for calculating, 
35 


Pentagon, regular, 223 n.6 

Pentagram, Pythagorean 
figure, 225 and n. 6 

‘* Perfect’? numbers, 71,75-87 

Perseus: life, ii. 365 n. a; 
discovered spiric curves, ii. 
363-65 

Phenomena of Hudoxus and 
Aratus, ii. 407 n. as for 
Fuclid’s Phenomena, v. 
Euclid : Works 

Philippus of Opus (or Med- 
ma), 155 and n. a 

Philolaus, ii. 3n.a@ 

Philon of Byzantium : solu- 
tion of problem of two 
mean proportionals, 263 
n. a, 267 n. b; cube root, 
63 n. @ 

Philoponus, Joannes, on 
mupsrauue of lunes, 311 
n. 

Planisphaerium: v. Ptolemy 

Plato: his inscription over 
the doors of the Academy, 
387 and n. b; his belief 
that ‘‘ God is for ever play- 
ing the geometer,’’ 387; 
his dislike of mechanical 
constructions, 263 n. b, 
389; his identification of 
the Good with the One, 
389; his philosophy of 
mathematics, 391-393 ; the 
problem in the Alene, 395- 
397; the Nuptial Number 
in the Republic, 399; on 
the generation of numbers, 
401-405; his reported 
solution of the problem of 
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two mean _ proportionals, 
263-267; his application of 
analysis to theorems about 
“the section,” 153 andn.a; 
his knowledge of side- and 
diameter-numbers, 137 n. 
a, 399 n. ¢; his formula 
for the sides of right-angled 
triangles, 93-95, his defini- 
tion of a point, ii. 469 n. a; 
his use of the term mathe- 
matics, 3 n. c, 401 n. a; 
his curriculum for the 
Guardians in the Republic, 
97-17;  Proclus’s notice, 
151; taught by Theo- 
dorus, 151.n. 6; his pupils 
—Fudoxus, 151, Amyclas 
of Heraclea, 153, Men- 
aechmus, 153, Philippus, 
155; Euclid said to have 
been a Platonist, 157 and 
n. 6; modern works on 
Plato’s mathematics, 387 n. 
a, 397 n. a, 399 n. a, 405 n. b 

“Platonic” figures: v. Re- 
gular Solids 

“ Playfair’s Axiom,” ii, 371 


nc 

Plutarch: on parallel sec- 
tion of a cone, 229 and 
n. a@; on Plato’s mathe- 
matics, 263 n. 6, 387-389 

Point, 437, ii. 469 and n. a 

Polygonal numbers, 95-99, 
ji. 396 n. a, ji. 515, ii. 561 

Pontus, paradoxical eclipses 
near, ti. 401 

Porism, 479-481 

Porisms: v. Kuclid: Works, 
and Diophantus of Alex- 
andria 
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Posidonius: life and works, 
ii. 371 n. 6; on the size of 
the earth, his definition of 
parallels, ii. 371-373 

Postulates: v. Axioms and 
postulates : 

Prime numbers: v. Number 


Problems: plane, _ solid, 
linear, 349; distinction 
between problems and 


theorems, ii. 567 
Proclus: life, 145 n. a3 his 
Commentary on Euclid i., 
145 n. a; summary of his- 
tory of geometry, 145-1615 
his Commentary on Plato's 
Republic, 399 n. a; his 
criticism of the parallel- 
postulate, ii. 367-371; his 
attempt to prove the paral- 
lel-postulate, ii. 383-385 
Proof: Aristotle on rigour of 
geometrical proof, ii. 369 ; 
Archimedes on mechani- 
ca] and geometrical proofs, 
ii, 221-223, ii, 229 
Proportion : Pythagorean 
theory of proportion and 
means, 111-125, 149; Eu- 
doxus’s new treatment. ap- 
plicable to all magnitudes, 
409 and 447 n. a; Euclid’s 
treatment, 445-451; 
also Means 
Psammites: v. Archimedes : 
Works: Sand-reckoner 
Psellus, Michael, 3 n. a, il, 
515 and n. ¢, ii. 517 nw @ 
Pseudaria: v. Euclid: Works 
Pseudo-Eratosthenes, _ letter 
to Ptolemy Euergetes, 257; 
261 
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Ptolemies: Euergetes I, 257 
and n. a, ii. 261 and n. ¢; 
Philopator, 257 n. a, 297 ; 
Epiphanes, ii. 261 and n. d 

Ptolemy, Claudius: life and 
works, ii. 409 and n. 6; his 
work On Balancings, ii. 
411; his Optics, ii, 411 
and n. a, ii. 503 n. as 
his book On Dimension, 
ji, 411-413; his Syntawis 
(Great Collection, Alma- 

. gest), ii, 409 and n. b; 
commentaries by Pappus 
and Theon, 48 and n. a, ii. 
409 n. 6, ii. 565-567, ii. 621 
n. a; his construction of a 
table of sines, ii, 413-445; 
his Planisphaerium, ii. 565 
n. a; his Analemma, 301 
n. 6, ii. 409 n. 6; his value 
for 1/3, 61n.6; onthe par- 
allel-postulate, ii. 373-383 

Pyramid: v. Tetrahedron 

Pythagoras: life, 149 n. 
6, 173; called geometry 


inquiry, 21; transformed | 


study of mathematics into 
liberal education, 149; dis- 
covered theory of pro- 
portionals (possibly irra- 
tionals), 149; discovered 
musical intervals, 1753 
sacrificed an ox on making 
a discovery, 169 n. a, 175, 
177, 185; “* Pythagoras’s 
Theorem,” 179-185; ex- 
Hien by Pappus, ii. 575- 
79 


Pythagoreans : 
General: use of name 
mathematics, 3; esoteric 


members called mathe- 
maticians, 3 n.d; Ar- 
chytas a Pythagorean, 
5; Pythagorean quadri- 
vium, 5and n. b,7n. a3 
stereometrical investiga- 
tions, 7 n. a; declared 
harmony and astronomy 
to be sister sciences, 17 
and n. 6; how geo- 
metry was divulged, 21; 
views on monad and 
undetermined dyad, 173; 
their motto, 175-177 
Pythagorean arithmetic: 
first principles, 67-71; 
classitication of num- 
bers, 73-75; rfect 
numbers, 75-83 ; feared 
numbers, 87-99; some 
properties of numbers, 
101-109 ; irrationality of 
4/2, 111 n. @3 ancient 
Pythagoreans recog- 
nized three means, 111- 
115; later Pythagorean 
list of means, 115-125; 
Archytas’s proof that 
a superparticular ratio 
cannot be divided into 
equal parts, 131-133; 
developed theory of side- 
and diameter-numbers, 
187-139 ; the “* bloom ”’ 
of Thymaridas, 139-141 
Pythagorean geometry: 
definition of point, ii. 
469 ; sum of angles of a 
triangle, 177-179 ; ‘* Py- 
thagoras’s Theorem,” 
179-185 ; application of 
areas, 187-215; the irra- 
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tional], 215-217; the five 
regular solids, 217, 219 
Nn. @, 223-224; Archy- 
tas’s solution of the 
problem of two mean 
proportionals, 285-289 ; 
squaring of the circle, 
335 

Otherwise mentioned : 245 
n, a, 403 nn. ¢ and d 


Quadratic equations: v. Al- 
ygebra: Quadratic equa- 
tions 

Quadratrix: discovered by 
Hippias, 149 n. a, 337 n. 
a; used to square the 
circle, 337-347 

Quadrivium, Pythagorean, 5 
and n. b, 7 n. a 

Quinary system of numerals, 
3lna@ 


Reduction of a problem: 
Proclus’s definition, 253 ; 
Hippocrates’ reduction of 
problem of doubling the 
cube, 253 and na 

Reflection, equality of angles 
of incidence and reflection, 
ji. 497-503 

Regular solids (‘‘ Platonic ” 
or “cosmic” figures): de- 
finition and origin, 217 
n. a; Pythagorean treat- 
ment, 217-225; Speusip- 
pus’s treatment, 77 ; work 
of Theaetetus, 379 and n, 
a; Plato’s use in Timaeus, 
219-223; Euclid’s_ treat- 
ment, 157 and n. 6b, 467- 
479; Pappus’s treatment, 
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ii. 573-575 (esp. n. a); Eva 
Sachs’ work, 217 n. a, 


379 noo 

Rhabdas, Nicolas Artavas- 
das, 31 n. b; his finger- 
notation, 31-35 

Right - angled triangle : 
square on hypotenuse 
equal to sum of squares on 
other two sides, 179-185 ; 
extension by Pappus, ii. 
575-579 

Roberts, Colin, 45 n.a : 

Robertson, D. S., ii. 479 n. a 

Rome, A.,, ii. 565 n. a 

Ross, W. D., 95 n. 6, 367 n, a, 
871 n.b 

Rudio, F., 237 n. & 


Saccheri, Euclides ab omni 
naevo vindicatus, 443 n. ¢ 

Sachs, Eva, Die fiinf Plato- 
nischen Kérper, 217 n. a, 
379 n. c: De Theaeteto 
Atheniensi, 379 n. a 

Salaminian table, 35 n. 6, 
sina. 

Sampi: use as numeral, 43 

Schiaparelli, G., 411 n. 8, 
415 ne 

Schine, H.: discovered 
Heron’s Metrica, ii. 467 n.a@ 

Schine, R.: edited Heron’s 
Metrica, ii. 467 n.a@ 

Scopinas of Syracuse, ii. 8 


na 
Sectio canonis: v. Euclid: 
Works 


Semi-cirele: angle in semi- 
circle a right angle, 167- 
169 


Serenus: commentary on 
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Apollonius’s Conies, li. 285 


n.@ 

Sexagesimal system of 
numerals, 48-49 

“ Side-”* and ‘‘ diameter- 
numbers,”” 138-139, esp. 
137 n. a, 399 n. 

Simon, M., Huclid und 
die sechs planimetrischen 
Bicher, 447 n. a 

Simplicius ; on Hippocrates’ 
quadratures, 235-253, 310 
n. 6, 313 n. a; on Pto- 
lemy, ii. 409 n. 6; on ob- 
long and square numbers, 
95 n. bs; on planets, 411 
and n. 6 

Simson, R., ii. $45 n.¢ 

Sines, Table of: v. Chords, 
Table of 

“ Solid ” loci and problems, 
349, 487, ii. 601 

“* Solid ** numbers : v. Num- 
ber: Figured numbers 

Solids, five regular solids: v. 
Regular solids 

Solon, 37 

Sophocles, ix, 259 n.a 

Speusippus, 75-77, 81 n.a 

Sphaeric (geometry of 
sphere), 5 and n. 6, 407 n.@ 

Sphaerica: work by Theo- 
dosius, ii. 407 n. a3 by 
Menelaus, ii. 407 n. a, ii. 
462 na 

Spiral: of Archimedes, ii. 
183-195, on a sphere, ii. 
581-587 

Spiric sections: », Tore 

Sporus, on the quadratrix, 
339-341 


Square numbers:  divisi- 


bility of squares, 103-103 ; 
sums of squares, ii. 551-559 

Square root, extraction of, 
53-61 

Squaring of the circle: ». 
Circle 

Stadium of Zeno, 371-375 


Star-pentagon: 4. Penta- 
ram 
Stenzel, Julius: his Zahl 


und Cestalt bet Platon und 
Aristoteles, 405 n.b 

Stigma: use as numeral, 43 

Subcontrary mean, 113-117, 
117-119, 123 

Subcontrary section of cone, 
ii. 301 na 

Surface Loci: ». Euclid: 
Works 

Synthesis, Pappus’s discus- 
sion, ii. 597-599 


Table of Chords: v. Chords, 
Table of 

Tannery, P., 77 n. 6, 237 n. 
6, 261 n. 6, 385 n. ad, 493 
n. 0, ii. 518 n. a, ii, 517 nn. 
a aud ce, li. 523 n. 6, ii, 537 
n. 

Taylor, A. E., 23 n. b, 27 n. 
6, 115 n. 6, 223 n. ¢, 405 
n. b, 497 nb 

‘Tetrads, in Apollonius’s sys- 
tem of enumeration, ii. 355 


na 

Tetrahedron (pyramid), 83, 
217 n.a, 221 n.¢, 379 

Thales: life, 147 n. a; Pro- 
clus’s notice, 147;  dis- 
covered that circle is bi- 
sected by its diameter, 165 
and n. a; that the angles 
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at the base of an isosceles 
triangle are equal, 165; 
that the vertical and oppo- 
site angles are equal, 167; 
that the angle in a semi- 
cirele is a right angle, 167- 
169; his method of find- 
ing distance of ships at sea, 
167 and n.b 

Theaetetus: life, 379 and n. 
a; Proclus’s notice, 151; 
Suidas’s notice, 379; his 
work on the regular solids, 
379 and n. ¢; on the irra- 
tional, 381-883 

Themistius: on quadrature 
of lunes, 310 n. 6; on ob- 
long and square numbers, 
95n.b 

Theodorus of Cyrene: life, 
151 n. 6, 381 n. b; Pro- 
clus’s notice, 151; his 
proof of incommensura- 
bility of 4/3, 4/5...4/17, 
381 and ne 

Theodosius: his Sphaerica, 
ii, 407 n. a 

Theodosius I, Emperor, ii. 
565 and n.a 

Theon of Alexandria: flour- 
ished under Theodosius I, 
48 n. a, 11. 565; father of 
Hypatia, 48; to be dis- 
tinguished from Theon of 
Smyrna, ii. 401 n. a; his 
commentary on Ptolemy’s 
Syntaxis, 48, ii. 409 n. 3, 
ii, 565-567, ii. 621 n. a 

Theon of Smyrna: referred 
to as “Theon the mathe- 
matician ” by Ptolemy, ii. 
401; made observations 
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under Hadrian, ii. 401 and 
n. a; referred to as “ the 
old Theon” by Theon of 
Alexandria, ii. 401 n. a 
Theophrastus, 217 n. ¢ 
Theorems, distinction from 
problems, ii. 567 
Theudius of Magnesia, 153 
Thymaridas: an early Py- 
thagorean, 139 n. ; his 
“bloom,” 139-141; on 
prime numbers, 87 n. @ 
Timaeus of Locri, 219 n. a 
Tore (also spire, or anchor- 
ring): defined, ii. 365, ii. 
469 ; used by Archytas for 
the doubling of the cube, 
285-289 ; sections of (Per- 
seus), ii. 363-365 ; volume 
of (Dionysodorus and 
Heron), ii, 477-483 
Treasury of Analysis: wv. 
Pappus: Works 
Triangle: angles at base of 
an isosceles triangle equal, 
165 and n. 6; equality of 
triangles, 167 and n. b; 
sum of angles equal to two 
right angles, 177-179, ii. 
279; ‘* Pythagoras’s Theo- 


rem,” 179-185;  exten- 
sion by Pappus, ii, 575- 
579; Heron’s formula 


a/sis —a)(s—b\(s—e) for 
area, ii. 471-477, ii. 603 n. a 
Triangular numbers, 91-95 
Trigonometry: origins in 
sphaeric, ii, 407 n. a; 
developed by Hipparchus 
and Menelaus, ii. 407 and 
n. a; their tables of sines, 
ii. 407 n. a, ii. 409 and n. a; 
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Ptolemy's terminology, ii. 
421 n. a; his construction 
of a table of sines, ii. 413- 
445; value of sin 18° and 
sin 36°, ii. 415-419, ii. 421 
n. a; of sin 60°, sin 90°, 
sin 120°, ii. 419-421 (incl. 
n. a); proof of sin? 9+ 
cos? @=1, ii, 421-423; of 
** Ptolemy’s Theorem,” ii. 
423-425; of sin (@-¢) 
=sin @ cos ¢-cos @ sin 4, 
ii, 425-427; of sin? 40= 
$(1 — cos 9), ii. 429-431; of 
cos (8+¢)=cos 8 cos ¢- 
sin @ sin ¢, ii. 431-435; a 
method of interpolation, ii. 
435-443; the table of 
sines, ii. 443-445 ; ‘*Mene- 
laus’s Theorem ”’ and lem- 
mas, ii. 447-463; proof 
that tan a:tan B<a: f, 
503-505 (incl. n. a), ii. 11 
n. 6, ii. 389 and n. 6; proof 
that sin a: sin B<a: B, ii. 
439 n.a@ 

Trisection of an angle: a 
‘* solid ’ problem, 353; so- 
lution by means of a ver- 
ging, 353-357 ; direct solu- 
tion by means of conics, 
357-363; Pappus’s collec- 
tion of solutions, ii. 581 n.b 


Unit, 67, 73, 89-91, ii. 469, 
ii. 515 
Usener, 237 n.d 


Valckenaer, 259 n. a@ 
Ver Eecke, Paul, ii. 19 n. a, 
ii, 285 n. a, ii. 513 nea 


Vergings: Definition, 244 





n. a; use by Hippocrates 
of Chios, 245 ; by Pappus, 
355-357 ; by Archimedes, 
ii. 189 and n. ¢; Apol- 
lonius’s treatise, ii. 345- 
347, ii. 337 

Vieta’s expression for 2/7, 
315 na 

Vitruvius, ii. 3 n. a, if. 251 
na 

Viviani’s curve of double 
curvature, 349 n.¢ 


Wescher, C., his Poliorcé- 
tique des Grecs, 267 n. 6 
Wilamowitz - Moellendorf, 
U. v., 257 n. a 

William of Moerbeke; his 
trans. of Archimedes’ On 
Floating Bodies, ii.242 n.a, 
ii, 245 n. 6: De Speculis, 
ii. 503 n. a 


Xenocrates, 75, 425 n. 6 


Zeno of Elea: life, 367 n. a; 
a disciple of Parmenides, 
ii. 367 n. a@; four argu- 
ments on motion, 367-375 

Zenodorus, ii. 387 n. 6; on 
isoperimetric figures, ii. 
387-397 

Zero, 47 and n. a 

Zeuthen: Die Lehre von den 
Kegelschnitten im Alter- 
tum, 493 n. Bb, ii. 265 n. 
a, ii. 281 n. a; Geschichte 
der Mathematik, 245 n. a3 
otherwise mentioned, 381 
n. a, 505 n. a 

Zodiac circle: division into 
$60 parts, ii. 395-397; 
signs of Zodiac, 223 n. ¢ 
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The figures in parentheses give the page or pages tn this edition where the 
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Aétius 
Plac. i. 15. 5 (ii. 2) ii. 
6. 5 (216) 


Alexander Aphrodisiensis 
In Aristot. Soph. El. 11, 
171 b 17 (314-316) 
Anatolius 
ae Heron, Def., ed. Hei- 
erg 160. 8-162. 2 (2) 
AR: eron, Def., ed. Hei- 
erg 164. 9-18 (18) 
Anthology, Palatine 
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20 (ii. 182-194 
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(ii. 228-242) 
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200) 
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6, 7, 9, 10 (ii. 206- 
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raef., 24 


De Corpor. Fluit.i., Post., 
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Meth., Praef. (228, ii. 220- 
222), 1 (ti. 222-298) 

Prob. Bov. (ii. 202-204) 

Archytas : dei 

Ap. Po - In Ptol. 
Tdiaced ellis Opera 
Math. iii. 236. 40-237. 1; 
Diels, Vors. i*. 330. 26— 
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Ap. Porphyr. In Pool. 
Harm.,ed. Wallis, Opera 
Math. iii, 267. 89-268. 9; 
Diels, Vors. i*. 334. 16- 
835. 13 (112-114) 
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Ap. Boeth. De Inst. Mus, 

iii. 11 (130-132) 
Aristarchus of Samos 

De Mag. et Dist. Solis et 
Lunae, Post., 7, 13, 15 
(ii, 4-14) 

Aristophanes 

Aves 1001-1005 (308) 
Aristotle 

Anal. Pr. i. 23, 41 a 26-27 

110); i. 24, 41 b 5-22 
428-430) 

Anal. Post, i. 10, 76 a 30- 
TT a 2 (418-499) 

Phys. A 2, 185 a 14-17 
(310); I’ 4, 208 a 13-15 
(94); T’ 6, 206 a 9-18 
(424); T' 6, 206 b 3-12 
(424-426); T’ 6, 206 b 
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I’ 7, 207 b 27-34 (428) ; 
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(366-374) 

Met. A 5, 985 b 23-26 
Ke A 5, 987 b 14-18 
394); A 6, 1073 b 17-32 
410-412) 

Prob. xv. 3,910 b 23-911 a 

1 (28-30) 
[Aristotle] 

Mech. 1, 848 b (432); 3, 

850 a-b (430-432) 
Aristoxenus 

Harm. ii. ad init., ed. 
Macran 122. 3-16 (388- 
390) 


Bobiense, Fragmentum 
Mathematicum 
113. 28-83, ed. Belger, 
Hermes, xvi., 1881, 279- 
280 (ii. 356) 


Boethius 
De Inst. Mus. iii. 11 (180- 
132) 


Cleomedes 
De Motu Cire. i. 10. 52 (ii. 
266-272) ; ii. 6 (ii. 396- 
400) 


Damianus 
Opt. 14 (ii. 496) 
Diodorus Siculus 
i, 34. 2 (ii. 34)3 v. 87. 8 
(ii. 84) 
Diogenes Laertius 
De Clar. Phil. Vitis i. 24- 
25 (166-168), i. 59 (36) ; 
viii, 11-12 (174), viil. 24- 
25 (172-174) 
Diophantus of Alexandria 
Arithmetica i., Praef. (ii. 
516, ii. 518-524), i. 28 
(ii. 586}; ii. 8 (ii, 550- 
552), li. 20 (ii. 540-542) ; 
iv. 18 (ii, 548-550), iv. 29 
(ii. 556-558), iv. 32 (ii. 
542-546), iv. 39 (ii, 526- 
534); v. 3 (ii. 516), v. 11 
(ii. 552-556) ; vi. 17 (ii. 
538-540) 
De Polyg. Num., Praef. (ii. 
560), 5 (ii. 514) 


Euclid 
Elem. i., Def., Post. et 
Comm. Notit. (436-444) ; 
i. 44 (188-190); i. 47 
(178-184); ii, 5 (192- 
194); ii. 6 (196); ii. 11 
(198-200); v., Def. (444- 
450); vi. 27 (202-204) ; 
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vi. 28 (204-210); vi. 29 
(210-214) ; vii., Def. (66- 
70); x., Def, (450-452) s 
x. 1 (452-454); x. 111, 
coroll, (456-458) ; xii. 2 
(458-464) ; xiii. 18 (466- 
478) 
Dat., Def. (478) 
Opt. 8 (502-504) 
Eutocius 

In Archim. De Sph. et Cyl. 
ii., ed. Heiberg 54. 26— 
56. 12, 56. 13-58, 14, 58. 
15-16, 66. 8-70. 5, 78. 
13-80. 24, 84. 12-88. 2, 
88. 3-96. 27, 98. 1-7 
(256-298) ; 130. 17~150. 
92 (ii. 134-162) 

In Archim. Dim. Cire., ed. 
Heiberg 242 ad init. (48); 
258. 16-22 (ii. 352) 

In Apollon. Conic., ed. 
Heiberg 168. 5-170. 26 
(ii. 276-280) 


Herodotus 
Histor. ii, 36. 4 (34) 
Heron of Alexandria 
Metrica i. 8 (ii, 470-476) ; 
i, 22 (ii. 406) 5 ii. 13 (i 
476-482); iii, 18 (ii. 
482-484) ; iii. 20 (60-62) 
Definitiones, ed. Heiberg 
14, 1-24 (ii. 466-468) ; 
60, 22-62. 9 (ii. 468-470); 
160, 8-162. 2 (2); 164, 9- 
18 (18) 
Dioptra 23 (ii. 484-488) ; 
36 (ii. 272); 37 (ii. 488- 
496) 


Geom. 21. 9-10, 24 1, 
24. 10 (ii. 502-508) 
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Ap. Stob. Eel. i., proem. 
3 (216); i 21. Te 
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Epin. 990 c-991 B (400- 
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394) 
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Quaest. Conv. viii. 2. 1 
(386-388); vill, 2. 4, 
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De Comm. Notit. 39. 3, 
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Histor. v. 26. 13 (36) 
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In Ptol. Harm., ed. Wallis, 
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In Aristot. De Caelo i. 1, 
268 a 6 (ii. 410-412); i, 
2, 269 a 9 (ii. 410) 3 ii, 
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42. 10-44, 17 (132-136), 
45. 9-46. 19 (84-86), 81. 
17-82. 5 (ii, 264-266) 
Tzetzes 
Chil. ii. 103-144 (ii. 18- 
22); viii. 972-973 (386) 


Vitruvius 
De Archit. ix., Praef. 9-12 
(ii. 36-38) 
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The purpose of this index is to give one or more typical examples of the 
use of Greek mathematical terms occurring in these volumes. Non- 
mathematical words, and the non-mathematical uses of words, are 
ignored, except occasionally where they show derivation, Greek 
mathematical terminology may be further studied in the Index 
Graecitatis at the end of the third volume of Hultsch’s edition of 
Pappus and in Heath's notcs and essays in his editions of Euclid, 
Archimedes and Apollonius. References to vol. i. are by page atone, to 
vol. ii. by volume and page. A few common abbreviations are used, 
Words should be sought under their principal part, but a few cross- 


references are given for the less ol 


“Ayew, to draw; evOciay ypau- 
py ayayetv, to draw a 
straight line, 442 (Eucl.); 
éav éerubavovoa dxybdouw, if 
tangents be drawn, ii. 
64 (Aichi): TmapardAnros 
4x9w 4 AK, let AK be 
drawn parallel, ii. 312 
(Apollon.) 

ayewperpyros, ov, ignorant of 
or unversed in geometry, 
386 (Tzetzes) 

adtalperos, ov, undivided, 
indivisible, 366 (Aristot.) 

advvaros, ov, impossible, 394 
(Plat.), ii. 566 (Papp.); 
ozep €oriy d., often without 
éortvy, which is impossible, 
a favourite conclusion to 
reasoning based on false 
premises, ii, 122 (Archim.); 
of 8a too a. mepaivortes, 


8. 


those who argue per im- 
possibile, 110 (Aristot.) 
dOporoja, aros, 7d, collection ; 
d. dtdorexvdtarov, a collec- 
tion most skilfully framed, 
480 (Papp.) 
Alyuntiakos, 7, ov, Egyptian ; 
at Ai. kadovpevar péBodor 
év modamAaoacpois, 16 
(Schol. in Plat. Charm.) 
aipe, to take away, subtract, 
ii. 506 (IIeron) 
aireiv, to postulate, 442 
(Eucl.), ii. 206 (Archim.) 
airypa, aros, 7d, postulate, 
420 (Aristot.), 440 (Eucl.), 
ii. 366 (Proel.) 
dxivynros, ov, that cannot be 
moved, immobile, fixed, 394 
(Aristot.), ii. 246 (Archim.) 
dxodovbeiv, to follow, ii. 414 
(Ptol.) 
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axorovbes, ov, following, con- 
sequential, corresponding, 
ji. 580 (Papp.); as subst., 
axdAoufov, 746, consequence, 
ii. 566 (Papp.) 

axodovdws, adv., consistently, 
consequentially, in turn, 
458  (Euel.), ii, 384 
(Procl.) 

dxovapatixés, 4, ov, eager to 
hear; as subst, a, 6, 
hearer, exoteric member of 
Pythagorean school, 3 n. d 
(Iambl.) 

dxpipys, és, ewact, accurate, 
precise, ii. 414 (Ptol.) 

dxpos, a, ov, at the farthest 
end, extreme, ii. 270 
(Cleom.); of — eatreme 
terms in a proportion, 122 
(Nicom.); 4. Kat pécos 
Adyos, extreme and mean 
ratio, 472 (Eucl.), ii. 416 


(Ptol.) 

dws, alternatively, 356 
(Papp) 

dAoyos, ov, irrational, 420 


(Aristot.), 452 (Fuel), 456 
(Eucl.); 8? aAdyou, by ir- 
rational means, 388 (Vlut.) 
auPrvydvos, ov,  obtuse- 


angled; d. tpiywvov, 440 
(Eucl.); 4. xdvos, ii. 278 
(Eutoc.) 


duprvs, cia, v, obtuse; 4. 
ywvia, often without ywric, 
obtuse angle, 438 (Eucl.} 

dperdberos, ov, unaltered, im- 
mutable; povados 4. obons, 
li. 514 (Dioph.) 

auhxavos, ov, impracticable, 
298 (Kutoc.) 
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Gpdovopa, aros, 70, revolving 
Jigure, ii. 604 (Papp. ) 

dudotorixds, 4, ov, described 
by revolution; audovorixdy, 
76, figure generated by re- 
volution, ii. 604 (Papp.) 

dvaypadev, to describe, con- 
struct, 180 (Eucl.), ii. 68 
(Archim.) 

avaxAay, to bend back, incline, 
reflect (of light), ii. 496 
(Damian.) 

avadAnupa, atos, Td, a Tepre- 
sentation of the sphere of 
the heavens on a plane, 
analemma; title of work 
by Diodorus, 300 (Papp.) 

avadoyia, Hy proportion, 446 
(Eucl. )s xupiag = dat 
Tpwrn, proportion par ex- 
cellence and primary, #.¢., 
the geometric propor- 
tion, 125 n. as ouvexTs a., 
continued proportion, 262 
(Eutoe.) 

avadoyor, adv., proportion- 
ally, but nearly always 
used adjectivally, 70 
(Tucl.), 446 (Eucl.) 

dvadveww, to solve by analysis, 
ii. 160 (Archim. )s 6 dva- 
Avdpevos témos, the Treas- 
ury of Analysis, often 
without rézos, ¢.g., 6 Kadov- 
pevos avadvdpevos, ii. 596 
{Papp.) : 

avadvats, ews, }, solution of 
a problem by analytical 
methods, analysis, ii. 596 
(Papp.) 

avadutixos, }, dv, analytical, 
158 (Pract) 
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dvapérpnas, ews, %, measure- 
ment; Ilepi ris a. tis ys, 
title of work by Eratos- 
thenes, ii, 272 (Heron) 

avdradw, adv., in a reverse 
direction ;_ transformation 
of a ratio known as in- 
vertendo, 448 (Eucl.) 

advamodextixas, adv., inde- 
pendently of proof, ii. 370 
(Procl.) 

avaorpépey, to convert a 
ratio according to the rule 
of Eucl. v. Def. 16; dva- 
atpéparrt, lit. to one who 
has converted, convertendo, 
466 (Eucl.) 

dvactpogy, , conversion of a 
ratio according to the rule 
of Eucl. v. Def. 16, 448 
(Eucl.) 

dverraiaOnTos, ov, unperceived, 
imperceptible ; hence, 
negligible, ii, 482 (Heron) 

dvcos, ov, unequal, 444 
(Eucl.), ii, 50 9 (Ar- 
chim.) 

duatdvat, to set up, erect, ii, 
78 (Archim.) 

dvraxodoviia, 7, reciprocity, 
76 (Theol. Arith.) 

dvrixetabar, to be opposite, 
114 (Nicom.) ; ropat dvre- 
xeipevat, opposite branches 
of a hyperbola, ii. 322 
(Apollon.) 

dvrindayew, to be recipro- 
cally proportional, 114 
(Nicom.);_ dvruremovOérws, 
adv., reciprocally, ii. 208 
(Archim.) 


dyriatpogy, %, conversion, 


converse, ii. 
ap. Eutoc.) 
agiwpa, aros, 76, axiom, pos- 
tulate, ii, 42 (Archim:) 
dfwy, oves, 6, axis; of a cone, 
li. 286 (Apollon. )3 of any 
pane curve, ii. 288 (Apol- 
on.); of a conic section, 
282 (Eutoc.) ; avluyeis das 
conjugate aes, ii, 288 
(Apolion. ) 
dépiatos, ov, without boun- 
daries, undefined, mAjOos 
povaddwy a, ii, 522 
(Dioph.) 
araywyy, 7, reduction of one 
problem or theorem to 
another, 252 (Procl.) 
amaptilew, to make even; of 
draprilovres dpipoi, fac- 
tors, ii. 506 (Heron) 
Grepayas, in an infinite 
number of ways, ii. 572 
{Papp.) ae. 
admeipos, ov, infinite; as 
subst., dzetpov, 7d, the in- 
jinite, 424 (Aristot.); «és 
dmeipov, to infinity, in- 
definitely, 440 (Eucl.); 
én’ d. » ii. 580 (Papp.) 
dmevayriov, adv. used adjec- 


140 (Archim. 


tivally, opposite; af 4a. 
meupai, 444 (Eucl.) 
aréyew, to be distant, 470 


(Euel. ), i ii. 6 (Aristarch. ) 

dvdaris, € és, motionless, fixed, 
ii, 2 (Archim, ) 

dnkarys, és, without breadth, 
436 (Eucl.) 

amdéos, TN, OV, contr, dmdobs, 
9, ob, simples 4. ypayuy, 
ii, 360 (Procl.) 
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andds, simply, absolutely, 4:24 
(Aristot.) ; generally, ii. 
132 (Archim.) 

dnduas, ews, %, simplifica- 
tion, explanation ; “A. ém- 
g¢avetas odaipas, Meplana- 
tion of the Surface of a 
Sphere, title of work by 
Ptolemy, ii. 408 (Suidas) 

dno, from; 16 and tis dia- 
petpov retpaywrov, the 
square on the diameter, 
332 (Archim.); 76 dae 
TH (se. rerpayewvor), the 
square on TH, 268 
(Eutoe.) 

dnodekrixds, 4, dv, affording 
proof, demonstrative, 420 
(Aristot.), 158 (Proel.) 

amoden7ix@s, acdv.,  theo- 
retically, 260 (Eutoc.) 

drdbdekes, ews, 4, proof, 
demonstration, ii. 42 (Ar- 
chim.), ii. 566 (Papp.) 

anoxaltoravat, to re-establish, 
restore; pass., to return 
to an original position, ii. 
182 (Archim.) 

aroAapBavew, to cut offs F 
drodapBavouervn mepipéepera, 
440 (Eucl.) 

dnopia, 7, difficulty, perplea- 
ity, 256 (Theon Smyr.) 

dndoTna, atos, 76, distance, 
interval, ii. 6 (Aristarch.) 

droTopy, %y cutting off, sec- 
tions Asdyou Groropi, Xw- 
piov arorouy, works by 
Apollonius, ii, 598 
(Papp.); compound —ir- 
rational straight line equi- 
valent to binemial surd 
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with negative sign, apo- 
tome, 456 (Eucl.) 

dnrew, to fasten to; mid., 
arrecba, to be in contact, 
meet, 438 (Eucl.), ii. 106 
(Archim.) 

dpa, therefore, used for the 
steps in a proof, 180 
(uel. ), 

apByros, 6, semicircular knife 
used by leather-workers, a 
geometrical figure used by 
Archimedes and Pappus, 
ii. 578 (Papp.) 

apbpety, to number, reckon, 
enumerate, ii, 198 (Ar- 
chim.), 90 (Luc.) 

aplnricds, 7, dv, af or for 
reckoning or numbers ; 3 4 
apiunrich (se. —-réxvm), 
arithmetic, 6 (Plat.), X26 


(Aristot.) ; dpiWpynricy 
péon (sc. edOeia), arith- 
metic mean, ii. 568 


eae a. peadrns, 110 

(lambl.) 

apilunres, 4, dv, that can be 
counted, numbered, 16 
(Plat.) 

apipos, 6, number, 6 (Plat.), 
66 (Eucl.); apdros 4., 
prime number, 68 (Eucl.) ; 
mpddto., Sevtepot, TpiTor, Té- 
TapToL, méumTot d., nume- 
bers of the first, second, 
third, fourth, fifth order, 
ii. 198-1 99 (Archim.) 3 7- 
irns &., problem about a 
number of sheep, 16 (Schol. 
in Plat. Charm.) ; gradirns 
a., problem about a num- 
ber of bowls (ibid.) 
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dpOpoordy, 76, fraction whose 
denominator is unknown 
[Z], i. 522 (Dioph.) 

dppolew, to fit together, ii. 
494 (Heron) 

Gppovia, %, musical scale, 
octave, music, harmony, 
404 (Plat.); used to de- 
note a square and a rect- 
angle, 398 ( Plat.) 

eppovxds, %, év, skilled in 
music, musical; 1) dppo- 
vt (sc. ématipn), mathe- 
matical theory of music, 
harmonic; 7 dppovih péon, 
harmonic mean, Q 
(Iambl.) 

dpridxis, adv., an even num- 
ber of times; 4. dprios 
dpiOuds, even-times even 
number, 66 (Eucl.) 

dpridmAcupos, ov, having an 
even number of sides; 
modvywvov d., ii, 88 (Ar- 
chim.) 

dprios, a, ov, complete, per- 
hes a. dpOpds, even num- 

er, 66 (Eucl.) 

apy, 7}, beginning or prin- 
ciple of a proof or science, 
418 (Aristot.); beginning 
of the motion of a point 
describing a curve; dp. 
ris éhixos, origin of the 
spiral, ii. 182 

dpxucdés, Y, ov, principal, 
fundamental; a. adp- 
mrp, principal property 
of a curve, ii. 282 (Apol- 
lon.), 338 (Papp.) 

dpxixwyraros, ov, sovereign, 


fundamental; d. pita, 90 
(Nicom.) 

dpxirexrovxds, 4, bv, of or 
jor an architect ; 4 dpxere- 
Krovixy (sc. 7éxvn), archi- 
tecture, ii. 616 (Papp.) 

dotpodoyia, 9, astronomy, 388 
(Aristox.) 

dotpoAdyos, 6, 
378 (Suidas) 

dorpovopia, }, astronomy, 14 
(Plat) e z 

dovpperpos, ov, incommensur- 
able, trrational, 110 (Aris- 
tot.), 452 (Eucl.), ii. 214 
(Archim.) 

dovprrwros, ov, not falling in, 
non-secant, asymptotic, ii. 
374 (Procl.); 4. (se. 
ypaypn), 7, asymptote, ii. 
282 (Apollon.) 


astronomer, 


davrOeros, ov, incomposite ; 
, Se 
a. = ypappy, ii, 360 
(Procl.) 


draxros, ov, unordered ; Yept 
dr. dddywv, title of work 
by Apollonius, ii 350 
(Procl.) 

dreds, és, incomplete; d. 
dpdovorixa, figures gener- 
ated by an incomplete 
revolution, ii. 604 
(Papp.) Q 

Gropos, ov, indivisible; dropos 
ypaypal, 424 (Aristot.) 

dronos, ov, out of place, 
absurd; dmep &ronov, which 
is absurd, a favourite 
conclusion to a piece of 
reasoning based on a false 
premise, ¢g. ii, 114 (Ar- 
chim.) 
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adbfdverv, to increase, to multi- 
ply; pis adfne’s, 398 
(Plat.) 

avn, }, increase, dimension, 
10 (Plat.) 

avénas, «ws, 7H, increase, 
multiplication, 398 (Plat.) 

abréparos,'n, ov, self-acting ; 
Atropata, 7d, title of 
work by Heron, ii. 616 
(Papp.) 

adaipeir, to cut off, take away, 
subtract, 444 (Eucl.) 

a¢%, }, point of concourse of 
straight lines; point of 
contact of circles or of a 
straight line and a circle, 
ii. 64 (Archim.) 

*AytArevs, éws, 6, Achilles, the 
first of Zeno’s four argu- 


ments on motion, 368 
(Aristot.) 
ae. 2 
Badpos, ous, Ion. eos, 70, 


weight, esp. in a lever, ii. 
206 (Archim.), or system 
of pulleys, ii. 490 (Heron) ; 
70 Kévrpov Tob Bdpeos, centre 
of gravity, li. 208 (Ar- 
chim.) 

PapovAxces (se. pnxari), i, 
lifting-screw invented by 
Archimedes, title of work 
hy Heron, ii, 489 n. a 

fdas, ews, 9, bases of a geo- 
metrical figure; of a tri- 
angle, 318 (Archim.); of 
a cube, 222 (Plat.); of a 
cylinder, ii. 42 (Archim.) ; 
of a cone, ii. 304 (Apol- 
lon.); of a segment of a 
sphere, ii. 40 (Archiin.) 
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Tewdaoia, 4, land dividing, 
mensuration, geodesy, 18 
(Anatolius) 

yewperpeivy, to measure, to 
practise geometry; det y. 
tov @edv, 386 (Plat.); 


yewperpoupern — empavera, 
geometric surface, 292 
(Eutoc.), —- pewprerpoupévy 


drddeéis, geometric proof, 
ii. 228 (Archim.) 


yewpérpys, ov, 6, land 
measurer, geometer, 258 
(Eutoc.) 


yewperpia, 4, land measure- 


ment, geometry, 256 
(Theon Syn; 144. 
(Procl.) 


yewperpixds, 7, ov, pertaining 
to geometry, geometrical, 
ii, 590 (Papp.), 298 
(Eutoe.) 

yewpetpixds, adv., geometric- 
ally, ii. 222 (Archim.) 

yivecba, to be brought about ; 
yeyoverw, let it be done, a 
formula used to open a 
piece of analysis; of 
curves, to be generated, ii. 
468 (Heron) ; to be brought 
about by multiplication, 
té., the result (of the 
multiplication) is, ii. 480 
(Heron) ; 76 yevduevor, 7a 
yevopeva, the product, ii. 
482 (Heron) 

yAwoadKopor, 70, chest, ii. 490 
(Papp.) 

yropovixes, 7}, dv, of Or con- 
cerning sun-dials, ii. 616 
(Papp.) 

yrupwr, ovos, 6, carpenter's 
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square; pointer of a sun- 
dial, ii. 268 (Cleom.); 
geometrical figure known 
as gnomon, number added 
to a figured number to get 
the next number, 98 
ee ; 
apy, 9 line, curve, 436 
“(Bucl.);. etdeta y. (often 
without y.), straight line, 
438 (Eucl.); ex ray ypap- 
pay, rigorous proof by 
geometrical arguments, il. 
412 (Ptol.) 
ypapypuxds, 4, dv, linear, 348 
(Papp.) . 
ypadeav, to describe, 442 
(Kucl.), ii. 582 (Papp.), 298 
(Eutoc.); to prove, 380 
(Plat.), 260 (Eutoc.) 
ypady, %, description, ac- 
count, 260 (Eutoc.) 5 writ- 
ing, treatise, 260 (Kutoc.) 
ywvia, %, angle; énimedos y., 
plane angle (presumably 
including angles formed 
by curves), 438 (Eucl.); 
evOvypappos y., rectilin- 
eal angle (formed by 
straight lines), 438 (Eucl.); 
6p04, dpBreia, déeia y., 
right, obtuse, acute angle, 
440 (Eucl.) 


Accxvivar, to prove; Sédexrar 
yap tob70, for this has been 
proved, ii. 220 (Archim.) 
Seucréov drt, it is required 
to prove that, ii. 168 
(Archim.) 

Setv, to be necessary, to be 
required; Sdov éorw, let it 
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be required; dep et 
Seiéar, quod erat demon- 
strandum, which was to be 
proved, the customary end- 
ing to a theorem, 184 
(Euel.) 3 dwep :-~ = Grrep 
ede. detéas, ii, 610 (Papp.) 
Sexaywrov, 6, @ regular 
plane figure with ten angles, 
decagon, ii. 196 (Archim.) 
S7A0s, n, ov, also os, ov, mani- 
fest, clear, obvious; ért 
pev odv atta ovupminre, 
dfAov, ii, 192 (Archim.) 
Sidyew, to draw through, 190 
(Eucl.), 290 (Eutoc.) 
Sidypappa, atos, td, figure, 
diagram, 428 (Aristot.) 
Scarpeiv, to divide, cut, ii. 
286 (Apollon.); Senpnpévos, 
ov, divided; 8. avadoyia, 
discrete proportion, 262 
(Eutoe.) 5 SceAdvri, lit. to 
one having divided, diri- 
mendo (or, less correctly, 
dividendo), indicating the 
transformation of the 
ratio a:6 into a-6b:6 
according to Eucl. v. 15, 
ii. 130 (Archim.) 
Statpects, ews, 7, division, 
separation, 368 (Aristot.) ; 
8. Adyou, transformation of 


a ratio dividendo, 448 
(Eucl.) 

Scapévery, to remain, to re- 
main stationary, 258 
(Eutoc.) 


Sidpetpos, ov, diagonal, dia- 
metrical ; as subst., 5. (se. 
ypappn), %, diagonal; of 
a parallelogram, ii. 218 
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(Archim.) ; diameter of a 
circle, 438 rane of a 
sphere, 466 (Eucl.) ; prin- 
cipal axis of a conic section 
in Archim., ii, 148 (Ar- 
chim.); diameter of any 
plane curve in Apollon., 
li, 286 (Apollon.); mdayia 
8., transverse diameter, ii. 
286 (Apollon.); ovluyeis 
&., conjugate diameters, ii. 
288 (Apollon.) 

Ecdoraats, ews, 7, dimension, 
412 (Simpl.) 

diaoreMew, to separate, ii. 
502 (Heron) 

Sidornua, aros, 7d, interval ; 
radius of a circle, ii. 192 
(Archim.), 442 (Eucl.); 
interval or distance of a 
conchoid, 300 (Papp.); in 
a proportion, the ratio 
between terms, 76 7éyv 
peldver dpwv &, 112 
(Archytas ap. Porph.); 
dimension, 88 (Nicom.) 

Siadopa, 4, difference, 114 
(Nicom.) 

Siddva, to give; aor. part., 
Sobe’s, cioa, dv, given, ii. 
598 (Papp.); AcSopeéva, rd, 
Data, title of work by 
Euclid, ii. 588 (Papp.); 
Odoe. wai peyéber Sedd08a, 
to be given in position and 
magnitude, 478 (Eucl.) 

SteAdrri, v. Siaupety 

Siexys, és, discontinuous ; 
omecipa 5., open spire, ii. 
364 (Procl.) 

diopifew, to determine, ii. 
566 (Papp.); Atwpiopery 
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zoun, Determinate Section, 
title of work by Apol- 
lonius, ii. 598 (Papp.) 

Stoptapids, 6, statement of the 
limits of possibility of a 
solution of a_ problem, 
diorismos, 150 (Procl.) 

SimAacdlev, to double, 258 
(Eutoc.) 

SimAaotaopds, 6, doubling, 
duplication ; xdBov 8., 258 
(Eutoc.) 

SizAdawos, a, ov, double, 302 
(Papp.)3 8 Adyos, dupli- 
cate ratio, 446 (Eucl.) 

SiAcoiwy, ov, later form for 
SizAdowos, double, 326 
(Archim.) 

SisAdos, , ov, contr. Sudods, 
qj, obv, twofold, double, 326 
(Archim.) ; 6. todras, 
double equation, ii, 528 
(Dioph.) 


Sixa, ady., in two (equal) 
parts, 66 (Hucl.): A 
reuvew, to bisect, 440 
(Eucl.) 

Siyoropia, 4, dividing in 
two; point of bisection, ii. 


216 (Archim.);  Dicho- 
tomy, first of Zeno’s argu- 


ments on motion, 368 
(Aristot.) 
Sixordpos, ov, cut in two, 


halved, ii, 4 (Aristarch.) 
duvapus, ews, 7, power, force, 
ii. 488 (Heron), ii, 616 
(Papp.); af wévre &., the 
tive mechanical powers 
(wheel and axle, lever, 
pulley, wedge, screw), ii, 
492 (Heron); power in 
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the algebraic sense, esp. 
square; Suvdpe, in power, 
he, squared, 322 (Ar- 
chim.) ; Svrdper ovpperpos, 
commensurable in square, 
450 (Eucl.) ; Sevdpee dovp- 
perpos, incommensurable 
in square (ibid.) 
Suvapodtvayis, ews, 9, fourth 
power of the unknown 
uantity [x], ii, 522 
Dioph) 
Suvapoduvapocrdry, 76, the 
fraction ii, 522 
(Dioph.) 
duvapydxvBos, 6, square multi- 
plied by a cube, fifth power 
of the unknown quantity 
[#5], ii. 522 (Dioph.) 
8uvapoxuBoardy, 76, the frac- 
tion 2» ii. 522 (Dioph.) 


Suvapoardv, 76, the fraction 
aw ii, 522 (Dioph.) 

SUvacba, to be able, to be 
equivalent to; Svvacbai 7, 
to be equivalent when 
squared to a number or 
area, ii. 96 (Archim.); 
} Suvapévy (se. evOeta), side 
of a square, 452 (Eucl.); 
avéjoas Suvdpevar, 398 
(Plat.); aap’ jv S8vvavrae 
ai xaraydpevat TeTaypévws 
ént thy ZH diduerpov, the 
parameter of the ordi- 
nates to the diameter ZH, 
ii. 308 (Apollon.) 

Suvacrevew, to be powerful ; 
pass., to be concerned with 


a 


powers of numbers; adfrj- 
ces Svvacrevdpevar, 398 
(Plat.) 
Suvards, 7, dv, possible, ii. 
566 (Papp.) 
Svoxacevernrovrdedpor, 76, 
solid with ninety-two faces, 
ii. 196 (Archim.} 
SvoxaceEnxovrdedpov, 76, solid 
with sixty-two faces, ii. 
196 (Archim.) 
Svoxatrpraxovrdedpov, 74, solid 
with thirty-two faces, ii. 
196 (Archim.) 
Swdexdedpos, ov, with twelve 
faces; as subst., dwdexa- 
eSpov, 7d, body with twelve 
faces, dodecahedron, 412 
(Eucl.), 216 (Aét.) 


‘EBSopqKoorépovos, ov, 
seventy-first ; 70 é, 
seventy-first part, 320 
(Archim.) 


éyypadev, to inscribe, 470 

HS iio 46 (Archim.) 

éynd«duos, ov, also a, ov, cir- 
cular, ii. 618 (Papp.) 

eiSos, ous, Lon. eos, 76, shape or 
form of a figured number, 
94 (Aristot.); figure giving 
the property of a conic 
section, viz., the rectangle 
containcd by the dia- 
meter and the parameter, 
ii, 317 n. a, 358 (Papp.), 
282 (Eutoc.); term in an 
equation, ii. 524 (Dioph.) s 
species—of number, ii. 522 
(Dioph.), of angles 390 
(Plat.) 


663 


INDEX OF GREEK TERMS 


eixoadeSpos, ov, having twenty 
faces ; eixocdedpov, 70, body 
with twenty faces, icosa- 
hedron, 216 (Aét.) 

elxocamAdotos, ov, twenty- 
fold, ii. 6 (Aristarch.) 

éxarovrds, é60s, %, the num- 
ber one hundred, ii, 198 
(Archim.) 

éxBddrev, to produce (a 
straight line), 442 (Eucel.), 


fi, 8 (Aristarch.), 352 
_ (Papp.) | ; 
éxxaecxocdedpov, 746, solid 


with twenty-six faces, ii. 
196 (Archim.) 

exketoOa, used as pass. of 
exriBéva, to be set out, be 
taken, ii, 96 (Archim.), 
298 (Papp.) 

exxpovevr, to take away, 
eliminate, ii. 612 (Papp.) 

éxnéragpa, atos, 76, that 
which is spread out, un- 
folded; *Exeracpara, title 
of work by Democritus 
dealing with projection of 
armillary sphere on a 
plane, 229 n. a 

éxrpicpa, aros, 7d, section 
sawn out of a cylinder, 
prismatic section, ii, 470 
(Heron) 

éxridévar, to set out, ii, 568 
(Papp.) 

éxrés, adv., without, outside ; 
as prep., é. Tod xvKdov, 314 
(Alex. Aphr.); adv. used 
adjectivally, # é. (se. ev0cia), 
external straight line, 314 
(Simpl.); 4 é yavia rod 
tptydvov, the external 
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angle of the triangle, ii, 
310 (Apollon.) 

eddcowr, ov, smaller, less, 320 
{Archim.); rot petLav 
€o7ly 9 é., ti. 112 (Archim.); 
é. ép0js, less than a right 
angle, 438 (Eucl.); 9 é. 
(sc. ed0cia), minor in 
Euclid’s classification of 
straight lines, 458 (Euel.) 

ed\dyuaTos, 4, ov, smallest, 
least, ii, 44 (Archim.) 

eX€, eAcxos, }, spiral, helix, 
ii, 182 (Archim.); spiral 


on a sphere, ii. 580 
_, (Papp) ? 
EMeyyia, atos, 76, dafect, 


deficiency, 206 (Eucl.) 

éAAeizew, to fall short, be 
deficient, 394 (Plat.), 188 
(Procl.) 

EMeufus, ews, 4, falling short, 
deficiency, 186 (Procl.); 
the conic section ellipse, so 
called because the square 
on the ordinate is equal to 
a rectangle whose height 
is equal to the abscissa 
applied to the parameter 
as base but falling short 
(€Meizrov), ii. 316 (Apol- 
lon.), 188 (Procl.) 

euBader, 1é, area, ii, 470 
(Heron) . 

eupardrew, to throw in, insert, 
ii, 574 (Papp.); multiply, 
ii. 534 (Dioph.) 

éuntrrewv, to fall on, to meet, 
to cut, 442 (Kucl.), ii, 58 
(Archim.) 

cumréxev, to plait or weave 


in; omeipa éeumendeypén, 


INDEX OF GREEK TERMS 


interlaced spire, fi. 364 
(Proel.} 
evaladé, adv., often used 
.  adjectivally, transforma~ 


tion of a ratio according to 
the rule of Eucl. v. Def. 12, 
ermutando, 448 (Eucl.), 
li. 144 (Archim.);  é 
ywvia, alternate angles 
éevavrios, a, ov, opposite ; Kar” 
é., ii. 216 (Archim.) 
évappolew, to fit in, to insert, 
284 (Eutoc.) 
évraais, ews, %, inscription, 
396 (Plat.) 
evredjs, és, perfect. complete ; 
tpiywvor é., 90 (Procl.) 
evrds, adv. used adjectivally, 
within, inside, interior; 
ai €. ywvia, 442 (Eucl.) 
évurapxev, to exist in; fdn 
évumdpxovra, 7d, positive 
terms, li. 524 (Dioph.) 
éLaywvixds, 4, dv, hexagonal ; 
é. apiOds, 96 (Nicom.) 
éEdywvos, ov, as subst. déd-yw- 
vov, 70, hexagon, 470 
(Eucl.) 
éfnxoatos, 7, ov, sivtieth; in 
astron., mp@rov é&nxoordv, 
7d, first sixtieth, minute, 
Sevrepov €., second sixtieth, 
second, 50 (‘Theon Alex.) 
ééfs, adv., im order, succes- 
sively, ii. 566 (Papp.) 
ézagy, }, touching, tangency, 
contact, 314 (Simpl.); 
*Enadai, On Tangencies, 
title of a book by Apol- 
lonius, ii. 336 (Papp.) 
€xeaba, to be or come after, 
follow; 16 énépevov, con- 


sequence, ii. 566 (Papp.); 
7a éxdpeva, rearward cle- 
ments, ii. 184 (Apollon.); 
in theory of proportion, 7a 
éxopeva, following terms, 
consequents, 448 (Eucl.) 
éni, prep. with ace., upon, on 
to, on, «dBeta én” edfeiav 
orabeica, 438 (Eucl.) 
émlevyviva, to join up, ii. 
608 (Papp.); af émev- 
Ocioar edfeiat, connecting 
ines, 272 (Eutoce.) 
émadoyileoda, to reckon, cal- 
culate, 60 (Theon Alex.) 
émAoyiopds, 06, reckoning, 
calculation, ii. 412 (Ptol.) 
énimeSos, ov, plane; é. ém- 
¢ddavea, 488 (Euel.);  é. 
ywria, 438 (Eucl.);  é 
oxfua, 438 (Fucl.); é. dpe 
Ouos, 70 (Eucl.)3 €. apo- 
BAnua, 348 (Papp.) 
émmédws, advy., plane-wise, 
88 (Nicom.) 
émmaariys, és, flat, broad; 
ogapoedés  e., ii, 164 
(Archim.) 
éniraypa, atos, 70, injunc- 
tion; condition, ii. 50 
(Archim.), ii. 526 (Dioph.); 
moelv 76 €., to satisfy the 
condition; subdivision of a 
problem, ii. 340 (Papp.) 
énizpitos, ov, containing an 
integer and one-third, in 


the ratio 4:8, ii. 222 
(Archim.) 
emddvera, 4, surface, 438 


ucl.) $ Kwrir é., conical 
surface (double cone), ii. 
286 (Apollon.) 
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énubavew, to touch, ii. 190 
Archim.); 4 émupatovea 
se. eb@eia), tangent, ii. 64 
Archim.) 

érepopynxys, es, with unequal 
sides, oblong, 440 (Kucl.) 

evdvypappos, ov, rectilinear ; 
ed. ywvia, 438 (Kucl.); ed. 
oxjpa, 440 (Eucl.); as 


subst., «dOvypaypov, 76, 
rectilineal figure, 318 
(Archim.) 


et0us, eta, v, straight; «0d. 
ypappt, straight line, 438 
(Eucl.); ed6eta(se. ypappy), 
y, straight line, ii. 44 
(Archim.) ; chord of a 
circle, ii. 412 (Ptol.); dis- 
tance (first, second, ete.) in 
a spiral, ii. 182 (Archim.); 
xar’ ed0elas, along a 
straight line, ii. 580 
(Papp.) ; 

evrapaywpytos, ov, readily 
admissible, easily obvious ; 
ed. Arjppara, ii. 230 (Ar- 
chim.) 

edpecis, ews, 4, discovery, 
solution, ii. 518 (Dioph.), 
260 (Eutoc.) 

edpnua, aros, 76, discovery, 
380 (Schol. in Eucl.) 

evpicxew, to find, discover, 
solve, ii. 526 (Dioph.), 340 
(Papp.), 262 (Kutoc.); 
Orep det edpetv, Which was 
to be found, 282 
(Eutoc.) 

evyepis, é&, easy to solve, ii. 
526 (Dioph.) 

éddrrecbat, to touch, li. 224 
(Archim.);  édarropévn, 7 
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(se. ed@eia), tangent, 322 
(Archim.) 

edappoyy, 7, coincidence of 
geometrical elements, 340 
(Papp.) 

éedappolew, to fit exactly, 
coincide with, 444 (Euel.), 
ii. 208 (Archiin.), 298 
(Papp.); pass. edappd- 
CeoGa, to be applied to, ii. 
208 (Archim.) 

édefis, adv., in order, one 
after the other, successively, 
312 (Them.); used ad- 
jectivally, as af é. ywvia, 
the adjacent angles, 483 
(Eucl.) 

éfiordva, to set up, erect; 
perf., édeornxévat, intr., 
stand, and perf. part. act., 
efeornxws, via, ds, stand- 
ing, 438 (Eucl.) 

éfodos, 4, method, ii. 596 
(Papp.);_ title of work by 
Archimedes 

éxew, to have; dAdyov &, to 
have a proportion or ratio, 
ii. 14 (Aristarch.) 3 yéveow 
é., to be generated (of a 
curve), 348 (Papp.) 

€ws, as far as, to, ii. 290 
(Apollon.) 


Znyteiv, to seek, investigate, 
ii. 222 (Archim.); (yrov- 
ptevov, 70, the thing sought, 
158 (Procl.), ii, 596 
(Papp) 

ojrnots, ews, 9, inquiry, in- 
vestigation, 152 (Procl.) 

UWyov, 76=lvyov, 70, ii, 234 
(Archim.) 
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luydv, 70, beam of a balance, 
balance, i ii, 234 (Archim.) 

Tddiov, 7d, dim. of f@or, lit. 
small figure painted or 
carved; hence sign of the 
Zodiac; 6 trav Z. xdKros, 
Zodiac circle, ii. 394 
(Hypsicles) 


‘HyetoOa, to lead; jyovpeva, 
zd, leading terms in a pro- 
portion, 448 (Eucl.) 

Hyuxdkdcos, ov, semicircular ; 
as subst., qucxvxdov, 76, 
semicircle, ‘es (Eucl.), ii. 
568 (Papp 

TpuxvAwSpos, } half-cylinder, 
260 (Enitoc. }3 dim. qysxu- 
Aw8prov, 76, 286 (Eutoc.) 

pudAwos, a, ov, containing one 
and a half, half as much or 
as large again, one-and-a- 
half times, ii. 42 (Archim.) 

qpsovs, ea, v, half, ii. 10 
(Aristarch. }; as subst., 
qyucv, 76, 320 (Archim.) 


dors, ews, %, setting, posi- 
tion, 268 (Eutoc.); déce 
SeSdc0a, to be given in 
position, 478 (Eucl.) 

Oewpeiv, to look into, investi- 
gate, ii, 222 (Archim. ) 

Oewpnye, atos, TO, theorem, 
228 (Archim.), ii. 566 
con -), 150 (Procl.), ii. 
366 (Procl.) 

Pers 3, dv, able to per- 
ceive, contemplative, specu- 
lative, theoretical ; applied 
to species of analysis, ii. 
598 (Papp.) 


Oewpia, 4, inquiry, theoretical 
investigation, theory, ii. 
299 Gaskin), ii, 568 
(Papp. 

aaa 0, Date: 490 (Eucl. se 

(se. Yap, Too 
Hines, i ii. Bee Poel ) 


"loduts, adv., the same num- 
ber of times, as many 
times 5 7a i. woAAamAdata, 
equimultiples, 446 (Eucl.) 

tcoBapys, és, equal in weight, 
ii, 250 (Archim.) 

TooyKos, ov, equal in bulk, 
equal in volume, ii. 250 
(Archim.) 

iooyduos, ov, eqguiangular, ii, 
608 (Papp.) 

icoprens, es, equal in length, 
398 (Plat.) 

icomepiperpos, ov, of equal 
perimeter, ii. 886 (Theon 
Alex.) 

iadarevpos, ov, having all its 
sides equal, equilateral ; ¢. 
tpiywvov, 440 (Eucl.), é. 


tetpdywrov, 440 (Eucl.), 
i. woAdywrov, ti, 54 (Ar- 
chim.) 


igomAnOyjs, és, equal in num- 
ber, 454 (Eucl.) 

toopporety, to be equally ba- 
lanced, be in equilibrium, 
balance, i ii. 206 (Archim.) 

"looppomxd, Td, title of work 
on equilibrium by Archi- 
medes, ii. 226 (Archim.) 

icdppomos, ov, in equilibrium, 
ii, 226 (Archim.) 

toos, 7, ov, equal, 268 
(Eutoc.); && toov, evenly, 
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438 (Eucl.); 80’ icov, ex 
aequali, transformation of 
a ratio according to the 
rule of Eucl. v. Def. 17, 
448 (Eucl.) 

looaxeAyjs, és, with equal 
legs, having two sides 
equal, isosceles; i. rpiywvov, 
440 (Eucl.); ¢. xdvos, ii. 
58 (Archim.) 

toorayéws, uniformly, ii, 182 
(Archim.) 

iaoryns, ros, % equality, 
equation, ii. 526 (Bioph.) 

tordvar, to set up; et0eta 
én’ ev0etay oraleitaa, 438 
(Eucl.) 

Towars, ews, F, making equal, 
equation, ii, 526 (Dioph.) 


Ke@eros, ov, let down, perpen- 
dicular ; 7 Kk. (8¢. ypapey), 
perpendicular, 438 (Eucl.), 
ii. 580 (Papp.) 

xoborKds, 4, ov, general; K. 
p€0080s, ii. 470 (Heron) 

xaboktxas, generally; Kad- 
oAKw@TEpovy, more gener- 
ally, ii. 572 (Papp.) 

xa0drov, ady., on the whole, 
in general ; 7a x. kadovpeva 
Bewpypata, 152 (Procl. 

xapmtAos, 9, ov, curved; xk. 
ypappat, ii. 42 (Archim.); 
260 (Eutoc.) 

Kxavouov, 7d, table, ii, 444 
(Ptol.) 

xavouKos, 7, ov, of or belong- 
ing to a rule; % Kavowxy 
(se. réyvn), the mathema- 
tical theory of music, 
theory of musical intervals, 
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canonic, 18 (Anatolius); 
x. €xOecis, display in the 
form of a table, ii. 412 
(Ptol.) 

kavév, dvos, 6, straight rod, 
bar, 308 (Aristoph.), 264 
(Eutoc.) ; rule, standard, 
table, ii. 408 (Suidas) 

xardyew, to draw down or out, 
ii. 600 (Papp.) 

kataypagdy, 7, construction, 
188 (Procl.); drawing, 
figure, ii. 158 (Eutoc.), ii. 
444 (Ptol.), ii. 610 (Papp.) 

karaAapPdavew, to overtake, 
368 (Aristot.) 

Kxatadetnev, to leave, 454 
(Eucl.), ii. 218 (Archim.), 
ii. 524 (Dioph.); 7a xara- 
Aevropeva, the remainders, 
444 (Eucl.) 

xaraperpetv, to measure, i.2., 
to be contained in an in- 
tegral number of times, 
444 (Eucl.) 

«xatacKkevalew, to construct, 
264 (Eutoc.), ii, 566 
(Papp.) 

KatacKeuy, %, construction, 
ii. 500 (Heron) 

kataoteptopes, 6, placing 
among the stars; Kava- 
orepiapot, of, title of work 
wrongly attributed to Era- 
tosthenes, ii. 262 (Suidas) 

KataTopy, }, cutting, section; 
K. xavdvos, title of work by 
Cleonides, 157 n. ¢ 

Karonrpixos, 4, ov, of or in 
a mirror; Karomrpixd, td, 
title of work ascribed to 
Euclid, 156 (Procl.) 
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kdromtpov, 7d, mirror, ii. 498 
(Heron) 

weicbar, to lie, ii. 268 
(Cleom.); of points on a 
straight line, 438 (Eucl.) ; 
as pass. of riBévar, to be 
placed or made; of an 
angle, 326 (Archim.); 
dpoiws K., to be similarly 
situated, ii. 208 (Archim.) 

xevtpoBapixds, 4, dv, of Or per- 
taining to a centre of 
gravity ; x. onpeta, ii. 604 
(Papp.) 

xévrpov, 7d, centre; of a 
circle, 438 (Eucl.), ii. 8 
(Aristarch.), ii. 572 
(Papp.); of a semicircle, 
440 (Eucl.) 3 4 (se. YPapept 
or edOeia) ex Tod x., radius 
of a circle, ii. 40 (Archim.); 
x. rot Bapeos, centre of 
gravity, ii. 208 (Archim.) 

kwelv, to move, 264 (Eutoc.) 

kino, ews, 4, motion, 264 
"(utoe.) 


xuoaoadys, és, Att. Kirroadis, 
és, like ivy; x. ypappr, 
cissoid, 276 n. a 

xAav, to bend, to inflect, 420 


(Aristot.), 358 (Papp.); 
KAdpevar ed0eia, inclined 
straight lines, ii. 496 
(Damian.) 


kAiver, to make to lean; 
pass., to incline, ii. 252 
(Archim.) 

kXiots, ews, 4, inclination ; 
TOV ypappav Kk, §=—438 
(Eucl.) 

xoyxoedys, és, resembling a 
mussels x. ypappai (often 


without y.),  conchoidal 
curves, conchoids, 296 
(Eutoe.) 


xothos, 7, ov, concave; én 
7a avra K., concave in the 
same direction, ii. 42 
(Archim.), 338 (Papp.) 

xawds, 4, ov, common, 412 
(Aristot.) 3 «. mAeupd, ii. 
500 (Heron); «x. évvora, 
444 (Eucl.); x. zou, ii. 
290 (Apollon.) 3 76 xawwdv, 
common element, 306 
(Papp.) 

Kopudy, H, vertex ; of a cone, 
ii. 286 (Apollon.); of a 
plane curve, ii. 286 (Apol- 
on.); of a segment of a 
sphere, ii. 40 (Archim.) 


“ KoxAlas, ov, 6, snail with 
Xx 


spiral shell; hence any- 
thing twisted spirally ; 
screw, ii. 496 (Heron); 
screw of Archimedes, ii. 34 
(Diod. Sic.) ; Tlept rod x, 
work by Apollonius, ii. 
350 (Procel.) 

xoxAoedys, €s,o0f or pertain~ 
ing toa shell fish; % x. (se. 
ypaupy),  cochloid, 334 
(Gimply: also KoxAoedys, 
és, aS BK. ypappy, 302 
(Papp.); probably an- 
terior to 7 Koyyoed)s 
ypappy with same mean- 
ing 

Kpixos, 6, Ting; Tetpaywvat 
x., prismatic sections of 
cylinders, ii, 470 (Heron) 

xvBilew, to make into a eube, 
cube, raise to the third 
power, ii. 504 (Heron) 
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“KoBixds, 7, dv, Of or for a 
cube, cubic, 222 (Plat.) 
xuBdxvBos, 6, cube multiplied 
by a cube, sixth power of 
the unknown quantity [x*], 
ii, 522 (Dioph.) 
xuBoxvBoordy, 16, the frac- 
tion 3, ii. 522 (Dioph.) 

«uBos, 6, cube, 258 (Eutoc.) ; 
cubic number, ii. 518 
(Dioph.) ; third power of 
unknown, ii. 522 (Dioph.) 

xuBoordy, 10, the fraction 
A» ii, 822 (Dioph.) 

Kukdixés, %, ov, circular, ii. 
360 (Procl.) 

KvKros, 6, circle, 392 (Plat.), 
438 (Eucl.); péyicros k., 
great circle (of a sphere), 
ii. 8 (Aristarch.), ii. 42 
(Archim.) 

xvAwSpuxds, 4, dv, cylindri- 
cal, 286 (Eutoc.) 

xvdwdpos, ov, 6, cylinder, ii. 
42 (Archim.) 

kupiws, adv., in a special 
sense; x. avadoyia, pro- 
portion par excellence, t.¢., 
the geometric proportion, 
125 n.a 

xwuxds, %, dv, conical, conic ; 
K. endiesa, conical sur- 
face (double cone), ii. 286 
(Apollon.) 

xovoedys, és, conical; as 
subst. cwvoedés, 76, conoid; 
opboydvov x., right-angled 
conoid, i.¢., paraboloid of 
revolution, ii. 1643 duPdAv- 
ywriov «x. obtuse-angled 
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conoid, t.¢., hyperboloid of 
revolution, ii. 164 . 

K@vos, ov, 6, cone, ii, 286 
(Apollon.) 

Kwvotouety, to cut the cone, 
226 (Eratos. ap. Eutoc.) 


AapBdvew, to take, ii, 112 
(Archim.); — «iAjfOw ra 
xévtpa, let the centres be 
taken, ii. 388 (Theon 
Alex.); A. ras péoas, to 
take the means, 294 (Eu- 
toc.); to receive, postu- 
late, ii. 44 (Archim.) 


Aéye, to choose, ii. 166 
(Archim.) 
Aeiveav, to leave, ii, 62 


(Archim.) 3 Aeézovra etsy, 
za, negative terms, ii. 524 
(Dioph.) 

Aciyus, ews, H, negative term, 
minus, ii. 524 (Dioph.) 

Afuma, aros, 1d, auwiliary 
theorem assumed in prov- 
ing the main_ theorem, 
lemma, ii. 608 (Papp.) 

Anupdriov, 7d, dim. of Afjppa, 
lemma 

Ajyus, ews, 7, taking hold, 
solution, 260 (Eutoc.) 

Aoyixos, 4, dv, endowed with 
reason, theoretical, ii. 614 
(Papp.) ; 

Aoytorixds, 4, dv, skilled or 
practised in reasoning or 
calculating; 4 AoyoTiKh 
(sc. réxvy), the art of mani- 
pulating numbers, practi- 
cal arithmetic, logistic, 
17 (Schol, ad Plat. 
Charm.) 
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Adyos, 6, ratio, 444 (Eucl.); 
Adyou droropy, Cutting-off 
of a Ratio, title of work by 

pollonius, ii. 598 (Papp.); 
A. ovvnupévos, compound 
ratio, ii, 602 (Papp.); 
A. povaxds, Singular ratio, 
ii. 606 (Papp.) ; dxpos xai 
pésos A, extreme and 
mean ratio, 472 (Eucl.), 
ii. 416 (Ptol.) 

Andes, 4, ov, remaining, ii. 
600 (Papp.); as subst., 
Aourév, 76, the remainder, 
ii. 506 (Papp.), 270 
(Eutoc.) 

Aokds, H, dv, oblique, inclined; 
xara A. KKdov, ii. 4 (Plut.) 

Avars, ews, }, solution, ii. 596 
(Papp.) 


Mayyardptos, 6, mechanical 
engineer, maker of mechan- 
ical powers, ii. 616 (Papp.) 

pdyyavor, 74, block of a pulley, 
ii. 616 n. a (Heron) 

udOnya, Td, study, 8 (Plat.), 4 
(Archytas) ; pabypara, 74, 
mathematics ; 7a S€ Kadov- 
preva iSlws p., 2 (Anatolius) ; 
148 (Procl.), ii, 42 (Ar- 
chim.), ii. 566 (Papp.) 

pabnparicds, 4, ov, mathe- 
matical; paOnuarixds, 3, 
mathematician, ii. 2 (Aét.), 
ii. 61 (Papp.); 9 palyya- 
runt (sc. éemornun), mathe- 
matics, 4(Archytas); ra ji. 
mathematics 

péyeBos, ous, Ion. cos, 76, 
magnitude, 444 (Eucl.), ii. 
60 (Archim.), ii. 412 (Ptol.) 





poses, %, following after, 
investigation, method, 90 
(Procl.) 

petlLwv, ov, greater, more, 
318 (Archim.); qro p. 
éoriy 4 eAdccwv, ii. 112 
(Archim.); p. ~— dpbs, 
greater than a right angle, 
438 (Eucl.); p. (se. 
etGeia), major in Euclid’s 
classification of irrationals, 
458 (Eucl.) 

pévew, to remain, to remain 
stationary, 98 (Nicom.), 
286 (Eutoc.) 

pepiley, to divide, re mapa tt, 
50 (Theon Alex.) 

peptones, 6, division, 16 
(Schol. in Plat. Charm.), 
ii. 414 (Ptol.) 

pépos, ous, Ion. eos, 76, ae ; 
of a number, 66 (Eucl.); of 
a magnitude, 444 (Eucl.), 
ii. 584 (Papp.); 7d pépy, 
parts, directions, ép’ éxa- 
Tepa Tra py in both direc- 
tions, 438 (Eucl.) 

peonpBpivds, 7, dv, for peon- 
pepwes, of or for noon; 
pe. (sc. Kvudos), 6, meri- 
dian, ii. 268 lean) 

peécos, 7, ov, middle; % péon 
(se. C38cza), mean (apb- 
pyre, yewperpiry, appo- 
ee ii, 568 Pappy 
péon 7&v AK, KT, mean 
between AK, KT, 272 
(Eutoc.); dxpos xal p. 
Aéyos, extreme and mean 
ete vee ii. a 
Ptol.); % péon (sc. edbeta), 
cian in Euclid’s classi- 
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fication of irrationals, 458 
(Eucl.); ek 800 péowy 
mparn, first bimedial, éx 
bdo péowv Sevrdpa, second 
bimedial, ete., ibid. 

precdrns, nros, 9, mean, ii. 566 
(Papp.); aepBpnrexy, 
yewperptxy, appovury (d7- 
evavria), 110-111 (Iambl.) 

petpety, to measure, contain 
an integral number of 
times, 68 (Eucl.), ii. 54 
(Archim.) 

uérpov, 76, measure, relation, 
ii. 294 (Prob. Bov.) 5 Kkowdv 
fy Common measure, ii. 
210 (Archim.) 

expt, as far as, prep. with 
gen.; 7 pexpe tot afovos 
ie yeappy), ii, 256 
Rs rchim. 
jixos, Dor. paxos, eos, 76, 
A attth, 436 (Eucl.);  dis- 
tance of welgnt from ful- 
crum of a lever, ii, 206 
(Archim.) 

pnvicxos, 6, crescent-shaped 
figure, lune, 238 (Eudemus 
ap. Simplic.) 

PIXOVy, Ds 
machine, 
(Plut.) 

pnxavxds, 7, ov, of or for 
machines, mechanical, ii 
616 (Papp.) 9) pnxavey 
(with or without 7é )s 
mechanics, ii. 614 (Papp.) 3 
as subst., pnxavexds, 3 
mechanician, ii. 616 
(Papp. yi ii. 496 (Damian.) 

Hnxavorods, 6, maker of en- 
gines, ii. 616 (Papp.) 


contrivance, 
engine, ii. 26 


672 


TERMS 


puxpds, d, Ov, small, little ; 
M. dorpovopodpevros (se. 


rém0s), Little Astronomy, 
ii. 409 n. 5 
puxrds, oy, dv, mixed; p. 


ypappn, ii. 360 (Procl. )s fe 
emipavera, i ii, 470 (Heron) 

poipa, as, 9, portion, part ; 
in astron., degree, 50 
(Theon Alex.) 5. romucy, 
Xpoverct}, ii. 396 (Hypsicl. ) 

provds, ddos, 7, unit, monad, 
66 (Euel ) 

provaxds, 7, ov, unique, singu- 
(Papp p. Adyos, ii. 606 
P; 

pdptor, a part, 6 (Plat.) 

povorkds, > ov, Dor. pworkds, 
d, dv, musical ; 7) povowy 
(se. réxv7)s poetry sung to 
music, music, 4 (Archytas) 

pupias, ados, 4, the number 
ten thousand, myriad, ii. 
198 (Archim.) ; pu. atAat, 
bimdoi, xtA.. a myriad 
raised to the first power, 
to the second power, and 
so on, ii, 355 n. a 

puptor, at, a, ten thousand, 
myriad; wp.  pupiddes, 
myriad myriads, ii. 198 
(Archim.) 


Neve, to be in the direction 
of, ii. 6 (Aristarch.) ; of a 
straight line, to verge, i.¢., 
to be so drawn as to pass 
through a given point and 
make a given intercept, 
244 (Eudemus ap. Simpl.), 
420 (Aristot.), ii, 188 
(Archim.) 
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vebois, ews, 7, inclination, 
verging, problem in which 
a straight line has to be 
drawn through a point so 
as to make a given inter- 
cept, 245 n. @3 oreped v., 
solid verging, 350 (Papp.) s 
Nevoes, title of work by 
Apollonius, ii. 598 (Papp.) 


‘Odds, %, method, ii. 596 
(Papp.) 

oixetos, a, ov, proper to a 
thing; 6 of xdkKdAos, ii. 
270 Tcléemn) 

éxrdywvos, ov, eight-cor- 
nered; as subst., dx«ra- 
yavov, 76, regular plane 
figure with eight sides, 
octagon, ii. 196 (Archim.) 

éxrdeSpos, ov, with eight 
faces; as subst., dxra- 
edpor, 76, solid with eight 
faces, ii. 196 (Archim.) 

oxranhaoos, a, ov, eightfold, 
ti. 584 (Papp.) 

éxrwmadexarAdcios, ov, eigh- 
teen-fold, ii. 6 (Aristarch.) 

éxrwKaitpiaxoyvrdedpov, Td, 
solid with thirty-eight 
faces, ii. 196 (Archim.) 

GAdKAnpos, ov, complete, en- 
tire; as subst., ddd«Anpov, 
76, integer, ii. 534 (Dioph.) 

odos, 7, ov, whole; ra 6, 
444 (Eucl.) 

dpadds, 4, dv, even, uniform, 
ii. 618 (Papp.) 

dpadrds, adv., uniformly, 338 
(Papp.) , 

Gpotos, a, ov, like, similar; 
&. rpiywvov, 288 (Eutoc.) ; 


Gpotot erimedoe Kal orepeol 
dpOuol, 70 (Eucl.) 

dpoiws, ady., similarly, ii 
176 (Archim.); 7d 6. 7re- 
taypeva, the corresponding 
terms, ii. 166 (Archim.); 
6. KeioOat, to be similarly 
situated, ii. 208 (Archim.) 

dpodoyety, to agree with, ad- 
mit; pass., to be allowed, 
admitted; 1d dpodoyou- 
pevov, that which is ad- 
mitted, premise, ii. 596 
(Papp.) 

duddoyos, ov, correspond- 
ing; 6. peyéBea, ii. 166 
(Archim.); 6. wAeupat, 
ii. 208 (Archim.) 

oporayys, és, ranged in the 
same row or line, co-ordi- 
nate with, corresponding to, 
similar to, ii. 586 (Papp.) 

évoua, atos, 76, name; 7 (se. 
eb0eia) éx Sto dvopdruw, bi- 
nomial in Euclid’s classi- 
fication of irrationals, 458 
(Eucl.) 

céuydnos, ov, acute-angled ; 
6. kdvos and 6, xwvou rouy, 
ii, 278 (Eutoc.) 

éfds, efa, U, acute; 3d. ywria, 
acute angle, often with 
ywvia omitted, 433 (Eucl.) 

énrixds, 4, ov, of or for sight; 
énrxd, 7d, theory of laws 
of sight; as prop. name, 
title of work by Euclid, 
156 (Procl.) 

épyauxés, y, ov, serving as 
instruments; 6. — dipbus, 
mechanical solution, 260 
(Eutoc.) 
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épyaukas, adv., by means of 
instruments, 292 (Eutoc.) 

épyavov, 76, instrument, 294 
(Eutoc.); dim. dpyavioy, 
294 (Eutoc.) 

6pBi0s, a, ov, upright, erect ; 
% ép8ia (se. rod «tdous 
mdevpa), the erect side of 
the rectangle formed by 
the ordinate of a conic sec- 
tion applied to the para- 
meter as base, latus rectum, 
an alternative name for 
the parameter, ii. 316 
(Apollon.), ii. 322 (Apol- 
lon.) 

épboyanos, ov, having all its 
angles right, right-angled, 
orthogonal, 6. rerpdywvor, 
440 (Eucl.); 6. mapad- 
AnAdypappor, 268 (Eutoc.) 

opbes, 4, ov, right; 6. ywria, 
right angle, 438, 442 
(Eucl.); | 6. «dvos, right 
cone, ii, 286 (Apol- 
lon.) 

opiler, to separate, delimit, 
bound, define, 382 (Plat.) ; 


evheia —apropevn, _finrte 
straight line, 188 (Eucl.) 
épos, 6, boundary, 438 


(Eucel.) 3 term in a propor- 
tion, 112 (Archytas ap. 
Porph.), 114 (Nicom.) 

ov, therefore, used of the 
steps in a geometrical 
proof, 326 (Eucl.) 

éyeioba, to be borne, to float 
in a liquid; Ilept raév oxou- 
pérvwv, On floating bodies, 
title of work by Archi- 
medes, ii. 616 (Papp.) 
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Tlapd, beside; zrapabddew wm. 
to apply a figure to a 
straight line, 188 (Eucl.) ; 
v7 om. te mapaBddriay, to 
divide by, ii. 482 (Heron) 

mapapadrew, to throw beside ; 
m. trapd, to apply a figure 
to a straight line, 188 
(Eucl.); hence, since to 
apply a rectangle xy to a 
straight line w is to divide 
«cy by «, 7.=to divide, ii. 
482 (Heron) 

mapaBody, %, juxtaposition ; 
division (v. mapaBaAdew), 
hence quotient, ii. 530 
(Dioph.); application of 
an area to a straight line, 
186 (Eucl.) ; the conic sec- 
tion parabola, so called 
because the square on the 
ordinate is equal to a rect- 
angle whose height is 
equal to the abscissa ap- 
plied to the parameter 


as base, ii. 304 (Apol- 
lon.), 186 (Procl.), 280 
(Eutoe.) 


mapadofos, ov, contrary to 
expectation, wonderful ; 4 
a. ypoppy, the curve calle 
paradoxical by Menelaus, 
348 (Papp.); 7a m., the 
paradoxes of Erycinus, ii, 
572 (Papp.) 

mapaxeicba, to be adjacent, 
ii. 590 (Papp.), 282 
(Eutoce.) 

mapadAnrerizedov, 76, figure 
bounded by three pairs of 
parallel planes, parallei- 
epiped, ii. 600 (Papp.) 
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mapadAnAcypapos, ov, boun- 
ded by parallel lines; as 
subst., mapadAnAdypaptpov, 
16, parallelogram, 188 
(Eucl.) 

mapadAnios, ov, beside one 
another, side by side, 
parallel, 270 (Eutoc.) ; 7. 
ev0ciat, 440 (Eucl.) 

mapapynKns, es, Dor. mapa- 
paxns, es, oblong ; apatpo- 
ides z., ii. 164 (Archim.) 

mapamdjpwpa, aros, 76, inter- 
stice, ii. 590 (Pare) 
complement of a parallelo- 
gram, 190 (Eucl.) 

mapateive, to stretch out 
along, produce, 10 (Plat.) 

mapavénats, ews, 7}, increase, 
li, 412 (Ptol.) 

mapuntios, ov, hyper-supine ; 
mapinriv, 1rd, a quadri- 
lateral with a re-entrant 
angle, 482 (Papp.) 

nas, naaa, wav, all, the whole, 
every, any 3 7. onpetov, any 
point, 442 (Eucl.) 

mevtdywvos, ov, pentagonal ; 
a. dpiOyds, 96 (Nicom.) ; 
as subst., wevraywvov, 7, 
pentagon, 222 (Iambl.) 

mepaiveww, to bring to an end ; 
Gerepacpévos, ov, termin- 
ated, 280 (Eutoc.) ; ypap- 
es merrepacpévar, finite 

eS, ti. 42 (Archim.) 

aépas, aros, 76, end, extrem- 
tty of a line, 436 (Eucl.) ; 
of'a plane, 438 (Eucl.) 

meparodv, to limit, bound; 
ebeia aeparoupevy, 438 


(Eucl.) 


meprypagew, to circumscribe, 
ti. 48 (Archim.) 

mepiexev, to contain, bound ; 
TO meptexdpevov v7d, the 
rectangle contained by, ii. 
108 (Archim.) 3 ai mepi- 
éxovoat THY ywriay ypappat, 
438 (Eucl.); 76 ened. 
prevov oxfpa, 440 (Eucl.) 

mepiAapBavew, to contain, 
include, ii, 104 (Ar- 
chim.) 

wepierpos, ov, very large, 
well-jitting; 4 nm (sc 
ypappy) =mepiverpov, 74, 
perimeter, ii, 318 (Ar- 
chim.), ii. 502 (Heron), 
ii. 386 (Theon Alex.) 

TEpLoaaKts, Att. wepirraxts, 
adv., taken an odd num- 


ber of times; 7. aprios 
apes, odd-times even 
number, 68 (Eucl.); a. 
meptoods apifjds, odd- 
times odd number, 68 
(Eucl.) 


meptocds, Att. mepittos, 1, 
dv, superfluous; subtle; 
apiOuss 7., odd number, 66 
(Eucl.) 

mepiribévar, to place or put 
around, 94 (Aristot.) 

mepipepea, 4}, circumference 
or periphery of a circle, 
are of a circle, 440 (Eucl.), 
ii. 412 (Ptol.) 

mepipopa, %, revolution, turn 
of a spiral, if, 182 (Ar- 
chim.) 

agrixdrys, Tos, H, magni- 
tude, size, ii, 412 
(Ptol.) 
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nine, to fall ; of points, ii. 
44(Archim.); of a straight 
line, 286 (Entoc.) 

mAdyos, a, ov, oblique; 7. 
Sidperpos, transverse dia- 
meter of a conic section, ii, 
286 (Apollon.) ; 2. aAeupd, 
transverse side of the rect- 
angle formed by the ordi- 
nate of a conic section 
applied to the parameter 
as base, ii. 316 (Apollon.) 
and ii. 322 (Apollon.) 

madacev, to form; of num- 
bers, ii. 528 (Dioph.) 

mAdtos, ovs, lon. e€0s, 70, 
breadth, 438 (Eucl.) 

mAarivey, to widen, broaden, 
88 (Nicom.) 

mAeupa, Gs, %, side; of a tri- 
angle, 440 (Euel.); of a 
parallelogram, ii. 216 
(Archim.); of a square, 
hence, square root, ii. 530 
(Dioph.) ; of a number, 70 
(Eucl.); aAayia 7, latus 
rectum of a conic section, 
ii, 322 (Apollon.); a. Kat 


Scapérpos, 132 (Theon 
Smyr.) 
mAjOos, ovs, Jon. eos, 1d, 
number, multitude, 66 


(Eucl.) 

mvevparixes, %, ov, of wind or 
air; IIvevparexa, ra, title 
of work by Heron, ii. 616 
(Papp.) - 

movety, to do, construct, ii. 566 
(Papp.); to make, a. rou, 
ii. 290 (Apollon.); to be 
equat to, to equal, ii, 526 
(Dioph.) 
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moMandacdlew, to multiply, 
70 (Eucl.) 

moMarAdoos, a, ov, many 
times as large, multiple ; 
of a number, 66 (Eucl.); 
of a magnitude, 444 
(Eucl.); as subst., oA- 
AarAdowv, 76, multiples 
7a. icdxis 7., eguimultiples, 
446 (Eucl.) 

moMatAaciwy, ov =10A\anAd- 
ows, ii, 212 (Archim.) 

wodos, 6, pole; of a sphere, 
ii. 580 (Papp.); of a con- 
choid, 300 (Papp.) 

todvywros, ov, having many 
angles, polygonal ; comp., 
nrodvywvdtepos, ov, ii, 592 
(Papp.); as bee troAv= 
ywvov, 705 0: ON, ii, 48 
(Archim.) mee 

moAvedpos, ov, having many 
bases; as subst., aodv- 
edpov, 76, polyhedron, ii. 
572 (Papp.) 

moAuTAaovacpes, 6, multi- 
plication, 16 (Schol. in 
Plat. Charm.), ii. 414 
(Apolion.) 

moAdrAeupos, ov, many sided, 
multilateral, 440 (Eucl.) 

mopilew, to bring about, find. 
either by proof or by con- 
struction, ii. 598-(Papp.), 
252 (Procl.) (Papp.) 

méptopa, aros, 76, corollary to 
a proposition, 480 (Proel.), 
ii, 294 (Apollon.); kind of 
Piovoeieen intermediate 

etween a theorem. and 

a_problem, porism, 480 
(Procl.) : 
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mopiatiKds, 4, ov, able to 
supply or find ; moptaTeKov 


tod mpotabévtos, ii. 598 
(Papp.) 
mpaypateia, %, theory, in- 


vestigation, 148 (Procl.), 
ii. 406 (Theon Alex.) 

mpiopa, azos, 70, prism, ii. 
470 (Heron) 

ampoBAnua, atos, Td, 
14 (Plat.), 258 
ti, 566 (Papp. ) 

mpoB\nuarexds, 4, dv, of or for 
a problem; applied to 
species of analysis, ii. 598 
(Papp.) 

mpodndos, ov, clear, manisets 
ii. 496 (Heron) 

mponyeiabat, to take the lead ; 
mponyovpeva, rd, ‘orward 
points, ¢.e, those lying on 
the same side of a radius 
vector of a spiral as the 
direction of its motion, ii. 


roblem, 
Eutoc.), 


184 (Archim.) 
mpoxatacKevate, to  con- 
struct beforehand, 276 
(Eutoc.) 


TPOUAKNS, ES, eee ob- 
long, 398 (P 

mpos, Dor. wort, prep., to- 
wards ; os 4 AK mpos KE, 
the ratio AK: KE, 272 


(Eutoc.) 

mpoorizrev, to fall, 300 
(Eutoc.) ; af apoominrovea 
ev0eia, 438 (Eucl.), ii. 594 
(Papp.) 

Apso ees to add, 444 
(Euel 5) 


mpoTaots, ews, 7, proposition, 
enunciation, ii. 566 (Papp.) 


mporeiverr, to propose, to 
enunciate a proposition, ii. 
566 (Papp.); 76 apo7eer, 
that which was proposed, 
proposition, ii, 220 (Ar- 
chim.) 

mputictos, 7, ov, also os, 
ov, the very first, 90 
(Nicom.) 

mpPATOS, 1, Ov, Jirst 5 1. dpib- 
pds, prime number, 68 
(Ruel) ; but 7. dp bpoi, 
numbers of the. first order 
in Archimedes, ii. 198 
(Archim.); in astron., 7. 
éénxoorov, first sixtieth, 
minute, 50 (Theon Alex.) ; 
in geom., a. edOeia, first 
distance of a spiral, ii. 182 
(Archim.) 

Tras, ews, %, case of a 
theorent or problem, ii. 
600 (Papp.) 

muOuynv, évos, 6, base, basic 
number of a series, 7.¢., 
lowest number possessing 
a_ given property, 398 
(Plat.); number of tens, 
hundreds, etc., contained 
in a number, ii. 354 
(Papp.) ; 

mupapis, idos, 4%, pyramid, 
228 (Archim.) 


"Pérew, to incline; of the 
weights on a balance, ii. 
208 


inzés, 4, ov, rational, 398 
(Plat.), 452 (Eucl.) 

pila, Ton. pity, 7, root; 
dpyixwrdry pila, 9 
(Nicom.) 
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popBoedys, és,  rhombus- 
shaped, rhomboidal;  . 
oxjpa, 440 (Eucl.) 

péuBos, 6, plane figure with 
four equal sides but with 
only the opposite angles 
equal, rhombus, 440 
(Kkuel.) 5 6. orepeds, figure 
formed by two cones 
having the same base and 
their axes in a straight 
line, solid rhombus, ii. 44 
(Archim.) 


Xnuaver, to signify, 188 
(Procl.) ‘ 
onpciov, Dor. capetory, rd, 


point, 436 (Eucl.); sign, 
ii. 522 (Dioph.) 

oxadnvés, 4, dv, also ds, ov, 
oblique, scalene; xdvos o., 
ii. 286 (Apollon.) 

oxédos, ovs, Ion. eos, 70, leg; 
a. THs ywrias, 264 (Eutoc.) 

onveipa, 4, surface traced by 
a circle revolving about 
a point not its centre, 
spire, tore, torus, ii. 468 
(Heron) 

orerptxds, 4, dv, pertaining to 
@ spire, spiric; o. Towa, 
spiric sections, ii. 364 
(Procl.); o. ypappal, spiric 
curves, ii. 364 (Procl.) 

otepeds, a, dv, solid; o. ywvia, 
solid angle, 222 (Plat.); 
o. apipds, cubic number; 
c. tonoi, solid loci, ii. 
600 (Apollon.); «. mpo- 
PAnpa, solid problem, 348 
(Papp.); o. vedots, solid 
verging, 350 (Papp.); as 
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subst., orepedr, rd, solid, 
258 (Eutoc.) 

oTrypy, }, point, 80 (Nicom.) 

arotxetor, 7d, element, ii. 596 
(Papp.); elementary book, 
150 (Procl.); Lrorxeia, rd, 
the Elements, especially 
Fuclid’s 

orotxetwars, ews, %, elemen- 
tary exposition, elements ; 
Euclid’s Elements of geo- 
metry, 156 (Procl.); of 
KaTa povoiriy a., the ele- 
ments of music, 156 
(Procl.); o. av xwrixdr, 
elements of conics, ii. 276 
(Eutoc.) 

crotxewrys, ob, J, teacher of 
elements, writer of ele- 
ments, esp. Euclid, ii. 596 
(Papp.) 

atpoyydios, 7, ov, round, 392 
(Plat.) 

ovyxetobat, to lie together; as 


pass. of ovvrifevat, to be 
composed of, ii, 284 
(Apollon.) 


ovyKplots, ews, }, COMparison $ 
Tay aévre oxnpdatwr a, 
Comparison of the Five 
Figures, title of work by 
Aristaeus, ii. 348 (Hyp- 
sicl.} 

ovluyijs, és, yoked together, 
conjugate; o. Sidperpor, a. 
dfoves, ii, 288 (Apolion.) 

ovppetpos, ov, commensurate 
with, commensurable with ; 
880 (Plat.), 452 (Eucl.), il. 
208 (Archim.) 

ouprapatetver, to stretch out 
alongside of, 188 (Procl.) 
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ovpmas, ovpmaca, ovprrav, all 
eee the sum of, ii. 514 
(Dioph. 
ovpmépacua, aros, 76, con- 
clusion, ii. 228 (Archim.) 
ouuninrev, to meet, 190 
(Eucl.); ray pev &v atti 
o., of curves which meet 
themselves, ii. 360 
(Procl.) 
oupmAnpody, to fill, complete ; 
é supe aay eaitHey, 268 
Eutoc. 

Ee aros, 76, property 
jof a curve, 336 (Papp. ) 
aburrwors, ews, }, falling to- 
gether, meeting, ii. 64 
(Archim.), ii. 270 (Cleom.), 

286 (Eutoc.) 


avraywyy, 7), collection ; title 
of work by Pappus, ii. 568 
(Papp.) 


ouvapddrepos, ov, the sum of, 
328 (Archim.) 

ouvanrev, to collect, gather ; 
ovvnumévos Adyos, com- 
pound ratio, ii. 602 
Papp.) : 

ovveyyitew, to approximate, 
ii. 414 (Ptol.), ii, 470 
(Heron) 

ovveyyus, adv., near, approxi- 
mately, ii. 488 (Heron) 

ouvexys, és, continuous, 442 
(Eucl.); o. dvadoyia, con- 
tinued proportion, ii. 566 
(Papp.); 0. dvddoyov, 302 
(Papp.) ; omeipa a., ii. 364 
(Procl.) 

ouvbévri, v. cuvrifévar 

avvbeats, ews, 7, putting to- 
gether, composition; o. 


Adyou, transformation of a 
ratio known as_ com- 
ponendo, 448 (Eucl.); 
method of reasoning from 
assumptions to  conclu- 
sions, in contrast with 
analysis, synthesis, ii. 596 
(Papp.) ; 

obtvOeros, ov, composite; a. 
apiByuds, 68 (Eucl.);  o. 
YPapT, ii. 360 (Procl.) 

ounordva, fo set up, con- 
struct, 190 (Eucl.), 312 
(Them.) 

ovvragis, ews, }, putting to- 
gether in order, systematic 
treatise, composite volume, 
collection; title of work 
by Ptolemy, ii. 408 (Sui- 
das 


ovyribévat, to place or put to- 
gether, add together, used 
of the synthesis of a pro- 
blem, ii. 160 (Archim.); 
ovvbévri, lit. to one having 
compounded, the trans- 
formation of a ratio known 
as componendo, ii. 130 
((Archim.) 

avoracts, ews, h, grouping 
(of theorems), 150 (Procl.) 

ogaipa, 4, sphere, 466 (Eucl.), 
ii, 40 (Archim.), ii. 572 
(Papp.) 

creas 4, ov, spherical, Si, 
584 (Papp.); Udacpird, 
title of works by Menelaus 
and Theodosius 

opauporouc, % artificial 
sphere, making of the 
heavenly spheres, ii. 618 
(Papp.) 


679 


INDEX OF GREEK TERMS 


oxfpa, aros, 76, shape, figure, 
38 (Huel.), ii, 42 (Ar- 
chim.) 

oxnparonoty, to bring into 
a certain form or shape ; 
ox7npatorootca ypappy, 
curve forming a figure, 
ii. 360 (Procl.) 


TdAavrov, 76, weight known 


as the talent, ii. 490 
(Heron) 

Td£is, ews, 9, order, arrange- 
ment, scheme, 112 
(Iambl.) 


rapdooew, to disturb; tera- 
payzévyn avadoyia, disturbed 
proportion, 450 (Eucl.) 

rdaoccew, to draw up in order, 
ii, 598 (Papp.);  cpotws 
tetaypéva, if, 166 (Ar- 
chim.) ; perf. part. pass. 
used as adv., TETAYILEVUDS, 
ordinate-wise, ii. 286 
(Apollon.); af xarayopevar 
reraypévws (sc. evfeta), the 
straight lines drawn or- 
dinate-wise, i.e., the ordin- 
ates, of a conic section, 


ii, 308 (Apollon.); rera- 
ypéws 9 TA, ii, 224 
(Archim.) 


ré\evos, a, ov, perfect, com- 
plete, ii. 604 (Papp.); +. 
dptOuds, 76 (Speusippus ap. 
heol. Arith.), 70 (Eucl.), 
398 (Plat.) 
téuve, to cut; of straight 
lines by a straight line, ii. 
288 (Apollon.); of a 
curve by a straight line, 
278 (Eutoc.); of a solid 
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by a plane, ii. 288 
(Apollon.) 
Tecoapeckaidexdedpov, 76, 


solid with fourteen faces, 
ii, 196 (Archim.) 

TeTaypévws, V. Tdocew 

TeTapaypevos, ov, V. Tapdac~ 
oew 

TerapTnpopiov, 76, fourth part, 
quadrant of a circle, ii. 582 
(Papp.) 

tetpaywrilew, to make square, 
ii. 494 (Heron) ; to square, 
10 (Plat.); 4 rerpayavi- 
fovea (sc. ypoppi), qua 
ratric, 334 (Simpl.), 336 
(Papp.) 

TETPAYWVLKOS, 1, OV, SQuare; 
of numbers, ii. 526 
(Dioph.); 7. wAeupd, square 
root, 60 (Theon Alex.) 

TeTpaywriopos, 6, squaring, 
310 (Aristot.) ; rod xdK«Aov 
7., 308 (Plut.); 70d pyvi- 
oxovu 7., 150 (Procl.) 

TeTpaywvos, ov, sguare, 308 
(Aristophanes), ii. 504 
(Heron); dpcOués 7., square 
number, ii. 514 (Dioph.); 
7. xKpiko, square rings, ii. 
470 (Heron); as subst, 
terpdywvor, 76, square, 440 
(Eucl.); square number, 
ii, 518 (Dioph.) 

tetpdxis, adv., four times, 
326 (Archim.) 

tetparrAdavos, a, ov, four-fold, 
four times as much, 332 
(Archim.) 

TerparAaciwy, ov, later form 
of rerpanAdovos 

terpam\evpos, ov, four-sided, 
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quadrilateral ; oxjpara te, 
440 (Eucl.) 

ribeva, to set, put, place, ii. 
224 (Archim.);  6eréov, 
must be posited, 392 
(Plat.); 76 AB reOév ent 
7@ Z, A+B placed at Z, 
ii. 214 (Archim.) 

tpipa, Dor. tyGua, atos, 70, 
segment ; of a circle, ii. 584 
(Papp.); of a sphere, ii. 
40 (Archim.); in astron., 
roth part of diameter of a 
circle, ii. 412 (Ptol.) 

rouets, ews, 6, sector of a 
circle, ii. 582 (Papp.); 7. 
arepeds, sector of a sphere 
(intercepted by cone with 
vertex at centre), ii, 44 
(Archim.) 

rouy, 7, end left after cut- 
ting, section; section of a 
straight line, 268 (Eutoc.) ; 
section of a cone, conic 
section, ii. 278 (Apollon.) ; 
7. avrixeievat, opposite 
branches of a hyperbola, 
ii, 322 (Apollon.); oe 
piuxat 7., ii. 864 (Procl.); 
kow?) 7., common section, 
286 (Eutoc.); Atwpiopévy 
r., Determinate Section, 
title of work by Apol- 
lonius, ii. 598 (Papp.); 
ta wept viv 7., theorems 
about the section (? of a 
line cut in extreme and 
mean ratio), 152 (Procl.) 

Tomes, 4, ov, of or pertain- 
ing to place or space; per- 
taining to a locus, 490 
(Papp.); potpa 7., degree 


in space, ii. 
sicl.) 

témos, 6, place, region, spare, 
ii. 590 (Papp.) ; locus, 318 
(Papp.);  - T.— exizedon, 
Plane Loci, title of work 
by Apollonius, if. 498 
(Papp.);_T. orepeoi, Solid 
Loci, title of work by 
Aristaeus, ii. 600 (Papp.) 

tpanéluav, 76, trapezium, 440 
(Eucl.), ii. 488 (Heron) 

tpids, ddos, 4, the number 
three, triad, 90 (Nicom.) ; 
Mevaypeiae t., the three 
conic sections of Men- 
aechmus, 296 (Erat. ap. 
Eutoc.) 

tplywvos, ov, three-cornered, 
triangular; dp@pol tpi- 
yovor, triangular numbers; 
as subst., rpiywvov, 76, tri- 
angle, 440 (Eucl.), 316 
(Archim.); 7d Sa rod 
afovos 7., axial triangle, 
ii. 288 (Apollon.) 

TpimAdowos, a, ov, thrice as 
many, thrice as great as, 


396 (Hyp- 


826 (Archim.), ii. 580 
(Papp.) 
tpitrAaciwy, o= TpetrAdotos, 


820 (Archim.); 7. Adyos, 
448 (Eucl.) 

tpimdeupos, ov, three-sided, 
trilateral ; oxyjpara 7. 440 
(Eucl.) 

tpixa, thrice, in three parts, 
7. Tepelv THY ywriar, to tri- 
sect the angle, 300 (Papp.) 

tuyxavew, to happen to be; 
aor. part., Tuywv, Tuyotca, 
toxdv, any, taken at ran- 
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dom, «d0eia +., ii, 486 
(Heron); as adv., rvxdv, 
perchance, 264 (Eutoc.) 


“Y8petov, 76, bucket, pitcher ; 
pl., ‘Y8pete, title of work 
on water clocks by Heron, 
ii. 616 (Papp. ) 

Smaps, ews, 4, existence, ii. 
518 (Dioph.); ositive 
term, ii. 524 (Dioph) 

trevartios, a, ov, subcontrary s 
b. péoa, 112 (Archytas ap. 

Porph.); 0. ropi, ii, 304 
(Apollon. ) 

brevavrins, subcontrary-wise, 
ii. 301-302 (Apollon.) 

drepBadrew, to exceed, 188 
(Procl. ) 

bmepBodry, hs exceeding, 186 
ea the conic sec- 
tion hyperbola, so called 
because the square on the 
ordinate is equal to a 
rectangle with height equal 
to the abscissa applied to 
the parameter as base, but 
exceeding (imepBardrov), 1.€., 
overlapping, that base, 
ii. 310 (Apollon.), 186 
(Procl.) 

umepéxyew, to exceed, 112 
(Archytas ap. Porph.), 444 
(Eucl, ),_ ii. 608 (Papp. ); 
T) ¢ abr@ pépe. Tav dxpov 
aurdy bmepéyov TE Kat 
drepexopevor, 402 (Plat.) 

bmepoxy, Dor. dmepoxd, Hy 
excess, 112 (Archytas ap. 
Porph.), 318 (Archim.), ii. 
530 (Dioph.), ii. 608 
(Papp.) 
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brepninrev, to fall beyond, 
exceed, ii. 436 (Ptol.) 

ond, by; 4 tnd HBE ywria, 
the angle HBE, 190 
(Euel.); 16 dro AET (se. 
ev0¥ypappov), the rectangle 
contained by AE, EY, 268 


(Eutoc.) 

indbeas, ews, 4, hypothesis, 
420 (Aristot.), ii, 2 
(Archiim.) 


tromoAAamAdaios, ov, sub- 
multiple of another; as 
subst., droroAAamAdatov, 76, 
submultiple, 78 (Theol. 
Arith.) 

brdaraas, ews, %, condition, 
ii, 534 (Dioph.) 

dmoreivav, to stretch under, 
subtend, be subtended by; 
4 b170 Svo mAeupas Tob moAv- 
yadvov trorevovoa ebbeia, 
the straight line subtend- 
ing, or subtended by, two 
sides of the polygon, ii. 96 
(Archim.);  wAevpd — brt0- 
retvovaa poipas &@ side 
subtending — sixty parts, 
ii, 418 (Ptol.) a Tip 
épbiy ywriav vzorewotrn 
aia the side sub- 
tending the right angle, 
178 (Eucl.); hence 4 
broteivovea (sc. mAeupa OF 
ypaypy), hypotenuse of 
a right-angled triangle, 
176 (Plut.) 

taorifévar, pass. vmoxeiobat, 
to suppose, assume, make a 
hypothesis, ii. 2 (Archim.), 
ii, 304 (Apollon.) 

Urrws, a, ov, laid on one’s 
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back, supine; drovr, 7d, 
a quadrilateral with no 
parallel sides, 482 (Papp.) 

td¢rordvar, to place or set 
under, ii. 362 (Procl.) 

tibos, ous, Ion. eos, 76, height ; 
of a triangle, ii. 222 (Ar- 
chim.); of a cylinder, ii. 42 
(Archim.); of a cone, ii. 
118 (Archim.) 


Davepds, d, dv, clear, mani- 
fest, ii, 64 (Archim.), ii. 
570 (Papp.) 

gépew, to bear, carry; pass., 
to be borne, carried, move, 
revolve; anyeiov pepduevov, 
ii. 582 (Papp.); 7d depd- 
pevov, moving object, 366 
(Aristot.) 

dopa, 4, motion, 12 (Plat.) 


Xelp, xeipds, 7, band or num- 
ber of men, 30 n. a 

xelpoupyixes, 7, dv, manual, 
ii. 614 (Papp.) 


xpouxds, 7, ov, of or pertain- 
ing to times; potpa x, 
degree in time, ii. 396 
(Hypsicl.) 

xwplov, 76, space, area, 39-4 
(Plat.), ii. 582 (Dioph.) 


Yadtew, to touch, 264 (Eutoc.) 

yevddpor, 76, fallacy; Vev- 
ddpra, 7a, title of work by 
Euclid, 160 (Procl.) 


‘Qpordyrov, 76, instrument for 
telling the time, clock, ii. 
268 (Cleom.); 76 8.’ ddaros 
w., water-clock, ii. 616 
(Papp.) 

ds, as; ws 7 ZE apes ET, 


% ZI mpds HY, te, 
7h:EP=ZH:HT, 322 


(Archim.) 

ore, such that, ti. 52 (Ar- 
chim.) ; and so, therefore, 
used for the stages in a 
proof, ii. 54 (Archim.) 
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